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Preface

An investigation of the Mathematical Reviews database (MathSciNet) reveals
that many new mathematical inequalities are discovered every year, some for
their intrinsic interest while many others flow from results obtained in various
branches of mathematics. A more thorough investigation demonstrates that
the growth is exponential since the output is doubling every 10 years or so.
The study of inequalities thus reflects a general tendency in modern and con-
temporary mathematics which may be explained by its intimate connection
with the many and various aspects of the discipline and with its applications
in science.

There are now numerous applications of inequalities in a wide variety of
fields, from mathematical physics and biology to information theory and eco-
nomics. It is also clear that the impact in applications will grow even more
spectacularly in the future due to the wide accessibility of the new results to
various scientists who use the Internet as a primary source of information.

In a tableau dominated by numerous monographs devoted to various types
of mathematical inequalities, this book endeavours to give the reader a dif-
ferent perspective of the field, which is personalised by the preferences of the
authors and the research work they have conducted over the last 10 years.
The emphasis here is not only in presenting a number of classical and re-
cent results for both experts and general scientists, but also in presenting a
large number of new connections and intimate relationships between various
inequalities that have not previously been provided by other authors. This is
the main underlying emphasis in providing the many remarks and comments
following each section devoted to specific inequalities. They can be used by
the reader as inspiration for starting their own research in inequalities or as
a basis for finding interesting applications in other fields.

The monograph is partitioned into three parts. The first part consists of
but one chapter dealing with some of the most important inequalities for real
or complex numbers and sequences in analysis. These include: the Abel in-
equality; the Cauchy-Bunyakovsky-Schwarz (CBS) inequality; the De Bruijn
inequality; the Čebyšev inequality for synchronous sequences; an inequality of
Biernacki, Pidek, and Ryll-Nardzewski and its weighted form due to Andrica-
Badea refining the Grüss inequality; and the Daykin-Eliezer-Carlitz inequality,
which together with Wagner’s inequality provide interesting and different gen-
eralisations for the CBS inequality. Classical reverses for the CBS inequality
due to Pólya-Szegö and Cassels are also addressed. Some fresh insight on the
celebrated Hölder and Minkowski inequality for sequences of real numbers

ix
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x

and various inequalities for convex functions including the Jensen, Slater, and
Petrović inequalities are described. All the results considered are comple-
mented by numerous innovative and evocative remarks and comments, which
reveal a network of connections between the above inequalities and create
a natural background for research in the related fields or in applications in
probability theory and statistics; information theory; coding and guessing;
population dynamics; and so forth.

The second part consists of Chapters 2 through 4, which are devoted to
integral inequalities. These have a prominent place in the construction of
the book due to the fact that integral inequalities play a fundamental role
in contemporary mathematical inequalities theory and their applications. A
substantial portion of this section is shared between the Ostrowski, Grüss,
trapezoidal, and Hermite-Hadamard type inequalities. This is motivated by
an unprecedented growth in the last decade related to these inequalities which
have grown many times and in different directions including the Riemann-
Stieltjes integral, multivariate functions, n-time differentiable mappings, and
so forth, in which the authors themselves have played a leading role. The
Karamata inequality, Young’s inequality, and Steffensen’s inequality are con-
sidered in different settings and degrees of generality. The relationships be-
tween Ostrowski, trapezoidal, and Čebyšev functionals are explored. Many
comments and hints for further investigation and applications are added to
all the expounded results. Complete references are also given.

Finally, the third section consisting of Chapters 5 and 6, is devoted to a
number of fundamental inequalities holding in Hilbert and Banach spaces. Re-
cent results related to the Schwarz, Bessel, Boas-Bellman, Bombieri, Kurepa,
Precupanu, Dunkl-Williams, Grüss, and Buzano inequalities are surveyed.
Reverses of the Schwarz and the triangle inequalities in both the discrete and
continuous forms in Hilbert and Banach spaces are discussed. Generalisa-
tions of the Hermite-Hadamard inequalities for isotonic linear functionals or
isotonic sublinear functionals are also given. Numerous connections and com-
ments are made to enable the reader to ask further questions leading to new
discoveries.

This book is written in a language and with sufficient detail that will enable
not only an expert in the area to understand and appreciate, but also make
it accessible to undergraduate and graduate students. Any person with an
interest in mathematical analysis in general should find this book within their
comprehension, although to fully appreciate all the topics covered, knowledge
of calculus, elementary real analysis and elementary functional analysis is
required.

The authors would like to express their sincere gratitude to Eder Kikianty
for her detailed reading and comments that helped to improve the work.

The Authors
Melbourne, Australia
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Chapter 1

Discrete Inequalities

Some of the most important inequalities for real or complex numbers and
sequences in analysis are presented in this chapter. These include the Abel
inequality; the Cauchy-Bunyakovsky-Schwarz (CBS) inequality; De Bruijn’s
inequality; Čebyšev’s inequality for synchronous sequences; the Biernacki,
Pidek, and Ryll-Nardzewski inequality and its weighted form due to Andrica-
Badea refining the Grüss inequality; and the Daykin-Eliezer-Carlitz inequality,
which together with Wagner’s inequality provide interesting and different gen-
eralisations for the CBS inequality. Classical reverses for the CBS inequality
due to Pólya-Szegö and Cassels are also provided. Some fresh insight on the
celebrated Hölder and Minkowski inequalities for sequences of real numbers
are presented, and various inequalities for convex functions, including those
of Jensen, Slater, and Petrović, are investigated.

All the results considered are complemented by numerous innovative and
evocative remarks and comments which reveal a network of connections among
the above inequalities and create a natural background for further research in
related fields or in their application.

1.1 An Elementary Inequality for Two Numbers

The following inequality is known in the literature as the arithmetic–geometric–
harmonic mean inequality.

For any positive numbers a and b

a+ b

2
≥
√
ab ≥ 2

1
a + 1

b

. (1.1)

Equality holds if and only if a = b [6, p. 48].

PROOF Since a, b > 0, we may write a = x2, b = y2 with x, y > 0 to get

x2 + y2

2
≥ xy

1
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2 Mathematical Inequalities: A Perspective

which is clearly equivalent to

(x− y)2 ≥ 0 (1.2)

which is true for any real value of x and y. This proves the first part of (1.1).
Now, write the first inequality in (1.1) for 1

a and 1
b to get

1
a + 1

b

2
≥
√

1
ab

=
1√
ab

which is equivalent to the second part of (1.1).
Now, observe that equality holds in (1.2) if and only if (iff) x = y and so it

holds in the first part of (1.1) if and only if a = b. The same applies for the
second part of (1.1).

Comments
(a) For a geometric proof of the first part of (1.1), see Beckenbach and Bellman
[6, pp. 50–51].
(b) The inequality (1.2) is a fundamental inequality for real numbers. It can
be improved as follows. For

sgn (x) :=


1 if x > 0

0 if x = 0

−1 if x < 0

,

we have

x2 − 2xy + y2 ≥
∣∣x2 sgn (x) + y2 sgn (y)− xy [sgn (x) + sgn (y)]

∣∣ ≥ 0 (1.3)

for any x, y ∈ R. Indeed, by the continuity property of the modulus, namely

|z − t| ≥ ||z| − |t||

for all z, t ∈ R, then we can state that

x2 − 2xy + y2 = (x− y)2 = |x− y| |x− y| ≥ |x− y| ||x| − |y|| (1.4)
= |(x− y) (|x| − |y|)| = |x |x|+ y |y| − x |y| − |x| y| .

It is well known that

|x| = x sgn (x) for all x ∈ R.

Writing this in inequality (1.4) proves (1.3). Equality holds in both parts of
(1.3) simultaneously iff x = y.
(c) A similar result to that in (b) holds for complex numbers z, w, namely,

|z|2 − 2 Re (zw) + |w|2 ≥ |z |z|+ w |w| − z |w| − |z|w| ≥ 0. (1.5)

© 2011 by Taylor and Francis Group, LLC



Discrete Inequalities 3

Indeed,

|z − w|2 = (z − w) (z − w) = (z − w) (z̄ − w̄) = zz̄ + ww̄ − zw̄ − z̄w

= |z|2 + |w|2 − 2 Re (zw)

and so, as above,

|z − w|2 ≥ ||z| − |w|||z − w| = |z |z|+ w |w| − z |w| − |z|w| ≥ 0.

Equality is achieved in both inequalities in (1.5) simultaneously iff z = w.

1.2 An Elementary Inequality for Three Numbers

For any three positive numbers a, b, c

a+ b+ c

3
≥ 3
√
abc ≥ 3

1
a + 1

b + 1
c

. (1.6)

Equality results if and only if a = b = c [6, p. 53].

PROOF Since a, b, c > 0, we may set a = x3, b = y3, and c = z3 with
x, y, z > 0. We claim that

x3 + y3 + z3 − 3xyz ≥ 0, (1.7)

which is equivalent to the first part of (1.6). To prove the claim, we assert
that

x3 + y3 + z3 − 3xyz

= (x+ y + z)
(
x2 + y2 + z2 − xy − xz − yz

)
, x, y, z ∈ R (1.8)

which can be readily verified by multiplication of the right-hand side.
Since x, y, z > 0, x + y + z > 0; and in order to demonstrate (1.7), it is

sufficient to show that the second factor is nonnegative, that is, that

x2 + y2 + z2 − xy − xz − yz ≥ 0. (1.9)

We know that

x2 + y2 ≥ 2xy, y2 + z2 ≥ 2yz, x2 + z2 ≥ 2xz

for all x, y, z ∈ R. Adding these inequalities and dividing by 2 produces (1.9).
Equality holds in (1.9) iff x = y = z. This implies that equality holds in the
first part of (1.6) iff a = b = c.

© 2011 by Taylor and Francis Group, LLC



4 Mathematical Inequalities: A Perspective

To prove the second part of (1.6), we apply the first part for 1
a , 1

b , and 1
c

to get
1
a + 1

b + 1
c

3
≥ 3

√
1
a
· 1
b
· 1
c

=
1

3
√
abc

.

Comments
(a) The inequality (1.9), which is in itself a classical result, can be improved
as follows:

x2 + y2 + z2 − xy − xz − yz

≥
∣∣∣∣x2 sgn (x) + y2 sgn (y) + z2 sgn (z)− xy

(
sgn (x) + sgn (y)

2

)
−xz

(
sgn (x) + sgn (z)

2

)
− yz

(
sgn (y) + sgn (z)

2

)∣∣∣∣ ≥ 0 (1.10)

for all x, y, z ∈ R.
The proof is obtained from result (1.3) by adding the following inequalities:

x2 + y2 − 2xy ≥
∣∣x2 sgn (x) + y2 sgn (y)− xy (sgn (x) + sgn (y))

∣∣ ≥ 0,

y2 + z2 − 2yz ≥
∣∣y2 sgn (y) + z2 sgn (z)− yz (sgn (y) + sgn (z))

∣∣ ≥ 0,

z2 + x2 − 2zx ≥
∣∣z2 sgn (y) + x2 sgn (z)− zx (sgn (z) + sgn (x))

∣∣ ≥ 0,

making use of the triangle inequality and dividing by 2.
(b) We have the following refinement of (1.7) as well:

x3 + y3 + z3 − 3xyz

≥ (x+ y + z)
∣∣∣∣x2 sgn (x) + y2 sgn (y) + z2 sgn (z)− xy

(
sgn (x) + sgn (y)

2

)
−xz

(
sgn (x) + sgn (z)

2

)
− yz

(
sgn (y) + sgn (z)

2

)∣∣∣∣ ≥ 0 (1.11)

for all x, y, z ∈ R provided that x+ y + z ≥ 0.

1.3 A Weighted Inequality for Two Numbers

Let α, β ≥ 0 so that α+ β > 0 and a, b > 0. Then

αa+ βb

α+ β
≥ a

α
α+β b

β
α+β ≥ α+ β

α
a + β

b

. (1.12)

Equality holds iff a = b.
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Discrete Inequalities 5

PROOF First, let us prove the following inequality [138, p. 30]:

1
p
xp +

1
q
yq ≥ xy (1.13)

for all x, y ≥ 0 and p, q > 1 with 1
p + 1

q = 1.
Consider the mapping f : [0,∞)→ R, f (x) = 1

px
p − xy + 1

q y
q. We have

f ′ (x) = xp−1 − y,

so that

f ′ (x)<0 if x∈
(

0, y
1
p−1

)
, f ′

(
y

1
p−1

)
= 0, and f ′ (x)>0 if x∈

(
y

1
p−1 ,+∞

)
.

This implies that f is monotonic decreasing on
[
0, y

1
p−1

]
and monotonic in-

creasing on
(
y

1
p−1 ,+∞

)
, which leads to

f (x) ≥ f
(
y

1
p−1

)
=

1
p
y

p
p−1 +

1
q
yq − y

1
p−1 · y = 0

and thus proving the inequality (1.13).
Equality holds in (1.13) iff x = y

1
p−1 , so that, xp = yq.

If in (1.13) we choose

p =
α+ β

α
, q =

α+ β

β
, x = a

α
α+β , and y = b

β
α+β ,

then we get the first part of (1.12).
The second part of (1.12) follows by the first part applied for 1

a and 1
b , that

is,
α · 1

a + β · 1
b

α+ β
≥
(

1
a

) α
α+β

·
(

1
b

) β
α+β

=
1

a
α
α+β · b

β
α+β

.

The case of equality follows by the fact that xp = a and yq = b.

Comments
(a) In (1.13) let us choose x = ai

bi
, y = aj

bj
, where ai, bi > 0 and i, j ∈ {1, . . . , n}

to obtain

1
p

(
ai
bi

)p
+

1
q

(
aj
bj

)q
≥ aiaj
bibj

for all i, j ∈ {1, . . . , n} ,

which is equivalent to

1
p
api b

q
j +

1
q
aqjb

p
i ≥ aib

p−1
i ajb

q−1
j for all i, j ∈ {1, . . . , n} .
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Summing over i and j from 1 to n, we get

1
p

n∑
i=1

api

n∑
j=1

bqj +
1
q

n∑
j=1

aqj

n∑
i=1

bpi ≥
n∑
i=1

aib
p−1
i

n∑
j=1

ajb
q−1
j ,

which gives the inequality [66, p. 7]

1
p

n∑
i=1

api

n∑
i=1

bqi +
1
q

n∑
i=1

aqi

n∑
i=1

bpi ≥
n∑
i=1

aib
p−1
i

n∑
i=1

aib
q−1
i . (1.14)

(b) In (1.13) let us choose x = ai
aj

, y = bi
bj

to get

1
p

(
ai
aj

)p
+

1
q

(
bi
bj

)q
≥ aibi
ajbj

for all i, j ∈ {1, . . . , n} ,

which is equivalent to

1
p
api b

q
j +

1
q
bqi a

p
j ≥ aibia

p−1
j bq−1

j for all i, j ∈ {1, . . . , n} .

By summing over i and j from 1 to n, we get

1
p

n∑
i=1

api

n∑
j=1

bqj +
1
q

n∑
i=1

bqi

n∑
j=1

apj ≥
n∑
i=1

aibi

n∑
j=1

ap−1
j bq−1

j

which is equivalent to [66, p. 8]
n∑
i=1

api

n∑
i=1

bqi ≥
n∑
i=1

aibi

n∑
i=1

ap−1
i bq−1

i . (1.15)

(c) If we choose p = q = 2 in (1.14) or (1.15), we get the Cauchy-Bunyakovsky-
Schwarz (CBS) inequality [6, p. 66]:

n∑
i=1

a2
i

n∑
i=1

b2i ≥

(
n∑
i=1

aibi

)2

.

The equality case holds in this inequality if and only if ai = rbi, i ∈ {1, . . . , n}
with r ∈ R. We discuss this inequality further in Section 1.7 where we also
provide an alternative proof.

1.4 The Abel Inequality

Let a1, . . . , an and b1, . . . , bn with b1 ≥ · · · ≥ bn ≥ 0, be two sequences of
real numbers, and

sk = a1 + · · ·+ ak (k = 1, . . . , n) .
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If m = min
1≤k≤n

sk and M = max
1≤k≤n

sk, then

mb1 ≤ a1b1 + · · ·+ anbn ≤Mb1. (1.16)

PROOF We use Abel’s well-known identity:

n∑
k=1

akbk = s1b1 + (s2 − s1) b2 + · · ·+ (sn − sn−1) bn

= s1 (b1 − b2) + · · ·+ sn−1 (bn−1 − bn) + snbn.

Since

m (b1 − b2) ≤ s1 (b1 − b2) ≤M (b1 − b2)

· · · · · · · · · · · · · · ·

m (bn−1 − bn) ≤ sn−1 (bn−1 − bn) ≤M (bn−1 − bn)
mbn ≤ snbn ≤Mbn

we get inequality (1.16) by adding these inequalities.

Comments
(a) Let a = (a1, . . . , an) and p = (p1, . . . , pn) be n-tuples of real numbers such
that a1 ≤ · · · ≤ an and

∑n
k=i pk ≥ 0 for i = 2, . . . , n. Then [105]

n∑
i=1

piai ≥ a1Pn +

∣∣∣∣∣
n∑
i=1

pi |ai| − |a1|Pn

∣∣∣∣∣ , (1.17)

where Pn =
∑n
i=1 pi.

First, let us rewrite Abel’s identity as follows:

n∑
i=1

piai = a1

n∑
i=1

pi +
n∑
i=2

(
n∑
k=i

pk

)
∆ai−1 (1.18)

= an

n∑
i=1

pi −
n−1∑
i=1

(
n∑
k=i

pk

)
∆ai,

where ∆ai = ai+1 − ai, i = 1, n− 1.
Since a is nondecreasing, we have

∆ai−1 = ai − ai−1 = |ai − ai−1| ≥ ||ai| − |ai−1|| = |∆ |ai−1|| ≥ 0
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for all i = 2, . . . , n and

0 ≤
n∑
k=i

pk =

∣∣∣∣∣
n∑
k=i

pk

∣∣∣∣∣ for all i = 2, . . . , n.

Then, by the first identity in (1.18), we obtain

n∑
i=1

piai − a1Pn =
n∑
i=2

(
n∑
k=i

pk

)
∆ai−1 =

n∑
i=2

∣∣∣∣∣
n∑
k=i

pk

∣∣∣∣∣ |∆ai−1|

≥
n∑
i=2

∣∣∣∣∣
n∑
k=i

pk

∣∣∣∣∣ |∆ |ai−1|| =
n∑
i=2

∣∣∣∣∣
(

n∑
k=i

pk

)
∆ |ai−1|

∣∣∣∣∣
≥

∣∣∣∣∣
n∑
i=2

(
n∑
k=i

pk

)
∆ |ai−1|

∣∣∣∣∣ .
By Abel’s identity for |a| := (|a1| , . . . , |an|), we have also that

n∑
i=1

pi |ai| − |a1|
n∑
i=1

pi =
n∑
i=2

(
n∑
k=i

pk

)
∆ |ai−1| .

Thus
n∑
i=1

piai − a1

n∑
i=1

pi ≥

∣∣∣∣∣
n∑
i=1

pi |ai| − |a1|Pn

∣∣∣∣∣ ≥ 0,

which proves (1.17).
(b) Using the second identity in (1.18), we can prove the following similar
inequality [105]:

anPn −
n∑
i=1

piai ≥

∣∣∣∣∣|an|Pn −
n∑
i=1

pi |ai|

∣∣∣∣∣ ≥ 0 (1.19)

provided that a1 ≤ · · · ≤ an and
∑i
k=1 pk ≥ 0 (i = 1, . . . , n− 1).

(c) By (a) and (b) Equations (1.16) and (1.18), we can state that [105]

anPn −

∣∣∣∣∣|an|Pn −
n∑
i=1

pi |ai|

∣∣∣∣∣
≥

n∑
i=1

piai ≥ a1Pn +

∣∣∣∣∣
n∑
i=1

pi |ai| − |a1|Pn

∣∣∣∣∣ , (1.20)

provided that a1 ≤ · · · ≤ an and Pn ≥ Pi ≥ 0 for all i = 1, . . . , n − 1, where
Pi =

∑i
k=1 pk.
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1.5 The Biernacki, Pidek, and Ryll-Nardzewski (BPR)
Inequality

Let a and b be n-tuples such that m ≤ ai ≤ M and k ≤ bi ≤ K for
i = 1, 2, . . . , n. Then,∣∣∣∣∣ 1n

n∑
i=1

aibi −
1
n

n∑
i=1

ai ·
1
n

n∑
i=1

bi

∣∣∣∣∣ ≤ (M −m) (K − k)C (n) , (1.21)

where

C (n) =
1
n

[n
2

](
1− 1

n

[n
2

])
≤ 1

4
, (1.22)

with [·] being the greatest integer function. Equality occurs when n is even.

PROOF We start with the well-known identity

n
n∑
i=1

aibi −
n∑
i=1

ai ·
n∑
i=1

bi =
1
2

n∑
i=1

n∑
j=1

(ai − aj) (bi − bj) , (1.23)

which may be shown to hold by straightforward manipulation. Applying the
Cauchy-Bunyakovsky-Schwarz inequality (1.34) for double sums, we have

∣∣∣∣∣∣
n∑
i=1

n∑
j=1

(ai − aj) (bi − bj)

∣∣∣∣∣∣
≤

 n∑
i=1

n∑
j=1

(ai − aj)2

 1
2
 n∑
i=1

n∑
j=1

(bi − bj)2

 1
2

. (1.24)

Observe from (1.23) that

n
n∑
i=1

a2
i −

(
n∑
i=1

ai

)2

=
1
2

n∑
i=1

n∑
j=1

(ai − aj)2 := Dn (a) (1.25)

and similarly for the b.
We note that Dn (·) is a convex function in the variable a = (a1, . . . , an) ∈
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[m,M ]n. Indeed, if α ∈ [0, 1] and x, y ∈ Rn, then

Dn (αx+ (1− α) y) =
1
2

n∑
i=1

n∑
j=1

(αxi + (1− α) yi − αxj − (1− α) yj)
2

=
1
2

n∑
i=1

n∑
j=1

(α (xi − xj) + (1− α) (yi − yj))2

≤ 1
2

n∑
i=1

n∑
j=1

[
α (xi − xj)2 + (1− α) (yi − yj)2

]
= αDn (x) + (1− α)Dn (y) .

It is a well-known result that a convex function attains its maximum on the
boundary. Let there be β of the ai that equals m and n − β of the ai that
equals M . Then from (1.25), we get

0 ≤ D∗n (β) = n
[
βm2 + (n− β)M2

]
− (βm+ (n− β)M)2

.

We remark that D∗n (β) is a quadratic function of β with D∗n (n) = D∗n (0) = 0.
Hence, the maximum is attained at β =

[
n
2

]
and so

D∗n

([n
2

])
=
[n

2

] (
n−

[n
2

])
(M −m)2

. (1.26)

We apply similar steps for b. By using (1.23) and (1.24) we obtain the desired
inequality (1.21) and (1.22). Equality in (1.22) is easily demonstrated. It
remains to be shown that the inequality holds for n odd. Let n = 2N − 1,
then

C (2N − 1) =
1

2N − 1

[
N − 1

2

](
1−

[
N − 1

2

]
2N − 1

)

=
N

2N − 1

(
1− N

2N − 1

)
=

1
2− 1

N

(
1− 1

2− 1
N

)
<

1
2

(
1− 1

2

)
=

1
4
.

This completes the proof.

Comments
(a) The weighted version of (1.21) was proved by Andrica and Badea [2].
Namely, they have shown that:∣∣∣∣∣Pn

n∑
i=1

piaibi −
n∑
i=1

piai ·
n∑
i=1

pibi

∣∣∣∣∣
≤ (M −m) (K − k)

∑
i∈S

pi

(
Pn −

∑
i∈S

pi

)
, (1.27)
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where S is a subset of {1, 2, . . . , n} which minimises∣∣∣∣∣∑
i∈S

pi −
Pn
2

∣∣∣∣∣ ,
and Pn =

∑n
i=1 pi with pi positive.

Taking pi = 1
n recaptures (1.21) from (1.27). This type of inequality is

further discussed in Sections 1.8 and 1.10.
(b) If we take bi = 1

ai
, then for 0 < m ≤ ai ≤M we have 1

M ≤
1
ai
≤ 1

m and

1
n

n∑
i=1

ai ·
1
n

n∑
i=1

1
ai
≤ C (n)

(M −m)2

mM
+ 1 (1.28)

=

([
n
2

]
M +

[
n+1

2

]
m
) ([

n+1
2

]
M +

[
n
2

]
m
)

mM
.

1.6 Čebyšev’s Inequality for Synchronous Sequences

Let a = (a1, . . . , an), b = (b1, . . . , bn) ∈ Rn. If a, b are synchronous (asyn-
chronous), by which is meant,

(ai − aj) (bi − bj) ≥ (≤) 0 for all i, j ∈ {1, . . . , n} , (S)

then for all pi > 0 we have the inequality

n∑
i=1

pi

n∑
i=1

piaibi ≥ (≤)
n∑
i=1

piai

n∑
i=1

pibi. (1.29)

Equality holds in (1.29) iff (ai − aj) (bi − bj) = 0 for all i, j ∈ {1, . . . , n} .

PROOF First, let us prove Korkine’s identity [141]:

n∑
i=1

pi

n∑
i=1

piaibi −
n∑
i=1

piai

n∑
i=1

pibi =
∑

1≤i<j≤n

pipj (ai − aj) (bi − bj) . (1.30)

By symmetry over i and j, we have that

n∑
i,j=1

pipj (ai − aj) (bi − bj) = 2
∑

1≤i<j≤n

pipj (ai − aj) (bi − bj) .

© 2011 by Taylor and Francis Group, LLC



12 Mathematical Inequalities: A Perspective

On the other hand, we also have

n∑
i,j=1

pipj (ai − aj) (bi − bj) =
n∑

i,j=1

pipj (aibi + ajbj − aibj − ajbi)

=
n∑
i=1

piaibi

n∑
j=1

pj +
n∑
i=1

pi

n∑
j=1

pjajbj

−
n∑
i=1

piai

n∑
j=1

pjbj −
n∑
i=1

pibi

n∑
j=1

pjaj

= 2

[
n∑
i=1

pi

n∑
i=1

piaibi −
n∑
i=1

piai

n∑
i=1

pibi

]

which proves the identity (1.30).
The inequality (1.29) is now obvious by (1.30) and using (S).
The case of equality is also obvious.

Comments
For a, b ∈ Rn and p ∈ Rn+, define

C (p; a, b) := Pn

n∑
i=1

piaibi −
n∑
i=1

piai

n∑
i=1

pibi,

where Pn :=
∑n
i=1 pi.

If by |x| we denote the vector (|x1| , . . . , |xn|) , where x = (x1, . . . , xn) , then
we have the following refinement of Čebyšev’s inequality [107]:

C (p; a, b) ≥ max {C (p; |a| , b) , C (p; a, |b|) , C (p; |a| , |b|)} ≥ 0. (1.31)

By the continuity property of the modulus, we have

(ai − aj) (bi − bj) = |(ai − aj) (bi − bj)| ≥ |(|ai| − |aj |) (|bi| − |bj |)| (1.32)

for all i, j ∈ {1, . . . , n} .
If we multiply (1.32) by pipj ≥ 0, then by summing over i and j from 1 to

n we obtain

n∑
i,j=1

pipj (ai − aj) (bi − bj) ≥

∣∣∣∣∣∣
n∑

i,j=1

pipj (|ai| − |aj |) (|bi| − |bj |)

∣∣∣∣∣∣ ≥ 0. (1.33)

Note that
n∑

i,j=1

pipj (ai − aj) (bi − bj) = 2C (p; a, b)
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and
n∑

i,j=1

pipj (|ai| − |aj |) (|bi| − |bj |) = 2C (p; |a| , |b|) .

Therefore, (1.33) gives us

C (p; a, b) ≥ |C (p; |a| , |b|)| .

Similar arguments apply for the first and second parts of (1.31).

1.7 The Cauchy-Bunyakovsky-Schwarz (CBS)
Inequality for Real Numbers

Let a = (a1, . . . , an) , b = (b1, . . . , bn) ∈ Rn. Then

n∑
i=1

a2
i

n∑
i=1

b2i ≥

(
n∑
i=1

aibi

)2

. (1.34)

Equality holds in (1.34) iff a and b are proportional; that is, if there exists a
real constant r such that ai = rbi for all i ∈ {1, . . . , n}.

PROOF First, let us prove Lagrange’s identity [6, p. 66]:

n∑
i=1

a2
i

n∑
i=1

b2i −

(
n∑
i=1

aibi

)2

=
∑

1≤i<j≤n

(aibj − ajbi)2
. (1.35)

By symmetry over i and j, we have

n∑
i,j=1

(aibj − ajbi)2 = 2
∑

1≤i<j≤n

(aibj − ajbi)2
.

On the other hand, we also have

n∑
i,j=1

(aibj − ajbi)2 =
n∑

i,j=1

(
a2
i b

2
j − 2aibiajbj + a2

jb
2
i

)
=

n∑
i=1

a2
i

n∑
j=1

b2j − 2
n∑
i=1

aibi

n∑
j=1

ajbj +
n∑
i=1

b2i

n∑
j=1

a2
j

= 2

 n∑
i=1

a2
i

n∑
i=1

b2i −

(
n∑
i=1

aibi

)2

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which proves the identity (1.35). The inequality (1.34) is now obvious by
(1.35).

The case of equality holds iff (aibj − ajbi)2 = 0 for all i, j ∈ {1, . . . , n},
which is equivalent to aibj = ajbi for all i, j ∈ {1, . . . , n}, that is, when a and
b are proportional.

Comments
We can improve (1.34) as follows [95, p. 79]:

n∑
i=1

a2
i

n∑
i=1

b2i −

(
n∑
i=1

aibi

)2

(1.36)

≥

∣∣∣∣∣
n∑
i=1

a2
i sgn (ai)

n∑
i=1

b2i sgn (bi)−
n∑
i=1

aibi sgn (ai)
n∑
i=1

aibi sgn (bi)

∣∣∣∣∣
≥ 0.

Equality results in both inequalities simultaneously iff a and b are propor-
tional.

We apply the elementary inequality (see inequality 1.3) for real numbers
x, y, namely,

x2 + y2 − 2xy ≥
∣∣x2 sgn (x) + y2 sgn (y)− xy (sgn (x) + sgn (y))

∣∣ ≥ 0 (1.37)

to get

a2
i b

2
j + a2

jb
2
i − 2aibiajbj

≥
∣∣a2
i b

2
j sgn (aibj) + a2

jb
2
i sgn (ajbi)− aibiajbj (sgn (aibj) + sgn (ajbi))

∣∣
=
∣∣a2
i sgn (ai) b2j sgn (bj) + a2

j sgn (aj) b2i sgn (bi)

− aibiajbj (sgn (ai) sgn (bj) + sgn (aj) sgn (bi))|
≥ 0

for all i, j ∈ {1, . . . , n} .
By summing over i and j from 1 to n, using the generalised triangle in-

equality, i.e.,
∑m
k=1 |zk| ≥ |

∑m
k=1 zk|, zk ∈ R, k ∈ {1, . . . ,m} and properties

of double sums, we get (1.36).
As in (1.37), equality holds in (1.36) in both parts simultaneously iff aibj =

ajbi for all i, j ∈ {1, . . . , n} , that is, if the vectors a and b are proportional.
For other classical or new results in connection to the CBS inequality, see

Mitrinović, Pečarić, and Fink [141] where further references are given.
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1.8 The Andrica-Badea Inequality

The following result is due to Andrica and Badea [2, p. 16]:

Let x = (x1, . . . , xn) ∈ In = [m,M ]n be a sequence of real numbers and S
be the subset of {1, . . . , n} that minimises the expression∣∣∣∣∣∑

i∈S
pi −

1
2
Pn

∣∣∣∣∣ , (1.38)

where Pn :=
∑n
i=1 pi > 0, p = (p1, . . . , pn) is a sequence of nonnegative real

numbers. Then,

max
x∈In

 1
Pn

n∑
i=1

pix
2
i −

(
1
Pn

n∑
i=1

pixi

)2


=
(M −m)2

P 2
n

∑
i∈S

pi

(
Pn −

∑
i∈S

pi

)
. (1.39)

PROOF We follow the proof by Andrica and Badea [2, p. 161].
Define

Dn (x, p) :=
1
Pn

n∑
i=1

pix
2
i −

(
1
Pn

n∑
i=1

pixi

)2

=
1
Pn

∑
1≤i<j≤n

pipj (xi − xj)2
.

Keeping in mind the convexity of the quadratic function, we have

Dn (αx+ (1− α) y, p)

=
1
P 2
n

∑
1≤i<j≤n

pipj [αxi + (1− α) yi − αxj − (1− α) yj ]
2

=
1
P 2
n

∑
1≤i<j≤n

pipj [α (xi − xj) + (1− α) (yi − yj)]2

≤ 1
P 2
n

∑
1≤i<j≤n

pipj

[
α (xi − xj)2 + (1− α) (yi − yj)2

]
= αDn (x, p) + (1− α)Dn (y, p) .

Hence Dn (·, p) is a convex function on In.
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By using a well-known theorem (see, for instance, Andrica and Badea [2,
p. 124]), we get that the maximum of Dn (·, p) is attained on the boundary
of In.

Let
(
S, S̄

)
be the partition of {1, . . . , n} such that the maximum of Dn (·, p)

is obtained for x0 =
(
x0

1, . . . , x
0
n

)
, where x0

i = m if i ∈ S̄ and x0
i = M if i ∈ S.

In this case we have

Dn (x0, p) =
1
P 2
n

∑
1≤i<j≤n

pipj (xi − xj)2 (1.40)

=
(M −m)2

P 2
n

∑
i∈S

pi

(
Pn −

∑
i∈S

pi

)
.

The expression ∑
i∈S

pi

(
Pn −

∑
i∈S

pi

)
is a maximum when the set S minimises the expression∣∣∣∣∣∑

i∈S
pi −

1
2
Pn

∣∣∣∣∣ .
From (1.40) it follows that Dn (x, p) is also a maximum. This completes the
proof.

Comments
The following counterpart of the (CBS)-inequality holds (see Dragomir [55,
p. 118]):

Let a = (a1, . . . , an) and b = (b1, . . . , bn) be two sequences of real numbers
with ai 6= 0 for i = 1, . . . , n and

−∞ < m ≤ bi
ai
≤M <∞ for each i ∈ {1, . . . , n} . (1.41)

Let S be the subset of {1, . . . , n} that minimises the expression∣∣∣∣∣∑
i∈S

a2
i −

1
2

n∑
i=1

a2
i

∣∣∣∣∣ , (1.42)

and denote S̄ := {1, . . . , n} \ S. Then we have the inequality

0 ≤
n∑
i=1

a2
i

n∑
i=1

b2i −

(
n∑
i=1

aibi

)2

(1.43)

≤ (M −m)2
∑
i∈S

a2
i

∑
i∈S̄

a2
i ≤

1
4

(M −m)2

(
n∑
i=1

a2
i

)2

.
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PROOF The proof of the second inequality in (1.43) follows by (1.39) on
choosing pi = a2

i , xi = bi
ai
, i ∈ {1, . . . , n} .

The third inequality is obvious, since if αβ ≤ 1
4 (α+ β)2 for any α, β ∈ R,

then

∑
i∈S

a2
i

∑
i∈S̄

a2
i =

∑
i∈S

a2
i

 n∑
j=1

a2
j −

∑
i∈S

a2
i


≤ 1

4

∑
i∈S

a2
i +

n∑
j=1

a2
j −

∑
i∈S

a2
i

2

=
1
4

 n∑
j=1

a2
j

2

.

This completes the proof.

1.9 A Weighted Grüss Type Inequality

Throughout this book, a nonnegative sequence p = (p1, . . . , pn) is referred
to as a probability sequence if

∑n
i=1 pi = 1.

The following Grüss type inequality has been obtained in Cerone and Dragomir
[29]:

Let a = (a1, . . . , an), b = (b1, . . . , bn) be two sequences of real numbers and
assume that there are γ,Γ ∈ R such that

−∞ < γ ≤ ai ≤ Γ <∞for each i ∈ {1, . . . , n} . (1.44)

Then, for any probability sequence p = (p1, . . . , pn), one has the inequality∣∣∣∣∣
n∑
i=1

piaibi −
n∑
i=1

piai

n∑
i=1

pibi

∣∣∣∣∣ ≤ 1
2

(Γ− γ)
n∑
i=1

pi

∣∣∣∣∣bi −
n∑
k=1

pkbk

∣∣∣∣∣ . (1.45)

The constant 1
2 is sharp in the sense that it cannot be replaced by a smaller

constant.

PROOF We will give here a simple direct proof based on Sonin’s identity
[141]. A simple calculation shows that:

n∑
i=1

piaibi −
n∑
i=1

piai

n∑
i=1

pibi =
n∑
i=1

pi

(
ai −

γ + Γ
2

)(
bi −

n∑
k=1

pkbk

)
. (1.46)

By (1.44) we have∣∣∣∣ai − γ + Γ
2

∣∣∣∣ ≤ Γ− γ
2

for all i ∈ {1, . . . , n} .
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Thus, by taking the modulus, we have from (1.46)∣∣∣∣∣
n∑
i=1

piaibi −
n∑
i=1

piai

n∑
i=1

pibi

∣∣∣∣∣ ≤
n∑
i=1

pi

∣∣∣∣ai − γ + Γ
2

∣∣∣∣
∣∣∣∣∣bi −

n∑
k=1

pkbk

∣∣∣∣∣
≤ 1

2
(Γ− γ)

n∑
i=1

pi

∣∣∣∣∣bi −
n∑
k=1

pkbk

∣∣∣∣∣ .
To prove the sharpness of the constant 1

2 , let us assume that (1.45) holds with
a constant c > 0 instead of 1

2 , that is,∣∣∣∣∣
n∑
i=1

piaibi −
n∑
i=1

piai

n∑
i=1

pibi

∣∣∣∣∣ ≤ c (Γ− γ)
n∑
i=1

pi

∣∣∣∣∣bi −
n∑
k=1

pkbk

∣∣∣∣∣ , (1.47)

provided ai satisfies (1.44).
If we choose n = 2 in (1.47) and take into account that

2∑
i=1

piaibi −
2∑
i=1

piai

2∑
i=1

pibi = p1p2 (a1 − a2) (b1 − b2) ,

provided p1 + p2 = 1, p1, p2 ∈ [0, 1] , and since

2∑
i=1

pi

∣∣∣∣∣bi −
2∑
k=1

pkbk

∣∣∣∣∣ = p1 |(p1 + p2) b1 − p1b1 − p2b2|

+ p2 |(p1 + p2) b2 − p1b1 − p2b2|
= 2p1p2 |b1 − b2| ,

then we deduce by (1.47)

p1p2 |a1 − a2| |b1 − b2| ≤ 2c (Γ− γ) |b1 − b2| p1p2. (1.48)

If we assume that p1, p2 6= 0, b1 6= b2 and a1 = Γ, a2 = γ, then by (1.48) we
deduce c ≥ 1

2 . This proves the sharpness of the constant 1
2 .

Comments
(a) Assume that a = (a1, . . . , an) satisfies the assumption (1.44) and p is a
probability sequence. Then

0 ≤
n∑
i=1

pia
2
i −

(
n∑
i=1

piai

)2

≤ 1
2

(Γ− γ)
n∑
i=1

pi

∣∣∣∣∣ai −
n∑
k=1

pkak

∣∣∣∣∣ . (1.49)

The constant 1
2 is best possible in the sense mentioned above.

The following counterpart of the (CBS)-inequality may be stated.
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(b) Assume that x = (x1, . . . , xn) and y = (y1, . . . , yn) are sequences of real
numbers with yi 6= 0 (i = 1, . . . , n) . If there exist real numbers m and M such
that

m ≤ xi
yi
≤M for each i ∈ {1, . . . , n} , (1.50)

then we have the inequality [55, p. 134]:

0 ≤
n∑
i=1

x2
i

n∑
i=1

y2
i −

(
n∑
i=1

xiyi

)2

(1.51)

≤ 1
2

(M −m)
n∑
i=1

|yi|

∣∣∣∣∣
n∑
k=1

yk ·
∣∣∣∣xi yixk yk

∣∣∣∣
∣∣∣∣∣ .

PROOF If we choose pi = y2
i∑n

k=1 y
2
k
, ai = xi

yi
for i = 1, . . . , n and γ = m,

Γ = M in (1.49), then we deduce∑n
i=1 x

2
i∑n

k=1 y
2
k

−

(
1∑n

k=1 y
2
k

n∑
i=1

xiyi

)2

≤ 1
2

(M −m)
1∑n

k=1 y
2
k

n∑
i=1

y2
i

∣∣∣∣∣xiyi − 1∑n
k=1 y

2
k

n∑
k=1

xkyk

∣∣∣∣∣
=

1
2

(M −m)
1

(
∑n
k=1 y

2
k)2

n∑
i=1

|yi|

∣∣∣∣∣xi
n∑
k=1

y2
k − yi

n∑
k=1

xkyk

∣∣∣∣∣
=

1
2

(M −m)
1

(
∑n
k=1 y

2
k)2

n∑
i=1

|yi|

∣∣∣∣∣
n∑
k=1

yk ·
∣∣∣∣xi yixk yk

∣∣∣∣
∣∣∣∣∣ .

This gives the desired inequality (1.51).

1.10 Andrica-Badea’s Refinement of the Grüss
Inequality

In 1988, Andrica and Badea [2] established a weighted version of the Grüss
inequality:

If m1 ≤ ai ≤ M1, m2 ≤ bi ≤ M2 (i ∈ {1, . . . , n}) , and S is the subset of
{1, . . . , n} which minimises the expression∣∣∣∣∣∑

i∈S

pi −
1
2
Pn

∣∣∣∣∣ , (1.52)
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where Pn :=
∑n
i=1 pi > 0, then∣∣∣∣∣Pn

n∑
i=1

piaibi −
n∑
i=1

piai ·
n∑
i=1

pibi

∣∣∣∣∣ (1.53)

≤ (M1 −m1) (M2 −m2)
∑
i∈S

pi

(
Pn −

∑
i∈S

pi

)

≤ 1
4
P 2
n (M1 −m1) (M2 −m2) .

Note that the first part of Equation (1.53) has been obtained in Section 1.5
(cf. inequality 1.27).

PROOF By using the result obtained above in Section 1.8, we have from
Equation (1.39)

1
Pn

n∑
i=1

pia
2
i −

(
1
Pn

n∑
i=1

piai

)2

≤ (M1 −m1)2

P 2
n

∑
i∈S

pi

(
Pn −

∑
i∈S

pi

)
(1.54)

and

1
Pn

n∑
i=1

pib
2
i −

(
1
Pn

n∑
i=1

pibi

)2

≤ (M2 −m2)2

P 2
n

∑
i∈S

pi

(
Pn −

∑
i∈S

pi

)
. (1.55)

By utilising the CBS inequality for double sums,

n∑
i,j=1

pijx
2
ij

n∑
i,j=1

pijy
2
ij ≥

 n∑
i,j=1

pijxijyij

2

with the changes

pij = pipj , xij = ai − aj , yij = bi − bj

produces(
1
Pn

n∑
i=1

piaibi −
1
Pn

n∑
i=1

piai ·
1
Pn

n∑
i=1

pibi

)2

≤

 1
Pn

n∑
i=1

pia
2
i −

(
1
Pn

n∑
i=1

piai

)2


×

 1
Pn

n∑
i=1

pib
2
i −

(
1
Pn

n∑
i=1

pibi

)2
 . (1.56)
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This proves the first part of (1.53).
The second part follows by the elementary inequality

ab ≤ 1
4

(a+ b)2
, a, b ∈ R

for the choices a :=
∑
i∈S pi, b := Pn −

∑
i∈S pi.

Comments
(a) In 1914, Schweitzer [159] proved the following result:

If a = (a1, . . . , an) is a sequence of real numbers such that 0 < m ≤ ai ≤
M <∞ (i ∈ {1, . . . , n}) , then(

1
n

n∑
i=1

ai

)(
1
n

n∑
i=1

1
ai

)
≤ (M +m)2

4mM
. (1.57)

(b) In 1972, Lupaş [133] (see also Equation 1.28) proved the following re-
finement of Schweitzer’s result which also gives the best bound when n is
odd:

If a = (a1, . . . , an) is a sequence of real numbers such that 0 < m ≤ ai ≤
M <∞ (i ∈ {1, . . . , n}), one has(

1
n

n∑
i=1

ai

)(
1
n

n∑
i=1

1
ai

)
≤
([
n
2

]
M +

[
n+1

2

]
m
) ([

n+1
2

]
M +

[
n
2

]
m
)

Mm
, (1.58)

where [·] is the greatest integer function.
(c) The following weighted version of Schweitzer’s result may be stated:

If 0 < m ≤ ai ≤ M < ∞, i ∈ {1, . . . , n} and S is a subset of {1, . . . , n}
that minimises the expression ∣∣∣∣∣∑

i∈S
pi −

Pn
2

∣∣∣∣∣ ,
then we have the inequality(

n∑
i=1

piai

)(
n∑
i=1

pi
ai

)
≤ P 2

n +
(M −m)2

Mm

∑
i∈S

pi

(
Pn −

∑
i∈S

pi

)
(1.59)

≤ (M +m)2

4Mm
P 2
n .

PROOF We follow the proof of Andrica and Badea [2]. We obtain from
(1.53) with bi = 1

ai
, m1 = m, M1 = M, m2 = 1

M , M2 = 1
m , the following

result:∣∣∣∣∣P 2
n −

n∑
i=1

piai

n∑
i=1

pi
1
ai

∣∣∣∣∣ ≤ (M −m)
(

1
m
− 1
M

)∑
i∈S

pi

(
Pn −

∑
i∈S

pi

)
,
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that leads, in a simple manner, to (1.59).

(d) We may now prove the following counterpart for the weighted (CBS)-
inequality that improves the additive version of Cassels’ inequality:

Let a = (a1, . . . , an) , b = (b1, . . . , bn) be two sequences of positive real
numbers with the property that

0 < m ≤ bi
ai
≤M <∞ for each i ∈ {1, . . . , n} (1.60)

and p = (p1, . . . , pn) a sequence of nonnegative real numbers such that Pn :=∑n
i=1 pi > 0. If S is a subset of {1, . . . , n} that minimises the expression∣∣∣∣∣∑

i∈S

piaibi −
1
2

n∑
i=1

piaibi

∣∣∣∣∣ , (1.61)

then we have the inequality

n∑
i=1

pia
2
i

n∑
i=1

pib
2
i −

(
n∑
i=1

piaibi

)2

(1.62)

≤ (M −m)2

Mm

∑
i∈S

piaibi

(
n∑
i=1

piaibi −
∑
i∈S

piaibi

)

≤ (M −m)2

4Mm

(
n∑
i=1

piaibi

)2

.

PROOF Applying (1.53) for ai = xi, bi = 1
xi

, and pi = qixi we may
deduce the inequality

n∑
i=1

qix
2
i

n∑
i=1

qi −

(
n∑
i=1

qixi

)2

≤ (M −m)2

Mm

∑
i∈S

qixi

(
n∑
i=1

qixi −
∑
i∈S

qixi

)
, (1.63)

provided qi ≥ 0,
∑n
i=1 qi > 0, 0 < m ≤ xi ≤ M < ∞, for i ∈ {1, . . . , n} and

S is a subset of {1, . . . , n} that minimises the expression∣∣∣∣∣∑
i∈S

qixi −
1
2

n∑
i=1

qixi

∣∣∣∣∣ . (1.64)

Further, if in (1.63) we choose qi = pia
2
i , xi = bi

ai
∈ [m,M ] for i ∈ {1, . . . , n} ,

we deduce the desired result in (1.62).
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(e) The following result provides a refinement of Cassels’ inequality:

With the above assumptions we have the inequality

1 ≤
∑n
i=1 pia

2
i

∑n
i=1 pib

2
i

(
∑n
i=1 piaibi)

2 (1.65)

≤ 1 +
(M −m)2

Mm
·
∑
i∈S piaibi∑n
i=1 piaibi

(
1−

∑
i∈S piaibi∑n
i=1 piaibi

)
≤ (M +m)2

4Mm
.

In particular, we have the unweighted version of Cassels’ inequality as fol-
lows:

Assume that a and b satisfy (1.60). If S is a subset of {1, . . . , n} that
minimises the expression ∣∣∣∣∣∑

i∈S
aibi −

1
2

n∑
i=1

aibi

∣∣∣∣∣ (1.66)

then one has the inequality

1 ≤
∑n
i=1 a

2
i

∑n
i=1 b

2
i

(
∑n
i=1 aibi)

2 (1.67)

≤ 1 +
(M −m)2

Mm
·
∑
i∈S aibi∑n
i=1 aibi

(
1−

∑
i∈S aibi∑n
i=1 aibi

)
≤ (M +m)2

4Mm
.

In particular, we may obtain the following refinement of the Pólya-Szegö
inequality:

Assume that

0 < α ≤ ai ≤ A <∞, 0 < β ≤ bi ≤ B <∞ for i ∈ {1, . . . , n} . (1.68)

If S is a subset of {1, . . . , n} that minimises the expression (1.66), then one
has the inequality

1 ≤
∑n
i=1 a

2
i

∑n
i=1 b

2
i

(
∑n
i=1 aibi)

2 (1.69)

≤ 1 +
(AB − αβ)2

αβAB
·
∑
i∈S aibi∑n
i=1 aibi

(
1−

∑
i∈S aibi∑n
i=1 aibi

)
≤ (AB + αβ)2

4αβAB
.
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1.11 Čebyšev Type Inequalities

For p = (p1, . . . , pn) , a = (a1, . . . , an), and b = (b1, . . . , bn) n-tuples of real
numbers, consider the Čebyšev functional

Cn (p; a, b) := Pn

n∑
i=1

piaibi −
n∑
i=1

piai ·
n∑
i=1

pibi, (1.70)

where Pn :=
∑n
i=1 pi.

In 1882–1883, Čebyšev [15, 16] proved that if a and b are monotonic in the
same (opposite) sense and p is nonnegative, then

Cn (p; a, b) ≥ (≤) 0. (1.71)

The inequality (1.71) was mentioned by Hardy, Littlewood, and Pólya in
their book Inequalities [121] in 1934 in a more general setting of synchronous
sequences, that is, if a and b are synchronous (asynchronous), meaning that

(ai − aj) (bi − bj) ≥ (≤) 0 for each i, j ∈ {1, . . . , n} , (1.72)

then (1.71) holds.
A relaxation of the synchronicity condition was provided by Biernacki in

1951 [9], who showed that for a nonnegative p, if a and b are monotonic in
mean in the same sense, that is, if for Pk :=

∑k
i=1 pi,

1
Pk

k∑
i=1

piai ≤ (≥)
1

Pk+1

k+1∑
i=1

piai, k ∈ {1, . . . , n− 1} and (1.73)

1
Pk

k∑
i=1

pibi ≤ (≥)
1

Pk+1

k+1∑
i=1

pibi, k ∈ {1, . . . , n− 1} ,

then (1.71) holds true for the “ ≥ ” sign. If they are monotonic in mean in
the opposite sense, then (1.71) holds true for the “ ≤ ” sign.

For general real weights p, Mitrinović and Pečarić [140] have shown that
the inequality (1.71) holds if

0 ≤ Pk ≤ Pn for k ∈ {1, . . . , n− 1} , (1.74)

and a, b are monotonic in the same (opposite) sense.
The following identity is well known in the literature as Sonin’s identity

(see Sonin [161] and Mitrinović, Pečarić, and Fink [141, p. 246]):

Cn (p; a, b) =
n∑
i=1

pi

Pnai − n∑
j=1

pjaj

 (bi − β) , (1.75)
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for any real number β.
Another well-known identity in terms of double sums is the following one

known in the literature as Korkine’s identity (see Korkine [129] and Mitri-
nović, Pečarić, and Fink [141, p. 242]):

Cn (p; a, b) =
n∑
i=1

n∑
j=1

pipj (ai − aj) (bi − bj) . (1.76)

The following new identity provides a different insight (see Dragomir [55]):

Let p = (p1, . . . , pn) , a = (a1, . . . , an) , and b = (b1, . . . , bn) be n-tuples of
real numbers. If we define

Pi :=
i∑

k=1

pk, P̄i := Pn − Pi, i ∈ {1, . . . , n− 1} ,

Ai (p) :=
i∑

k=1

pkak, Āi (p) := An (p)−Ai (p) , i ∈ {1, . . . , n− 1} ,

then we have the identity

Cn (p; a, b) (1.77)

=
n−1∑
i=1

det
(

Pi Pn
Ai (p) An (p)

)
·∆bi

= Pn

n−1∑
i=1

Pi

(
An (p)
Pn

− Ai (p)
Pi

)
·∆bi (if Pn, Pi 6= 0, i ∈ {1, . . . , n− 1})

=
n−1∑
i=1

PiP̄i

(
Āi (p)
P̄i

− Ai (p)
Pi

)
·∆bi

(
if Pi, P̄i 6= 0, i ∈ {1, . . . , n− 1}

)
where ∆bi := bi+1 − bi (i ∈ {1, . . . , n− 1}) is the forward difference.

PROOF We use the following well-known summation by parts formula:

q−1∑
l=p

dl∆vl = dlvl|qp −
q−1∑
l=p

vl+1∆dl, (1.78)

where dl, vl are real numbers, and l = p, . . . , q−1 (q > p; p, q are natural numbers) .
If in (1.78) we choose p = 1, q = n, di = PiAn (p) − PnAi (p) and vi =
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bi (i ∈ {1, . . . , n− 1}) , then we get

n−1∑
i=1

(PiAn (p)− PnAi (p)) ·∆bi

= [PiAn (p)− PnAi (p)] · bi|n1 −
n−1∑
i=1

∆ (PiAn (p)− PnAi (p)) · bi+1

= [PnAn (p)− PnAn (p)] · bn − [P1An (p)− PnA1 (p)] · b1

−
n−1∑
i=1

[Pi+1An (p)− PnAi+1 (p)− PiAn (p) + PnAi (p)] · bi+1

= Pnp1a1b1 − p1b1An (p)−
n−1∑
i=1

(pi+1An (p)− Pnpi+1ai+1) · bi+1

= Pnp1a1b1 − p1b1An (p)−An (p)
n−1∑
i=1

pi+1bi+1 + Pn

n−1∑
i=1

pi+1ai+1bi+1

= Pn

n∑
i=1

piaibi −
n∑
i=1

piai ·
n∑
i=1

pibi

= Cn (p; a, b) ,

which produces the first identity in (1.77) .
The second and third identities are obvious; and we omit the details.

Before proving the second result, we need the following interesting identity
(see Dragomir [55]):

Let p = (p1, . . . , pn) and a = (a1, . . . , an) be n-tuples of real numbers. Then
we have the result

det
(

Pi Pn
Ai (p) An (p)

)
=
n−1∑
j=1

Pmin{i,j}P̄max{i,j} ·∆aj , (1.79)

for each i ∈ {1, . . . , n− 1} .

PROOF Define, for i ∈ {1, . . . , n− 1} ,

K (i) :=
n−1∑
j=1

Pmin{i,j}P̄max{i,j} ·∆aj .
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We have

K (i) =
i∑

j=1

Pmin{i,j}P̄max{i,j} ·∆aj +
n−1∑
j=i+1

Pmin{i,j}P̄max{i,j} ·∆aj (1.80)

=
i∑

j=1

PjP̄i ·∆aj +
n−1∑
j=i+1

PiP̄j ·∆aj

= P̄i

i∑
j=1

Pj ·∆aj + Pi

n−1∑
j=i+1

P̄j ·∆aj .

Using the summation by parts formula, we have

i∑
j=1

Pj ·∆aj = Pj · aj |i+1
1 −

i∑
j=1

(Pj+1 − Pj) · aj+1 (1.81)

= Pi+1ai+1 − p1a1 −
i∑

j=1

pj+1 · aj+1

= Pi+1ai+1 −
i+1∑
j=1

pj · aj

and

n−1∑
j=i+1

P̄j ·∆aj = P̄j · aj
∣∣n
i+1
−

n−1∑
j=i+1

(
P̄j+1 − P̄j

)
· aj+1 (1.82)

= P̄nan − P̄i+1ai+1 −
n−1∑
j=i+1

(Pn − Pj+1 − Pn + Pj) · aj+1

= −P̄i+1ai+1 +
n−1∑
j=i+1

pj+1 · aj+1.

By employing (1.81) and (1.82) we have from (1.80)

K (i) = P̄i

Pi+1ai+1 −
i+1∑
j=1

pj · aj

+ Pi

 n−1∑
j=i+1

pj+1 · aj+1 − P̄i+1ai+1


= P̄iPi+1ai+1 − PiP̄i+1ai+1 − P̄i

i+1∑
j=1

pj · aj + Pi

n−1∑
j=i+1

pj+1 · aj+1
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= ai+1 ((Pn − Pi)Pi+1 − Pi (Pn − Pi+1))

+ Pi

n−1∑
j=i+1

pj+1 · aj+1 − P̄i
i+1∑
j=1

pj · aj

= Pnpi+1ai+1 + Pi

n−1∑
j=i+1

pj+1 · aj+1 − P̄i
i+1∑
j=1

pj · aj

=
(
Pi + P̄i

)
pi+1ai+1 + Pi

n−1∑
j=i+1

pj+1 · aj+1 − P̄i
i+1∑
j=1

pj · aj

= Pi

n∑
j=i+1

pj · aj − P̄i
i∑

j=1

pj · aj = PiĀi (p)− P̄iAi (p)

= det
(

Pi Pn
Ai (p) An (p)

)
which proves the identity.

We are able now to state and prove the following identity for the Čebyšev
functional in terms of the forward differences:

With the above assumptions, we have the equality

Cn (p; a, b) =
n−1∑
i=1

n−1∑
j=1

Pmin{i,j}P̄max{i,j} ·∆aj ·∆bj . (1.83)

The proof is obvious by the above identities, (1.77) and (1.79), and we omit
the details.

The identity (1.83) was stated without a proof in Mitrinović and Pečarić
[140]. It also may be found in Mitrinović, Pečarić, and Fink [141, p. 281],
again without a proof.

Comments
We may point out the following result concerning the positivity of the Čebyšev
functional [55]:

Let p = (p1, . . . , pn) , a = (a1, . . . , an) , and b = (b1, . . . , bn) be n-tuples of
real numbers. If b is monotonic nondecreasing and either

(i) det
(

Pi Pn
Ai (p) An (p)

)
≥ 0 for each i ∈ {1, . . . , n− 1} ;

or

(ii) Pi > 0 for any i ∈ {1, . . . , n} and

An (p)
Pn

≥ Ai (p)
Pi

for each i ∈ {1, . . . , n− 1} ;

or
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(iii) 0 < Pi < Pn for every i ∈ {1, . . . , n− 1} and

Āi (p)
P̄i

≥ Ai (p)
Pi

for each i ∈ {1, . . . , n− 1} ;

then
Cn (p; a, b) ≥ 0. (1.84)

If b is monotonic nonincreasing and either (i) or (ii) or (iii) from above
holds, then the inequality (1.84) is reversed.

The proof of inequality (1.84) follows from the identities incorporated in
(1.77); and we omit the details.

By using the second identity, (1.83), we may state the following result as
well [55]:

Let p = (p1, . . . , pn) , a = (a1, . . . , an), and b = (b1, . . . , bn) be n-tuples of
real numbers. If a and b are monotonic in the same sense and

Pmin{i,j}P̄max{i,j} ≥ 0 for each i, j ∈ {1, . . . , n− 1} , (1.85)

then (1.84) holds. If a and b are monotonic in the opposite sense and the
condition (1.85) is valid, then the reverse inequality in (1.84) is true.

1.12 De Bruijn’s Inequality

If a = (a1, . . . , an) is an n-tuple of real numbers and z = (z1, . . . , zn) is an
n-tuple of complex numbers, then∣∣∣∣∣

n∑
k=1

akzk

∣∣∣∣∣
2

≤ 1
2

n∑
k=1

a2
k

[
n∑
k=1

|zk|2 +

∣∣∣∣∣
n∑
k=1

z2
k

∣∣∣∣∣
]
. (1.86)

Equality holds in (1.86) if and only if for k ∈ {1, . . . , n} , ak = Re (λzk) , where
λ is a complex number such that λ2

∑n
k=1 z

2
k is a nonnegative real number.

PROOF We follow the proof in Mitrinović, Pečarić, and Fink [141, pp.
89–90].

By a simultaneous rotation of all the z′ks about the origin, we get

n∑
k=1

akzk ≥ 0.
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This rotation does not affect the moduli∣∣∣∣∣
n∑
k=1

akzk

∣∣∣∣∣ ,
∣∣∣∣∣
n∑
k=1

z2
k

∣∣∣∣∣ and |zk| for k ∈ {1, . . . , n} .

Hence, it is sufficient to prove the inequality (1.86) for the case where∑n
k=1 akzk ≥ 0.
If we consider that zk := xk + iyk, k ∈ {1, . . . , n} , then, by the Cauchy-

Bunyakovsky-Schwarz inequality for real numbers, we have∣∣∣∣∣
n∑
k=1

akzk

∣∣∣∣∣
2

=

(
n∑
k=1

akzk

)2

=

(
n∑
k=1

akxk

)2

≤
n∑
k=1

a2
k

n∑
k=1

x2
k. (1.87)

Since
2x2

k = |zk|2 + Re
(
z2
k

)
for any k ∈ {1, . . . , n} , and so by (1.87), we obtain that∣∣∣∣∣

n∑
k=1

akzk

∣∣∣∣∣
2

≤ 1
2

n∑
k=1

a2
k

[
n∑
k=1

|zk|2 +
n∑
k=1

Re
(
z2
k

)]
. (1.88)

Since
n∑
k=1

Re
(
z2
k

)
= Re

(
n∑
k=1

z2
k

)
≤

∣∣∣∣∣
n∑
k=1

z2
k

∣∣∣∣∣ , (1.89)

we deduce the desired inequality (1.86) from (1.89).

Comment
If one chooses ak = 1, k ∈ {1, . . . , n} , then∣∣∣∣∣ 1n

n∑
k=1

zk

∣∣∣∣∣ ≤ 1
2

[∣∣∣∣∣ 1n
n∑
k=1

z2
k

∣∣∣∣∣+
1
n

n∑
k=1

|zk|2
]

(1.90)

for any complex n-tuple z = (z1, . . . , zn) .

1.13 Daykin-Eliezer-Carlitz’s Inequality

Let a = (a1, . . . , an) and b = (b1, . . . , bn) be two sequences of positive num-
bers f, g : [0,∞)× [0,∞)→ (0,∞) . The inequality(

n∑
i=1

aibi

)2

≤
n∑
i=1

f (ai, bi)
n∑
i=1

g (ai, bi) ≤
n∑
i=1

a2
i

n∑
i=1

b2i (1.91)
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holds if and only if
f (a, b) g (a, b) = a2b2, (1.92)

f (ka, kb) = k2f (a, b) , (1.93)

and
bf (a, 1)
af (b, 1)

+
af (b, 1)
bf (a, 1)

≤ a

b
+
b

a
(1.94)

for any a, b, k > 0.

PROOF We will follow the proof in Mitrinović, Pečarić, and Fink [141,
pp. 88–89].

Necessity : Indeed, for n = 1, the inequality (1.91) becomes

(ab)2 ≤ f (a, b) g (a, b) ≤ a2b2, a, b > 0

which gives (1.92).
For n = 2 in (1.91), using (1.92), we get

2a1b1a2b2 ≤ f (a1, b1) g (a2, b2) + f (a2, b2) g (a1, b1) (1.95)

≤ a2
1b

2
2 + a2

2b
2
1

for any ai, bi > 0, i ∈ {1, 2} .
By eliminating g in (1.95), we get

2 ≤ f (a1, b1)
f (a2, b2)

· a2b2
a1b1

+
f (a2, b2)
f (a1, b1)

· a1b1
a2b2

≤ a1b2
a2b1

+
a2b1
a1b2

(1.96)

for any ai, bi > 0, i ∈ {1, 2} .
By substituting in (1.96) a, b for a1, b1 and ka, kb for a2, b2 (k > 0) , we get

2 ≤ f (a, b)
f (ka, kb)

k2 +
f (ka, kb)
f (a, b)

k−2 ≤ 2.

This is valid only if k2f (a, b) /f (ka, kb) = 1, which is the condition (1.93).
Using (1.96) for a1 = a, b1 = 1, a2 = b, and b2 = 1, we have

2 ≤
f(a,1)
a

f(b,1)
b

+
f(b,1)
b

f(a,1)
a

≤ a

b
+
b

a
. (1.97)

The first inequality in (1.97) is always satisfied while the second inequality is
equivalent to (1.94).

Sufficiency : Suppose that (1.92) holds. Then inequality (1.91) can be written
in the form

2
∑

1≤i<j≤n

aibiajbj ≤
∑

1≤i<j≤n

[f (ai, bi) g (aj , bj) + f (aj , bj) g (ai, bi)]

≤
∑

1≤i<j≤n

(
a2
i b

2
j + a2

jb
2
i

)
.
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Therefore it is enough to prove that

2aibiajbj ≤ f (ai, bi) g (aj , bj) + f (aj , bj) g (ai, bi) (1.98)

≤ a2
i b

2
j + a2

jb
2
i .

Suppose that (1.94) holds true. Then (1.97) is valid; and by putting a = ai
bi
,

b = ai
bi

in (1.96) and using (1.93), we get

2 ≤ f (ai, bi)
f (aj , bj)

· ajbj
aibi

+
f (aj , bj)
f (ai, bi)

· aibi
ajbj

≤ aibj
ajbi

+
ajbi
aibj

.

By multiplying the last inequality by aibiajbj > 0, i, j ∈ {1, . . . , n} and using
(1.92), we obtain (1.98).

In the original version of the result, the condition (1.94) is given as [44]

f (b, 1) ≤ f (a, 1) and
f (a, 1)
a2

≤ f (b, 1)
b2

for a ≥ b > 0. In this book, we use the version considered in Mitrinović,
Pečarić, and Fink [141, p. 87].

Comments
(a) The choice

f (x, y) = x2 + y2, g (x, y) =
x2y2

x2 + y2

provides Milne’s inequality :

(
n∑
i=1

aibi

)2

≤
n∑
i=1

(
a2
i + b2i

) n∑
i=1

a2
i b

2
i

a2
i + b2i

≤
n∑
i=1

a2
i

n∑
i=1

b2i . (1.99)

(b) The choice

f (x, y) = x1+αy1−α, g (x, y) = x1−αy1+α, α ∈ [0, 1]

provides Callebaut’s inequality :

(
n∑
i=1

aibi

)2

≤
n∑
i=1

a1+α
i b1−αi

n∑
i=1

a1−α
i b1+α

i ≤
n∑
i=1

a2
i

n∑
i=1

b2i . (1.100)
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1.14 Wagner’s Inequality

Let a = (a1, . . . , an) and b = (b1, . . . , bn) be sequences of real numbers. If
0 ≤ x ≤ 1, then n∑

k=1

akbk + x
∑

1≤i6=j≤n

aibj

2

≤

 n∑
k=1

a2
k + 2x

∑
1≤i<j≤n

aiaj

 n∑
k=1

b2k + 2x
∑

1≤i<j≤n

bibj

 . (1.101)

PROOF We follow the proof in Mitrinović, Pečarić, and Fink [141, p. 85].
For any x ∈ [0, 1] , consider the following quadratic polynomial in y:

P (y) := (1− x)
n∑
k=1

(aky − bk)2 + x

[
n∑
k=1

(aky − bk)

]2

= (1− x)

[
y2

n∑
k=1

a2
k − 2y

n∑
k=1

akbk +
n∑
k=1

b2k

]

+ x

y2

(
n∑
k=1

ak

)2

− 2y

(
n∑
k=1

ak

)(
n∑
k=1

bk

)
+

(
n∑
k=1

bk

)2


=

(1− x)
n∑
k=1

a2
k + x

(
n∑
k=1

ak

)2
 y2

− 2y

[
(1− x)

n∑
k=1

akbk + x
n∑
k=1

ak

n∑
k=1

bk

]

+ (1− x)
n∑
k=1

b2k + x

(
n∑
k=1

bk

)2

=


n∑
k=1

a2
k + x

( n∑
k=1

ak

)2

−
n∑
k=1

a2
k

 y2

− 2y

[
n∑
k=1

akbk + x

(
n∑
k=1

ak

n∑
k=1

bk −
n∑
k=1

akbk

)]

+
n∑
k=1

b2k + x

( n∑
k=1

bk

)2

−
n∑
k=1

b2k

 .
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Since (
n∑
k=1

ak

)2

−
n∑
k=1

a2
k = 2

∑
1≤i<j≤n

aiaj ,

n∑
k=1

ak

n∑
k=1

bk −
n∑
k=1

akbk =
∑

1≤i6=j≤n

aibj ,

and (
n∑
k=1

bk

)2

−
n∑
k=1

b2k = 2
∑

1≤i<j≤n

bibj ,

we have

P (y) =

 n∑
k=1

a2
k + 2x

∑
1≤i<j≤n

aiaj

 y2

− 2

 n∑
k=1

akbk + x
∑

1≤i6=j≤n

aibj

 y +
n∑
k=1

b2k + 2x
∑

1≤i<j≤n

bibj .

By the definition of P, we have that P (y) ≥ 0 for any y ∈ R. It follows that
the discriminant ∆ ≤ 0, that is,

1
4

∆ =

 n∑
k=1

akbk + x
∑

1≤i6=j≤n

aibj

2

−

 n∑
k=1

a2
k + 2x

∑
1≤i<j≤n

aiaj

 n∑
k=1

b2k + 2x
∑

1≤i<j≤n

bibj

 .

This completes the proof.

If x = 0, then from (1.101) one may recapture the Cauchy-Bunyakovsky-
Schwarz inequality, namely,(

n∑
k=1

akbk

)2

≤
n∑
k=1

a2
k

n∑
k=1

b2k. (1.102)

Comments
If a = (a1, . . . , an), b = (b1, . . . , bn) are complex n-tuples and x ∈ [0, 1] ,
then one may get the following version of Wagner’s inequality obtained by
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Dragomir [55, pp. 25–27],

 n∑
k=1

Re
(
akbk

)
+ x

∑
1≤i6=j≤n

Re
(
aibj

)2

≤

 n∑
k=1

|ak|2 + 2x
∑

1≤i<j≤n

Re (aiaj)


×

 n∑
k=1

|bk|2 + 2x
∑

1≤i<j≤n

Re
(
bibj

) , (1.103)

where x ∈ [0, 1] and z̄ denotes the complex conjugate of z.

1.15 The Pólya-Szegö Inequality

Let a = (a1, . . . , an) and b = (b1, . . . , bn) be two sequences of positive num-
bers. If

0 < α ≤ ai ≤ A <∞, 0 < β ≤ bi ≤ B <∞ (1.104)

for each i ∈ {1 . . . , n} , then∑n
i=1 a

2
i ·
∑n
i=1 b

2
i

(
∑n
i=1 aibi)

2 ≤ (αβ +AB)2

4αβAB
. (1.105)

The equality holds in (1.105) if and only if

p = n · A
α

/(
A

α
+
B

β

)
and q = n · B

β

/(
A

α
+
B

β

)
are integers and if p of the numbers a1, . . . , an are equal to α and q of these
numbers are equal to A, and if the corresponding numbers bi are equal to B
and β, respectively.

PROOF We follow the original proof of Pólya and Szegö [153, pp. 71–71,
253–255].

We may, without loss of generality, suppose that a1 ≥ · · · ≥ an. Then, to
maximise the left-hand side of (1.105) we must have that the critical bi’s be
reversely ordered (for if bk > bm with k < m, then we can interchange bk and
bm such that b2k + b2m = b2m + b2k and akbk + ambm ≥ akbm + ambk) so that
b1 ≤ · · · ≤ bn.
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Define the nonnegative numbers ui and vi for i = 1, . . . , n − 1 and n > 2
such that

a2
i = uia

2
1 + via

2
n and b2i = uib

2
1 + vib

2
n.

Since aibi > uia1b1 + vianbn, the left-hand side of (1.105) may be written as∑n
i=1 a

2
i ·
∑n
i=1 b

2
i

(
∑n
i=1 aibi)

2 ≤
(
Ua2

i + V a2
n

) (
Ub2i + V b2n

)
(Ua1b1 + V anbn)2 ,

where U =
∑n
i=1 ui and V =

∑n
i=1 vi.

This reduces the problem to that with n = 2, which is solvable by elemen-
tary methods, leading to∑n

i=1 a
2
i ·
∑n
i=1 b

2
i

(
∑n
i=1 aibi)

2 ≤ (a1b1 + anbn)2

4 (a1anb1bn)
,

where, since the ai’s and bi’s here are reversely ordered, we have

a1 = max
i=1,n

{ai} , an = min
i=1,n

{ai} , b1 = min
i=1,n

{bi} , bn = max
i=1,n

{bi} .

If we now assume, as in (1.104), that

0 < α ≤ ai ≤ A, 0 < β ≤ bi ≤ B, i = 1, . . . , n,

then
(a1b1 + anbn)2

4a1anb1bn
≤ (αβ +AB)2

4αβAB
because

(k − 1)2

4k
≤ (α+ 1)2

4α
for k ≤ α; and the inequality (1.105) is proved.

Comments
With the assumption (1.104), we may state the following additive versions of
the Pólya-Szegö inequality [55, p. 95]:

0 ≤

(
n∑
i=1

a2
i ·

n∑
i=1

b2i

) 1
2

−
n∑
i=1

aibi ≤
1
2
·

(√
AB −

√
αβ
)2

√
αβAB

n∑
i=1

aibi (1.106)

and

0 ≤
n∑
i=1

a2
i ·

n∑
i=1

b2i −

(
n∑
i=1

aibi

)2

≤ 1
4
· (AB − αβ)2

αβAB

(
n∑
i=1

aibi

)2

. (1.107)

The constants 1
2 and 1

4 in (1.106) and (1.107) are best possible in the sense
that they cannot be replaced by smaller quantities.

For related results, see the recent monograph of Dragomir [55].
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1.16 The Cassels Inequality

Let a = (a1, . . . , an) and b = (b1, . . . , bn) be sequences of positive real num-
bers and w = (w1, . . . , wn) a sequence of nonnegative real numbers. Suppose
that

m = min
i=1,n

{
ai
bi

}
and M = max

i=1,n

{
ai
bi

}
. (1.108)

Then one has the inequality∑n
i=1 wia

2
i

∑n
i=1 wib

2
i

(
∑n
i=1 wiaibi)

2 ≤ (m+M)2

4mM
. (1.109)

Equality holds in (1.109) when w1 = 1
a1b1

, wn = 1
anbn

, w2 = · · · = wn−1 = 0,
m = an

b1
, and M = a1

bn
.

PROOF (1) We will first give Cassels’ proof from 1951 which is of interest
in itself. We follow the proof from Watson, Hlpargu, and Styan [165].

We begin with the assertion that

(1 + kw)
(
1 + k−1w

)
(1 + w)2 ≤

(1 + k)
(
1 + k−1

)
4

, k > 0, w ≥ 0 (1.110)

which, being an equivalent form of (1.109) for n = 2, shows that it holds for
n = 2.

To prove that the maximum of (1.109) is obtained when we have more than
two w′is being nonzero, we note that if, for example, w1, w2, w3 6= 0 leads to
an extremum M of XY

4 , then we would have the linear equations

a2
nX + b2nY − 2ManbnZ = 0, k = 1, 2, 3.

Nontrivial solutions exist if and only if the three vectors
[
a2
n, b

2
n, anbn

]
are lin-

early dependent. However, this will be so only if for some i 6= j (i, j = 1, 2, 3)
ai = γaj , bi = γbj . Furthermore, if that were true, we could, for example, drop
the ai, bi terms and thus deal with the same problem with no fewer variables.
If only one wi 6= 0, then M = 1, the lower bound. Therefore, we need only
examine all pairs wi 6= 0, wj 6= 0. The result (1.109) then quickly follows.

(2) To give the second proof of (1.109), we use the baricentric method of
Fréchet and Watson (see, for instance Watson, Hlpargu, and Styan [165]).

We substitute wi = ui
b2i

in the left-hand side of (1.109), which may be ex-
pressed as the ratio

M

D2
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where

N =
n∑
i=1

(
ai
bi

)2

ui and D =
n∑
i=1

(
ai
bi

)
ui,

by assuming without loss of generality that
∑n
i=1 ai = 1. But the point

with co-ordinates (D,N) must lie within the convex closure of the n-points(
ai
bi
,
a2
i

b2i

)
. Therefore, the volume of N

D2 at points on the parabola is one unit.

If m = mini=1,n

{
ai
bi

}
and M = maxi=1,n

{
ai
bi

}
, then the minimum must lie

on the chord joining the point
(
m,m2

)
and

(
M,M2

)
. Some easy calculus

then leads to (1.109).

The following unweighted version of Cassels’ inequality holds.
If a and b satisfy the assumptions in (1.109), then∑n

i=1 a
2
i

∑n
i=1 b

2
i

(
∑n
i=1 aibi)

2 ≤ (m+M)2

4mM
. (1.111)

Comments
The following additive versions of Cassels’ inequality may be stated [55, pp.
92–93]:

0 ≤

(
n∑
i=1

wia
2
i

n∑
i=1

wib
2
i

) 1
2

−
n∑
i=1

wiaibi (1.112)

≤

(√
M −

√
m
)2

2
√
mM

n∑
i=1

wiaibi

and

0 ≤
n∑
i=1

wia
2
i

n∑
i=1

wib
2
i −

(
n∑
i=1

wiaibi

)2

(1.113)

≤ (M −m)2

4mM

(
n∑
i=1

wiaibi

)2

,

provided that a and b satisfy (1.108).
With the same assumptions on a and b, we have the unweighted inequalities

0 ≤

(
n∑
i=1

a2
i

n∑
i=1

b2i

) 1
2

−
n∑
i=1

aibi ≤

(√
M −

√
m
)2

2
√
mM

n∑
i=1

aibi (1.114)
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and

0 ≤
n∑
i=1

a2
i

n∑
i=1

b2i −

(
n∑
i=1

aibi

)2

≤ (M −m)2

4mM

(
n∑
i=1

aibi

)2

. (1.115)

1.17 Hölder’s Inequality for Sequences of Real Numbers

Let a = (a1, . . . , an), b = (b1, . . . , bn) ∈ Rn+, and p > 1, 1
p + 1

q = 1. Then

n∑
i=1

aibi ≤

(
n∑
i=1

api

) 1
p
(

n∑
i=1

bqi

) 1
q

. (1.116)

The sign of equality holds if and only if the vectors ap and bq are proportional,
that is, api = kbqi for all i ∈ {1, . . . , n} .

PROOF We know that for x, y ≥ 0, the inequality (see Equation 1.13)

x
1
p y

1
q ≤ x

p
+
y

q
(1.117)

holds, provided that p > 1 and 1
p + 1

q = 1; and equality holds in (1.117) iff
x = y.

In (1.117) set

x =
api
A
, A =

n∑
i=1

api

y =
bqi
B
, B =

n∑
i=1

bqi .

Adding over i = 1, 2, . . . , n produces∑n
i=1 aibi

A
1
pB

1
q

≤ 1
p

n∑
i=1

api
A

+
1
q

n∑
i=1

bqi
B

=
1
p

+
1
q

= 1.

Equality holds in (1.116) iff api
A = bqi

B , that is, if the vectors ap and bp are
proportional.

The weighted version of (1.116) is:

n∑
i=1

miaibi ≤

(
n∑
i=1

mia
p
i

) 1
p
(

n∑
i=1

mib
q
i

) 1
q

, (1.118)

© 2011 by Taylor and Francis Group, LLC



40 Mathematical Inequalities: A Perspective

provided mi ≥ 0 for i = 1, . . . , n.

Comments
(a) We have the elementary inequality

(x+ y)
1
p (z + w)

1
q ≥ x

1
p z

1
q + y

1
pw

1
q (1.119)

for all x, y, z, w ≥ 0 and p, q > 1 with 1
p + 1

q = 1.
The proof follows from Hölder’s inequality (1.116) by choosing n = 2, a1 =

x
1
p , a2 = y

1
p , and b1 = z

1
q , b2 = w

1
q .

(b) For a, b ∈ Rn and x ∈ Rn+, define H (x, a, b) by

H (x, a, b) :=

(
n∑
i=1

xi |ai|p
) 1
p
(

n∑
i=1

xi |bi|q
) 1
q

−

∣∣∣∣∣
n∑
i=1

xiaibi

∣∣∣∣∣ ,
where p, q are as above.

We have the following superadditivity property [84]:

H (x+ y, a, b) ≥ H (x, a, b) +H (y, a, b) ≥ 0 (1.120)

for all x, y ∈ Rn+.
It can be shown by employing the inequality (1.119) that

H (x+ y, a, b)

=

(
n∑
i=1

xi |ai|p +
n∑
i=1

yi |ai|p
) 1
p
(

n∑
i=1

xi |bi|q +
n∑
i=1

yi |bi|q
) 1
q

−

∣∣∣∣∣
n∑
i=1

xiaibi +
n∑
i=1

yiaibi

∣∣∣∣∣
≥

(
n∑
i=1

xi |ai|p
) 1
p
(

n∑
i=1

xi |bi|q
) 1
q

+

(
n∑
i=1

yi |ai|p
) 1
p
(

n∑
i=1

yi |bi|q
) 1
q

−

∣∣∣∣∣
n∑
i=1

xiaibi

∣∣∣∣∣−
∣∣∣∣∣
n∑
i=1

yiaibi

∣∣∣∣∣ = H (x, a, b) +H (y, a, b) .

Also, we have the following monotonicity property [84]:

H (x, a, b) ≥ H (y, a, b) ≥ 0 (1.121)

provided x, y ∈ Rn+, x ≥ y, that is, xi ≥ yi for all i ∈ {1, . . . , n} .
By employing the superadditivity property (1.120), it can be shown that

H (x, a, b) = H ((x− y) + y, a, b) ≥ H (x− y, a, b) +H (y, a, b)
≥ H (y, a, b) .
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1.18 The Minkowski Inequality for Sequences of Real
Numbers

Let a = (a1, . . . , an), b = (b1, . . . , bn) ∈ Rn, and p > 1. Then[
n∑
i=1

(ai + bi)
p

] 1
p

≤

(
n∑
i=1

api

) 1
p

+

(
n∑
i=1

bpi

) 1
p

. (1.122)

Equality holds if a and b are proportional.

PROOF Write
n∑
i=1

(ai + bi)
p =

n∑
i=1

ai (ai + bi)
p−1 +

n∑
i=1

bi (ai + bi)
p−1

. (1.123)

Applying Hölder’s inequality (1.116), we obtain

n∑
i=1

ai (ai + bi)
p−1 ≤

(
n∑
i=1

api

) 1
p
(

n∑
i=1

(ai + bi)
(p−1)q

) 1
q

=

(
n∑
i=1

api

) 1
p
(

n∑
i=1

(ai + bi)
p

) 1
q

and similarly,

n∑
i=1

bi (ai + bi)
p−1 ≤

(
n∑
i=1

bpi

) 1
p
(

n∑
i=1

(ai + bi)
p

) 1
q

,

for p and q satisfying 1
p + 1

q = 1.
Consequently, (1.123) becomes

n∑
i=1

(ai + bi)
p ≤

[
n∑
i=1

(ai + bi)
p

] 1
q

( n∑
i=1

api

) 1
p

+

(
n∑
i=1

bpi

) 1
p

 .
Dividing by [

∑n
i=1 (ai + bi)

p]
1
p and taking into account that 1

p = 1 − 1
q , we

get (1.122).
Equality holds if and only if the vectors ap and bp are both proportional to

(a+ b)p ; or, equivalently, iff a and b are proportional.

The weighted version of (1.122) is[
n∑
i=1

mi (ai + bi)
p

] 1
p

≤

(
n∑
i=1

mia
p
i

) 1
p

+

(
n∑
i=1

mib
p
i

) 1
p

, (1.124)
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provided that mi ≥ 0 for i = 1, . . . , n.

Comments

(a) We have the elementary inequality

[
(a+ b)

1
p + (c+ d)

1
p

]p
≥
(
a

1
p + c

1
p

)p
+
(
b

1
p + d

1
p

)p
(1.125)

for all a, b, c, d ≥ 0 and p ≥ 1, which follows by applying Minkowski’s inequal-
ity for n = 2, a1 = a

1
p , a2 = b

1
p , b1 = c

1
p , and b2 = d

1
p .

(b) For a, b ∈ Rn and x ∈ Rn+, define M (x, a, b) by

M (x, a, b) :=

( n∑
i=1

xi |ai|p
) 1
p
(

n∑
i=1

xi |bi|p
) 1
p

p − n∑
i=1

xi |ai + bi|p

where p ≥ 1.

The mapping M (·, a, b) is superadditive on Rn [84].

Indeed, for all x, y ∈ Rn+, we have, by (1.125), that

M (x+ y, a, b)

=

( n∑
i=1

xi |ai|p +
n∑
i=1

yi |ai|p
) 1
p
(

n∑
i=1

xi |bi|p +
n∑
i=1

yi |bi|p
) 1
p

p

−
n∑
i=1

xi |ai + bi|p −
n∑
i=1

yi |ai + bi|p

≥

( n∑
i=1

xi |ai|p
) 1
p

+

(
n∑
i=1

xi |bi|p
) 1
p

p

+

( n∑
i=1

yi |ai|p
) 1
p

+

(
n∑
i=1

yi |bi|p
) 1
p

p

−
n∑
i=1

xi |ai + bi|p −
n∑
i=1

yi |ai + bi|p

= M (x, a, b) +M (y, a, b) .

The mapping M (·, a, b) is monotonic nondecreasing on Rn [84]. This propo-
sition follows by the superadditivity of M on its first variable.
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1.19 Jensen’s Discrete Inequality

Let f : I ⊆ R→ R be a convex mapping on the interval I. That is,

f (tx+ (1− t) y) ≤ tf (x) + (1− t) f (y)

for all x, y ∈ I and t ∈ [0, 1]. If xi ∈ I, pi ≥ 0 (i ∈ {1, . . . , n}) and
Pn :=

∑n
i=1 pi > 0, then

f

(
1
Pn

n∑
i=1

pixi

)
≤ 1
Pn

n∑
i=1

pif (xi) . (1.126)

PROOF The proof follows by mathematical induction.
For n = 2, we have to prove

f

(
p1x1 + p2x2

p1 + p2

)
≤ p1f (x1) + p2f (x2)

p1 + p2
, (1.127)

where x1, x2 ∈ I, p1, p2 ≥ 0 with p1 + p2 > 0.
Now, observe that (1.127) follows by the definition of convexity for t =
p1

p1+p2
, x = x1, and y = x2.

Assume that (1.126) holds for “n” and let us prove it for “n + 1”, that is,
we wish to prove

f

(
1

Pn+1

n+1∑
i=1

pixi

)
≤ 1
Pn+1

n+1∑
i=1

pif (xi) (1.128)

for xi ∈ I, pi ≥ 0 (i = 1, . . . , n+ 1) with Pn+1 > 0.
If p1 = · · · = pn = 0, then (1.128) is obvious.
Assume that Pn > 0, then,

f

(
1

Pn+1

n+1∑
i=1

pixi

)
= f

(
Pn
Pn+1

· 1
Pn

n∑
i=1

pixi +
pn+1

Pn+1
xn+1

)
(1.129)

≤ Pn
Pn+1

f

(
1
Pn

n∑
i=1

pixi

)
+
pn+1

Pn+1
f (xn+1)

by the definition of convexity for t = Pn
Pn+1

, x = 1
Pn

∑n
i=1 pixi and y = xn+1.
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By using the inductive hypothesis, we get

Pn
Pn+1

f

(
1
Pn

n∑
i=1

pixi

)
+
pn+1

Pn+1
f (xn+1) (1.130)

≤ Pn
Pn+1

1
Pn

n∑
i=1

pif (xi) +
pn+1

Pn+1
f (xn+1)

=
1

Pn+1

n+1∑
i=1

pif (xi) .

Now, (1.129) and (1.130) give the desired inequality (1.128).

When the function f is concave, the inequality (1.126) is reversed.

Comments
Define the means

An (p, x) :=
1
Pn

n∑
i=1

pixi (weighted arithmetic mean)

Gn (p, x) :=

(
n∏
i=1

xpii

) 1
Pn

(weighted geometric mean)

Hn (p, x) :=
Pn∑n
i=1

pi
xi

(weighted harmonic mean)

(1.131)

where pi ≥ 0 with Pn > 0 and xi > 0 (i = 1, . . . , n) .
Apply Jensen’s inequality (1.126) for the convex mapping f (x) = − lnx on

(0,∞) to get:

− ln

(
1
Pn

n∑
i=1

pixi

)
≤ − 1

Pn

n∑
i=1

pi lnxi

which is equivalent to

ln [An (p, x)] ≥ ln [Gn (p, x)]

or
An (p, x) ≥ Gn (p, x) . (1.132)

If we apply (1.132) for 1
xi

instead of xi (i = 1, . . . , n) we get

1
Hn (p, x)

≥ 1
Gn (p, x)

(1.133)

and then, by (1.132) and (1.133), we obtain

An (p, x) ≥ Gn (p, x) ≥ Hn (p, x) (1.134)
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which is the well-known arithmetic mean–geometric mean-harmonic mean in-
equality. If pi > 0 (i = 1, . . . , n) , then equality holds in (1.134) iff x1 = · · · =
xn. Note that inequality (1.1) is a special case of (1.134) when n = 2.

1.20 A Converse of Jensen’s Inequality for Differentiable
Mappings

Let f : [a, b]→ R be a convex differentiable mapping on (a, b) . If xi ∈ (a, b),
pi ≥ 0 (i = 1, . . . , n) with Pn > 0, then we have the inequality [96]:

0 ≤ 1
Pn

n∑
i=1

pif (xi)− f

(
1
Pn

n∑
i=1

pixi

)
(1.135)

≤ 1
Pn

n∑
i=1

pixif
′ (xi)−

1
Pn

n∑
i=1

pixi ·
1
Pn

n∑
i=1

pif
′ (xi) .

PROOF Since f is differentiable convex on (a, b) , for all x, y ∈ (a, b) we
have

f (x)− f (y) ≥ f ′ (y) (x− y) . (1.136)

Choose in (1.136) x = 1
Pn

∑n
i=1 pixi and y = xj (j = 1, . . . , n) to get

f

(
1
Pn

n∑
i=1

pixi

)
− f (xj) ≥ f ′ (xj)

(
1
Pn

n∑
i=1

pixi − xj

)
(1.137)

for all j ∈ {1, . . . , n} .
By multiplying (1.137) by pj ≥ 0 and summing over j from 1 to n, we get

Pnf

(
1
Pn

n∑
i=1

pixi

)
−

n∑
j=1

pjf (xj) ≥
1
Pn

n∑
i=1

pixi

n∑
j=1

pjf
′ (xj)−

n∑
j=1

pjxjf
′ (xj)

which is clearly equivalent to (1.135).

Comments
(a) Apply (1.135) for the convex mapping f (x) = − lnx to get

0 ≤ ln

(
1
Pn

n∑
i=1

pixi

)
− 1
Pn

(
n∑
i=1

pi lnxi

)
(1.138)

≤ 1
Pn

n∑
i=1

pixi ·
1
Pn

n∑
i=1

pi
xi
− 1
Pn

n∑
i=1

pi
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=
1
Pn

n∑
i=1

pixi

(
Pn∑n
i=1

pi
xi

)−1

− 1 =
An (p, x)
Hn (p, x)

− 1,

which gives the following counterpart of the arithmetic mean–geometric mean
inequality:

1 ≤ An (p, x)
Gn (p, x)

≤ exp
[
An (p, x)
Hn (p, x)

− 1
]
, xi > 0, pi ≥ 0, Pn > 0. (1.139)

If we apply (1.138) for 1
xi

instead of xi (i = 1, . . . , n) , we get

1 ≤ Gn (p, x)
Hn (p, x)

≤ exp
[
An (p, x)
Hn (p, x)

− 1
]
. (1.140)

(b) Assume that pi (i = 1, . . . , n) is a probability distribution, that is,∑n
i=1 pi = 1 and consider the (Shannon) entropy mapping Hn (p) =

−
∑n
i=1 pi ln pi. Then we have the inequality [94]:

0 ≤ lnn−Hn (p) ≤
∑

1≤i<j≤n

(pi − pj)2
. (1.141)

Indeed, if in (1.138) we choose xi = 1
pi

(i = 1, . . . , n) , we get

0 ≤ lnn−Hn (p) ≤ n
n∑
i=1

p2
i − 1

= n
n∑
i=1

p2
i −

(
n∑
i=1

pi

)2

=
1
n

n∑
i,j=1

(pi − pj)2

=
∑

1≤i<j≤n

(pi − pj)2

and the inequality (1.141) is proved.
Equality holds in (1.141) iff (p1, . . . , pn) =

(
1
n , . . . ,

1
n

)
.

1.21 The Petrović Inequality for Convex Functions

Let f be a convex function on the segment Ī = [0, a]. If xi ∈ Ī (i = 1, . . . , n)
and x1 + · · ·+ xn ∈ Ī , then

f (x1) + · · ·+ f (xn) ≤ f (x1 + · · ·+ xn) + (n− 1) f (0) . (1.142)
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PROOF We follow the proof from Mitrinović [138]. As f is convex on Ī ,
then for all x, y ∈ Ī and p, q > 0 with p+ q > 0, we have

f

(
px+ qy

p+ q

)
≤ pf (x) + qf (y)

p+ q
. (1.143)

By putting in (1.143) p = x1, q = x2, x = x1 + x2, and y = 0 (x1 + x2 > 0)
we get

f (x1) ≤ x1f (x1 + x2)
x1 + x2

+
x2

x1 + x2
f (0) . (1.144)

Interchanging x1 and x2, we find that

f (x2) ≤ x2f (x1 + x2)
x1 + x2

+
x1

x1 + x2
f (0) . (1.145)

Adding (1.144) and (1.145) we get

f (x1) + f (x2) ≤ f (x1 + x2) + f (0) , (1.146)

and so (1.142) is true for n = 2.
Suppose that it holds for some n. Then, by (1.146), we have

f (x1 + · · ·+ xn + xn+1) = f ((x1 + · · ·+ xn) + xn+1)
≥ f (x1 + · · ·+ xn) + f (xn+1)− f (0)

and by the inductive hypothesis,

f (x1) + · · ·+ f (xn) + f (xn+1) ≤ f (x1 + · · ·+ xn) + 1 + nf (0) .

This completes the inductive proof.

Comments
(a) If we assume that f is convex on Ī and f (0) = 0, then f is superadditive,
namely,

f (x1 + x2) ≥ f (x1) + f (x2) for all x1, x2 ∈ Ī . (1.147)

(b) Let a, b > 0 and p ≥ 1. Then we have the inequality:

(a+ b)p ≥ ap + bp. (1.148)

This follows by (1.147) applied for the convex mapping f : [0,∞) → R,
f (x) = xp for which we have f (0) = 0.
(c) The mapping f : [0,∞)→ R, f (x) = − ln (1 + x) is convex on [0,∞) and
f (0) = 0. Then, by (1.142), we get

−
n∑
i=1

ln (1 + xi) ≤ − ln

(
1 +

n∑
i=1

xi

)
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which is equivalent to

ln

(
n∏
i=1

(1 + xi)

)
≥ ln

(
1 +

n∑
i=1

xi

)
,

producing the result

n∏
i=1

(1 + xi) ≥ 1 +
n∑
i=1

xi, for all xi ∈ [0,∞), i = 1, . . . , n. (1.149)

(d) Consider the mapping f : [0,∞)→ R,

f (x) =

x lnx, x > 0

0, if x = 0.

This mapping is continuous and convex on [0,∞). Applying the inequality
(1.142) we get

n∑
i=1

xi lnxi ≤
n∑
i=1

xi ln

(
n∑
i=1

xi

)
which is equivalent to:

n∏
i=1

xxii ≤

(
n∑
i=1

xi

)∑n
i=1 xi

for all xi > 0, i = (1, . . . , n) . (1.150)

1.22 Bounds for the Jensen Functional in Terms of the
Second Derivative

Let f : [a, b] → R be a twice differentiable mapping on (a, b) with the
property that m ≤ f ′′ (x) ≤ M for all x ∈ (a, b) . If xi ∈ (a, b), pi ≥ 0 with
Pn :=

∑n
i=1 pi > 0, then we have the inequality

m

P 2
n

∑
1≤i<j≤n

pipj (xi − xj)2 ≤ 1
Pn

n∑
i=1

pif (xi)− f

(
1
Pn

n∑
i=1

pixi

)
(1.151)

≤ M

P 2
n

∑
1≤i<j≤n

pipj (xi − xj)2
.

PROOF We follow the proof by Dragomir [80].
The mapping g : [a, b]→ R, g (x) = f (x)− 1

2mx
2 is twice differentiable on

(a, b) and g′′ (x) = f ′′ (x)−m ≥ 0, which shows that g is convex on [a, b].
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Applying Jensen’s inequality (1.126) for the mapping g we can state

f

(
1
Pn

n∑
i=1

pixi

)
− 1

2
m

(
1
Pn

n∑
i=1

pixi

)2

≤ 1
Pn

n∑
i=1

pi

[
f (xi)−

1
2
mx2

i

]
,

which is equivalent to

1
Pn

n∑
i=1

pif (xi)− f

(
1
Pn

n∑
i=1

pixi

)

≥ 1
2
m

 1
Pn

n∑
i=1

pix
2
i −

(
1
Pn

n∑
i=1

pixi

)2
 .

However, a simple calculation shows that

1
Pn

n∑
i=1

pix
2
i −

(
1
Pn

n∑
i=1

pixi

)2

=
1
P 2
n

n∑
i,j=1

pipj (xi − xj)2

=
2
P 2
n

∑
1≤i<j≤n

pipj (xi − xj)2
,

which proves the first inequality in (1.151).
The second inequality follows likewise for the convex mapping h : [a, b]→ R,

h (x) = 1
2Mx2 − f (x); and we omit the details.

Comments
Consider the mapping f : [a, b] ⊂ (0,∞)→ R, f (x) = − lnx. Then f ′′ (x) =
1
x2 and m = inf

x∈[a,b]
f ′′ (x) = 1

b2 , M = sup
x∈[a,b]

f ′′ (x) = 1
a2 . Applying the

inequality (1.151) for the above mapping, we get for An (p, x) , Gn (p, x) as
given by (1.131) the following inequalities:

1
b2P 2

n

∑
1≤i<j≤n

pipj (xi − xj)2 ≤ lnAn (p, x)− lnGn (p, x)

≤ 1
a2P 2

n

∑
1≤i<j≤n

pipj (xi − xj)2
.

This is equivalent to

exp

 1
b2P 2

n

∑
1≤i<j≤n

pipj (xi − xj)2


≤ An (p, x)
Gn (p, x)

≤ exp

 1
a2P 2

n

∑
1≤i<j≤n

pipj (xi − xj)2

 , (1.152)
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where xi ∈ [a, b], pi ≥ 0 and Pn > 0.
Note that

exp

 1
b2P 2

n

∑
1≤i<j≤n

pipj (xi − xj)2

 ≥ 1

so that (1.152) can be seen as both a refinement of the arithmetic mean–
geometric mean inequality An (p, x) ≥ Gn (p, x) and a counterpart of it.

From (1.152) we can also obtain a refinement and a counterpart of the
geometric mean–harmonic mean inequality Gn (p, x) ≥ Hn (p, x) as follows.

Choose in (1.152) 1
xi

instead of xi and note that 1
xi
∈
[

1
b ,

1
a

]
. Then, by

(1.152),

exp

 a2

P 2
n

∑
1≤i<j≤n

pipj
(xi − xj)2

x2
ix

2
j


≤
An
(
p, 1

x

)
Gn
(
p, 1

x

) ≤ exp

 b2
P 2
n

∑
1≤i<j≤n

pipj
(xi − xj)2

x2
ix

2
j

 (1.153)

and as An
(
p, 1

x

)
= H−1

n (p, x) and Gn
(
p, 1

x

)
= G−1 (p, x) , then by (1.153)

one gets

exp

 a2

P 2
n

∑
1≤i<j≤n

pipj
(xi − xj)2

x2
ix

2
j


≤ Gn (p, x)
Hn (p, x)

≤ exp

 b2
P 2
n

∑
1≤i<j≤n

pipj
(xi − xj)2

x2
ix

2
j

 (1.154)

for all xi ∈ [a, b], pi ≥ 0 and Pn > 0.

1.23 Slater’s Inequality for Convex Functions

Suppose that I is an interval of real numbers with interior
◦
I and f : I → R

is a convex function on I. Then f is continuous on
◦
I and has finite left and

right derivatives at each point of
◦
I. Moreover, if x, y ∈

◦
I and x < y, then

D−f (x) ≤ D+f (x) ≤ D−f (y) ≤ D+f (y), which implies that both D−f

and D+f are nondecreasing functions on
◦
I. It is also known that a convex

function must be differentiable except for at most countably many points.
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For a convex function f : I → R, the subdifferential of f denoted by ∂f is

the set of all functions ϕ : I → [−∞,∞] such that ϕ
(
◦
I

)
⊂ R and

f (x) ≥ f (a) + (x− a)ϕ (a) for any x, a ∈ I. (1.155)

It is also well known that if f is convex on I, then ∂f is nonempty, D+f,D−f ∈
∂f and if ϕ ∈ ∂f, then

D−f (x) ≤ ϕ (x) ≤ D+f (x) (1.156)

for every x ∈
◦
I. In particular, ϕ is a nondecreasing function.

If f is differentiable convex on
◦
I, then ∂f = {f ′} .

The following inequality is well known in the literature as Slater’s inequality
[160]:

Let f : I → R be a nondecreasing (nonincreasing) convex function, xi ∈ I,
pi ≥ 0 with Pn :=

∑n
i=1 pi > 0 and

∑n
i=1 piϕ (xi) 6= 0 where ϕ ∈ ∂f. Then

one has the inequality:

1
Pn

n∑
i=1

pif (xi) ≤ f
(∑n

i=1 pixiϕ (xi)∑n
i=1 piϕ (xi)

)
. (1.157)

PROOF First, observe that since, for example, f is nondecreasing, ϕ (x) ≥
0 for any x ∈ I. Thus, ∑n

i=1 pixiϕ (xi)∑n
i=1 piϕ (xi)

∈ I, (1.158)

since it is a convex combination of xi with the positive weights

xiϕ (xi)∑n
i=1 piϕ (xi)

, i = 1, . . . , n.

A similar argument applies if f is nonincreasing.
Now, if we use the inequality (1.155), then we deduce

f (x)− f (xi) ≥ (x− xi)ϕ (xi) for any x, xi ∈ I, i = 1, . . . , n. (1.159)

Multiplying (1.159) by pi ≥ 0 and summing over i from 1 to n, we deduce

f (x)− 1
Pn

n∑
i=1

pif (xi) ≥ x ·
1
Pn

n∑
i=1

piϕ (xi)−
1
Pn

n∑
i=1

pixiϕ (xi) (1.160)

for any x ∈ I.
If in (1.160), we choose

x =
∑n
i=1 pixiϕ (xi)∑n
i=1 piϕ (xi)
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(which we have proved belongs to I), then we may deduce the desired inequal-
ity (1.157).

If one would like to drop the assumption of monotonicity for the function
f, then one can state and prove the following result in a similar manner:

Let f : I → R be a convex function, xi ∈ I, pi ≥ 0 with Pn > 0 and∑n
i=1 piϕ (xi) 6= 0, where ϕ ∈ ∂f. If∑n

i=1 pixiϕ (xi)∑n
i=1 piϕ (xi)

∈ I, (1.161)

then the inequality (1.157) holds.

Comments
The following result in connection to the (CBS)-inequality holds [55, p. 208]:

(a) Assume that f : R+ → R is a convex function on R+ := [0,∞), ai, bi ≥ 0
with ai 6= 0, i ∈ {1, . . . , n} and

∑n
i=1 a

2
iϕ
(
bi
ai

)
6= 0 where ϕ ∈ ∂f.

(i) If f is monotonic nondecreasing (nonincreasing) in [0,∞) then

n∑
i=1

a2
iϕ

(
bi
ai

)
≤

n∑
i=1

a2
i · f

∑n
i=1 aibiϕ

(
bi
ai

)
∑n
i=1 a

2
iϕ
(
bi
ai

)
 . (1.162)

(ii) If ∑n
i=1 aibiϕ

(
bi
ai

)
∑n
i=1 a

2
iϕ
(
bi
ai

) ≥ 0, (1.163)

then (1.162) also holds.

(b) Consider the function f : [0,∞)→ R, f (x) = xp, p ≥ 1, then f is convex
and monotonic nondecreasing and f ′ (x) = pxp−1. Applying (1.162), we may
deduce the following inequality:

p

(
n∑
i=1

a3−p
i bp−1

i

)p+1

≤
n∑
i=1

a2
i

(
n∑
i=1

a2−p
i bpi

)p
(1.164)

for p ≥ 1, ai, bi ≥ 0, i = 1, . . . , n.

1.24 A Jensen Type Inequality for Double Sums

The following result for convex functions via Jensen’s inequality also holds
[55, p. 211].
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Let f : R → R be a convex (concave) function and x = (x1, . . . , xn) ,
p = (p1, . . . , pn) real sequences with the property that pi ≥ 0 (i = 1, . . . , n)
and

∑n
i=1 pi = 1. Then one has the inequality:

f

[∑n
i=1 pix

2
i − (

∑n
i=1 pixi)

2∑n
i=1 i

2pi − (
∑n
i=1 ipi)

2

]

≤ (≥)

∑
1≤i<j≤n pipj

[∑j−1
k,l=i f (∆xk ·∆xl)

]
∑n
i=1 i

2pi − (
∑n
i=1 ipi)

2 , (1.165)

where ∆xk := xk+1 − xk (k = 1, . . . , n− 1) is the forward difference.

PROOF We have, by Jensen’s inequality for multiple sums, that

f

[∑n
i=1 pix

2
i − (

∑n
i=1 pixi)

2∑n
i=1 i

2pi − (
∑n
i=1 ipi)

2

]
= f

[∑
1≤i<j≤n pipj (xi − xj)2∑

1≤i<j≤n pipj (j − i)2

]
(1.166)

= f

∑1≤i<j≤n pipj (j − i)2 (xj−xi)2

(j−i)2∑
1≤i<j≤n pipj (j − i)2


≤

∑
1≤i<j≤n pipj (j − i)2

f
(

(xj−xi)2

(j−i)2

)
∑

1≤i<j≤n pipj (j − i)2

=: I.

On the other hand, for j > i one has

xj − xi =
j−1∑
k=i

(xk+1 − xk) =
j−1∑
k=i

∆xk (1.167)

and thus

(xj − xi)2 =

(
j−1∑
k=i

∆xk

)2

=
j−1∑
k,l=i

∆xk ·∆xl.

By applying the Jensen inequality for multiple sums once more, we deduce

f

[
(xj − xi)2

(j − i)2

]
= f

[∑j−1
k,l=i ∆xk ·∆xl

(j − i)2

]
(1.168)

≤ (≥)

∑j−1
k,l=i f (∆xk ·∆xl)

(j − i)2 .
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Thus, by (1.168) we have

I ≤ (≥)

∑
1≤i<j≤n pipj (j − i)2

∑j−1
k,l=i f(∆xk·∆xl)

(j−i)2∑
1≤i<j≤n pipj (j − i)2 (1.169)

=

∑
1≤i<j≤n pipj

[∑j−1
k,l=i f (∆xk ·∆xl)

]
∑n
i=1 i

2pi − (
∑n
i=1 ipi)

2 .

Finally, from (1.166) and (1.169) we obtain the desired inequality (1.165).

Comments
The following inequality connected with the (CBS)-inequality may be stated
[55, p. 212]:

Let f : R → R be a convex (concave) function and a = (a1, . . . , an) ,
b = (b1, . . . , bn) , w = (w1, . . . , wn) sequences of real numbers such that bi 6= 0,
wi ≥ 0 (i = 1, . . . , n) and not all wi are zero. Then one has the inequality

f

[∑n
i=1 wia

2
i

∑n
i=1 wib

2
i − (

∑n
i=1 wiaibi)

2∑n
i=1 wib

2
i

∑n
i=1 i

2wib2i − (
∑n
i=1 iwibi)

2

]

≤ (≥)

∑
1≤i<j≤n wiwjb

2
i b

2
j

[∑j−1
k,l=i f

(
∆
(
ak
bk

)
·∆
(
al
bl

))]
∑n
i=1 wib

2
i

∑n
i=1 i

2wib2i − (
∑n
i=1 iwibi)

2 . (1.170)

The proof follows by (1.165) on choosing pi = wib
2
i and xi = ai

bi
, i = 1, . . . , n.

We omit the details.
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Chapter 2

Integral Inequalities for Convex
Functions

The concept of convexity and its various generalisations and extensions plays
an important role in modern analysis.

Numerous Hermite-Hadamard (H.-H.) type integral inequalities are pre-
sented for both convex functions as well as for log-convex, quasi-convex, s-
convex, and other related classes of functions such as the Godunova-Levin
class of functions. Since the logarithmic, identric, and p-logarithmic means
can be obtained as integral means of some particular convex functions, we pro-
vide here various applications of the H.-H. integral inequalities which comple-
ment, improve, and provide reverses of some classical inequalities for means.

Many remarks and comments are given which reveal a rich interconnec-
tion between the above inequalities and create a natural platform for further
research and applications.

2.1 The Hermite-Hadamard Integral Inequality

Let f : [a, b]→ R be a convex mapping on [a, b]. Then

f

(
a+ b

2

)
≤ 1
b− a

∫ b

a

f (x) dx ≤ f (a) + f (b)
2

, (2.1)

which is known as the Hermite-Hadamard (H.-H.) integral inequality.

PROOF By the convexity of f on [a, b] , we have

f (ta+ (1− t) b) ≤ tf (a) + (1− t) f (b)

for all t ∈ [0, 1] .
Integrating over t on [0, 1] , we obtain∫ 1

0

f (ta+ (1− t) b) dt ≤ f (a)
∫ 1

0

tdt+ f (b)
∫ 1

0

(1− t) dt. (2.2)

55
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Since ∫ 1

0

tdt =
∫ 1

0

(1− t) dt =
1
2

and, by the change of variable x = ta+ (1− t) b,∫ 1

0

f (ta+ (1− t) b) dt =
1

b− a

∫ b

a

f (x) dx,

we get the second part of (2.1) from (2.2).
By the convexity of f we also have

1
2

[f (ta+ (1− t) b) + f ((1− t) a+ tb)]

≥ f
[
ta+ (1− t) b+ (1− t) a+ tb

2

]
= f

(
a+ b

2

)
.

Integrating this inequality over t on [0, 1], we get

f

(
a+ b

2

)
≤ 1

2

[∫ 1

0

f (ta+ (1− t) b) dt+
∫ 1

0

f ((1− t) a+ tb) dt
]

=
1

b− a

∫ b

a

f (x) dx

which proves the first part of (2.1).

Comments
(a) Assume that g : [a, b] → R is twice differentiable on (a, b) and m ≤
g′′ (x) ≤M for x ∈ (a, b). Then we have the inequality [88]

m

24
(b− a)2 ≤ 1

b− a

∫ b

a

g (x) dx− g
(
a+ b

2

)
≤ M

24
(b− a)2

. (2.3)

Indeed, if f (x) = g (x) − m
2 x

2, then f ′′ (x) = g′′ (x) −m ≥ 0, which shows
that f is convex on (a, b). Applying the Hermite-Hadamard inequality (2.1)
for f we get

g

(
a+ b

2

)
− m

2

(
a+ b

2

)2

= f

(
a+ b

2

)
≤ 1
b− a

∫ b

a

f (x) dx =
1

b− a

∫ b

a

[
g (x)− m

2
x2
]
dx

=
1

b− a

∫ b

a

g (x) dx− m

2
· b

3 − a3

3 (b− a)

=
1

b− a

∫ b

a

g (x) dx− m

2
· a

2 + ab+ b2

3
.
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This implies that

m

2
· a

2 + ab+ b2

3
− m

2

(
a+ b

2

)2

≤ 1
b− a

∫ b

a

g (x) dx− g
(
a+ b

2

)
,

which proves the first inequality in (2.3) upon some simplification.
To prove the second part of (2.3), we apply the same argument for the

convex mapping h (x) = M
2 x

2 − g (x) , x ∈ [a, b] .
(b) If g is as above, then [89]

m

12
(b− a)2 ≤ g (a) + g (b)

2
− 1
b− a

∫ b

a

g (x) dx ≤ M

12
(b− a)2

. (2.4)

This can be proven by applying the second part of the Hermite-Hadamard
inequality (2.1) for the mapping f (x) = g (x)− m

2 x
2 as follows:

g (a) + g (b)
2

− m

2
·
(
a2 + b2

)
2

=
f (a) + f (b)

2
≥ 1
b− a

∫ b

a

f (x) dx =
1

b− a

∫ b

a

[
g (x)− m

2
x2
]
dx

=
1

b− a

∫ b

a

g (x) dx− m

2
· a

2 + ab+ b2

3
.

This is equivalent to

m

2

[
a2 + b2

2
− a2 + ab+ b2

3

]
≤ g (a) + g (b)

2
− 1
b− a

∫ b

a

g (x) dx,

which proves the first part of (2.4). The second part is established in a similar
manner; and we omit the details.

2.2 Hermite-Hadamard Related Inequalities

The following result is a generalisation of the first part of the Hermite-
Hadamard inequality (2.1) (see Dragomir and Pearce [103]).

Let f : I ⊆ R→ R be a convex function on I and a, b ∈̊I with a < b. Then
for all t ∈ [a, b] and λ ∈

[
f ′− (t) , f ′+ (t)

]
one has the inequality:

f (t) + λ

(
a+ b

2
− t
)
≤ 1
b− a

∫ b

a

f (x) dx. (2.5)
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PROOF Let t ∈ [a, b] . It is known [151, Theorem 1.6] that for all λ ∈[
f ′− (t) , f ′+ (t)

]
one has the inequality:

f (x)− f (t) ≥ λ (x− t) for all x ∈ [a, b] .

Integrating this inequality on [a, b] over x we have∫ b

a

f (x) dx− (b− a) f (t) ≥ λ (b− a)
(
a+ b

2
− t
)

which proves the inequality (2.5).

For t = a+b
2 we get the first part of the Hermite-Hadamard inequality (2.5).

Furthermore, we have the following particular cases of (2.5) [103]:

Let f be as above and 0 ≤ a < b.

(i) If f ′+
(√

ab
)
≥ 0, then

1
b− a

∫ b

a

f (x) dx ≥ f
(√

ab
)

;

(ii) If f ′+
(

2ab
a+b

)
≥ 0, then

1
b− a

∫ b

a

f (x) dx ≥ f
(

2ab
a+ b

)
;

(iii) If f is differentiable in a and b, then

1
b− a

∫ b

a

f (x) dx ≥ max
{
f (a) + f ′ (a)

b− a
2

, f (b) + f ′ (b)
a− b

2

}
and

0 ≤ f (a) + f (b)
2

− 1
b− a

∫ b

a

f (x) dx ≤ f ′ (b) + f ′ (a)
2

(b− a) ;

(iv) If xi ∈ [a, b] are points of differentiability for f , pi ≥ 0 are such that
Pn :=

∑n
i=1 pi > 0 and

a+ b

2

n∑
i=1

f ′ (xi) pi ≥
n∑
i=1

pif
′ (xi)xi,

then one has the inequality

1
b− a

∫ b

a

f (x) dx ≥ 1
Pn

n∑
i=1

pif (xi) .
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It we assume that f is differentiable on (a, b) , we recapture some of the
results from Dragomir [62] and Dragomir and Ionescu [97].

The second part of the H.-H. inequality can be extended as follows [62]:

Let f and a, b be as above. Then for all t ∈ [a, b] we have the inequality:

1
b− a

∫ b

a

f (x) dx ≤ f (t)
2

+
1
2
· bf (b)− af (a)− t (f (b)− f (a))

b− a
. (2.6)

PROOF First, we remark that the class of differentiable convex mappings
on (a, b) is dense in uniform topology in the class of all convex functions
defined on (a, b) . Thus, without loss of generality, we may assume that f is
differentiable on (a, b) . Therefore we can write the inequality:

f (t)− f (x) ≥ (t− x) f ′ (x) for all t, x ∈ (a, b) .

Integrating this inequality over x on [a, b] we get:

(b− a) f (t)−
∫ b

a

f (x) dx ≥ t (f (b)− f (a))−
∫ b

a

xf ′ (x) dx. (2.7)

A simple computation shows that∫ b

a

xf ′ (x) dx = bf (b)− af (a)−
∫ b

a

f (x) dx,

and the inequality (2.7) becomes

(b− a) f (t)− t (f (b)− f (a)) + bf (b)− af (a) ≥ 2
∫ b

a

f (x) dx,

which is equivalent to (2.6) .

With the above assumptions, and under the condition that 0 ≤ a < b, one
has the inequality:

1
b− a

∫ b

a

f (x) dx ≤ min {Hf (a, b) , Gf (a, b) , Af (a, b)} (2.8)

where:

Hf (a, b) :=
1
2

[
f

(
2ab
a+ b

)
+
bf (b) + af (a)

b+ a

]
,

Gf (a, b) :=
1
2

[
f
(√

ab
)

+

√
bf (b) +

√
af (a)√

b+
√
a

]
,

Af (a, b) :=
1
2

[
f

(
a+ b

2

)
+
f (b) + f (a)

2

]
.
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The inequality (2.8) for Af (a, b) has been proved by Bullen in 1978 [151,
p. 140] and the inequality (2.8) for Gf (a, b) has been proved by Sándor in
1988 [158].

The following generalisation of the above result has been proved by Dragomir
and Pearce [106], which gives a refinement for the second part of the H.-H.
inequality.

Let f : I ⊆ R → R be a convex function, a, b ∈̊I with a < b and xi ∈
[a, b] , pi ≥ 0 with Pn > 0. Then

1
b− a

∫ b

a

f (x) dx (2.9)

≤ 1
2

{
1
Pn

n∑
i=1

pif (xi) +
1

b− a
[(b− xp) f (b) + (xp − a) f (a)]

}

≤ 1
2

(f (a) + f (b)) ,

where

xp =
1
Pn

n∑
i=1

pixi.

PROOF Similar to the preceding proof, it is sufficient to prove (2.9) for
convex functions which are differentiable on (a, b) . For any x, y ∈ (a, b), we
have

f (y)− f (x) ≥ f ′ (x) (y − x) for all x, y ∈ (a, b) .

Thus, we obtain:

f (xi)− f (x) ≥ f ′ (x) (xi − x) for all i ∈ {1, ..., n} .

By integrating on [a, b] over x we have

f (xi)−
1

b− a

∫ b

a

f (x) dx

≥ xi
b− a

(f (b)− f (a))− 1
b− a

∫ b

a

xf ′ (x) dx

=
xi
b− a

(f (b)− f (a))− 1
b− a

(bf (b)− af (a)) +
1

b− a

∫ b

a

f (x) dx.

Furthermore, multiplying by pi ≥ 0 and summing over i from 1 to n, we
obtain

1
Pn

n∑
i=1

pif (xi)−
1

b− a

∫ b

a

f (x) dx

≥ xp
b− a

(f (b)− f (a))− 1
b− a

(bf (b)− af (a)) +
1

b− a

∫ b

a

f (x) dx.
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Thus,

2
b− a

∫ b

a

f (x) dx ≤ 1
Pn

n∑
i=1

pif (xi) +
1

b− a
[(b− xp) f (b) + (xp − a) f (a)] .

This proves the first inequality in (2.9). Let

α =
b− xi
b− a

, β =
xi − a
b− a

, xi ∈ [a, b] , i ∈ {1, ..., n} .

It is clear that α+ β = 1. From the convexity of f we have

b− xi
b− a

f (a) +
xi − a
b− a

f (b) ≥ f (xi)

for all i ∈ {1, ..., n} . By multiplying with pi ≥ 0 and summing over i from 1
to n, we derive the following:

1
b− a

[(b− xp) f (a) + (xp − a) f (b)] ≥ 1
Pn

n∑
i=1

pif (xi) . (2.10)

The inequality (2.10) is well known in the literature as the Lah-Ribarić in-
equality [141, p. 9]. Using this inequality, we have

1
Pn

n∑
i=1

pif (xi) +
1

b− a
[(b− xp) f (b) + (xp − a) f (a)]

≤ 1
b− a

[(b− xp) f (a) + (xp − a) f (b) + (b− xp) f (b) + (xp − a) f (a)]

= f (a) + f (b) .

Thus, the inequality (2.9) is now completely proven.

Observe that, with the above assumptions for f, a, b and if t ∈ [a, b] , then
we have

f (t)
2

+
1
2
· bf (b)− af (a)− t (f (b)− f (a))

b− a
≤ f (a) + f (b)

2
.

PROOF The argument follows by the above result if we choose xi = t,
i ∈ {1, ..., n} . We shall omit the details.

The inequality (2.9) is also a generalisation of Bullen’s result. We recapture
this result when xi = a+b

2 , i = 1, ..., n.

Before proceeding to further comments, it is worthwhile to recall definitions
of some well-known special means. These are
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• The arithmetic mean: A = A(a, b) := (a+ b)/2, a, b ≥ 0;

• The geometric mean: G = G(a, b) :=
√
ab, a, b ≥ 0;

• The harmonic mean:

H = H(a, b) :=
2

1
a + 1

b

, a, b > 0;

• The logarithmic mean:

L = L(a, b) :=

{
b−a

ln b−ln a if a 6= b,

a if a = b,
a, b > 0.

Note that for the convex mapping f = 1
t : (0,∞)→ R, we have

1
b− a

∫ b

a

f(t)dt = L−1(a, b) for a 6= b.

• The p-logarithmic mean:

Lp = Lp(a, b) :=


[
bp+1−ap+1

(p+1)(b−a)

]1/p
if a 6= b,

a if a = b,
p ∈ R\{−1, 0}, a, b > 0.

For the convex (or concave) mapping f(t) = tp, p ∈ (−∞, 0)∪[1,∞)\{−1}
(or p ∈ (0, 1)), we have

1
b− a

∫ b

a

f(t)dt = Lpp(a, b) for a 6= b.

• The identric mean:

I = I(a, b) :=

 1
e

(
bb

aa

) 1
b−a

if a 6= b,

a if a = b,
a, b > 0.

For the convex mapping f(t) = − lnx, we have

1
b− a

∫ b

a

f(t)dt = ln I(a, b) if a 6= b.

These means are often used in numerical approximation and in other areas.
However, the following simple relationships are known in the literature:

H ≤ G ≤ L ≤ I ≤ A.

It is also known that Lp is monotonically increasing in p ∈ R with L0 = I and
L−1 = L.
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Comments
(a) We shall start with the following result [103]:

Let p ∈ (−∞, 0) ∪ [1,∞) \ {−1} and [a, b] ⊂ (0,∞) . Then one has the
inequality:

Lpp − tp

ptp−1
≥ A− t (2.11)

for all t ∈ [a, b] .

PROOF If in (2.5) we choose f : [a, b] → [0,∞) , f (x) = xp and p as
specified above, then we get

1
b− a

∫ b

a

xpdx ≥ tp + ptp−1

(
a+ b

2
− t
)

for all t ∈ [a, b] . Since

1
b− a

∫ b

a

xpdx = Lpp (a, b) = Lpp

we get the desired inequality (2.11) .

By using the above inequality we deduce the following particular results
which are related to various means:

(i)
Lpp − Ip

pIp−1
≥ A− I ≥ 0,

Lpp − Lp

pLp−1
≥ A− L ≥ 0;

(ii)
Lpp −Gp

pGp−1
≥ A−G ≥ 0,

Lpp −Hp

pHp−1
≥ A−H ≥ 0;

(iii)
Lpp − ap

pap−1
≥ A− a ≥ 0, 0 ≤

Lpp − bp

pbp−1
≤ b−A.

The following result also holds:
(b) Let 0 < a < b. Then for all t ∈ [a, b] we have the inequality:

L− t
L
≤ A− t

t
. (2.12)

PROOF If in (2.5) we choose f (x) = 1
x for x ∈ [a, b], then we have:

1
b− a

∫ b

a

dx

x
≥ 1
t
− 1
t2

(
a+ b

2
− t
)
,
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which is equivalent to
1
L
≥ 1
t
− 1
t2

(A− t) ,

and proves the inequality (2.12).

Using the above inequality we can state the following interesting inequali-
ties:

Lp − L
L

≥ Lp −A
Lp

,
A−G
G

≥ L−G
L

,

A−H
H

≥ L−H
L

,
L− a
L
≥ A− a

a

and
b− L
L
≥ b−A

b
.

Finally, we have the following additional result [103]:
(c) Let 0 < a < b. Then one has the inequality

ln I − ln t ≤ A− t
t

(2.13)

for all t ∈ [a, b] .

PROOF In (2.5), choose f (x) = − lnx, x ∈ [a, b] to obtain

− 1
b− a

∫ b

a

lnxdx ≥ − ln t− 1
t

(
a+ b

2
− t
)
,

which is equivalent to

− ln I (a, b) = − ln I ≥ − ln t− 1
t

(A− t) ,

which proves (2.13) .

Using the inequality (2.13), we get for p ≥ 1 that

lnLp − ln I ≥ Lp −A
Lp

≥ 0, ln b− ln I ≥ b−A
b

and
0 ≤ ln I − lnL ≤ A− L

L
, 0 ≤ ln I − lnG ≤ A−G

G

and
0 ≤ ln I − lnH ≤ A−H

H
, 0 ≤ ln I − ln a ≤ A− a

a
,

respectively.
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(d) In the following, we shall give some natural applications of (2.6) [103].

Let p ∈ (−∞, 0) ∪ [1,∞) \ {−1} and [a, b] ⊂ [0,∞) . Then one has the
inequality:

Lpp − tp ≤ p
(
Lpp − tL

p−1
p−1

)
(2.14)

for all t ∈ [a, b] .

PROOF In (2.6), we choose the convex function f : [a, b] → [0,∞) ,
f (x) = xp to get:

1
b− a

∫ b

a

xpdx ≤ tp

2
+

1
2

[
bp+1 − ap+1

b− a
− t · b

p − ap

b− a

]
for all t ∈ [a, b] . As

1
b− a

∫ b

a

xpdx = Lpp,
bp+1 − ap+1

b− a
= (p+ 1)Lpp

and
bp − ap

b− a
= pLp−1

p−1,

we have

Lpp ≤
tp

2
+

1
2

[
(p+ 1)Lpp − tpL

p−1
p−1

]
=
tp

2
+
Lpp
2

+
1
2
p
(
Lpp − tL

p−1
p−1

)
from the above inequality, which is equivalent to (2.14) .

In particular, for p ≥ 1, we have

0 ≤ Lpp −Ap ≤ p
(
Lpp −AL

p−1
p−1

)
, 0 ≤ Lpp − Lp ≤ p

(
Lpp − LL

p−1
p−1

)
and

0 ≤ Lpp − Ip ≤ p
(
Lpp − IL

p−1
p−1

)
, 0 ≤ Lpp −Gp ≤ p

(
Lpp −GL

p−1
p−1

)
.

(e) The following proposition also holds [103]:

Let 0 < a < b. Then for all t ∈ [a, b] we have the following inequality:

t− L
L
≤ 1

2
· t

2 −G2

G2
. (2.15)
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PROOF If we choose in (2.6) f (x) = 1
x , then

1
b− a

∫ b

a

dx

x
≤ 1

2t
− 1

2
·
t
(

1
b −

1
a

)
b− a

=
1
2t

+
t

2ab
,

that is,
1
L
≤ 1

2t
+

t

2ab
or

1
L
− 1
t
≤ t

2ab
− 1

2t
,

which is equivalent to (2.15) .

The following are special cases of (2.15):

0 ≤ Lp − L
L

≤ 1
2
·
L2
p −G2

G2
(p ≥ 1) ,

0 ≤ A− L
L

≤ 1
2
· A

2 −G2

G2
, 0 ≤ I − L

L
≤ 1

2
· I

2 −G2

G2
,

and

0 ≤ 1
2
· G

2 −H2

G2
≤ L−H

L
.

(f) We also have the following application of (2.6) [103].

Let 0 < a < b. Then one has the inequality

L− t
L
≤ ln I − ln t, (2.16)

for all t ∈ [a, b] .

PROOF If in (2.6) we choose f (x) = − lnx, x ∈ [a, b] we get

− 1
b− a

∫ b

a

lnxdx ≤ − ln t
2
− 1

2
b ln b− a ln a− t (ln b− ln a)

b− a

= − ln t
2
− 1

2
ln
(
bb

aa

) 1
b−a

+
1
2
t

(
ln b− ln a
b− a

)
= − ln t

2
− 1

2
ln [eI] +

t

2L
.

This gives us

− ln I ≤ − ln t
2
− 1

2
[1 + ln I] +

t

2L
,

that is,

−2 ln I ≤ − ln t− 1− ln I +
t

L
,

which is equivalent to

1− t

L
≤ ln I − ln t,
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and proves the inequality.

From the above inequality (2.16) we deduce the following particular inequal-
ities involving the logarithmic, geometric, identric, harmonic, and arithmetic
means:

0 ≤ L−G
L

≤ ln I − lnG, 0 ≤ L−H
L

≤ ln I − lnH

and
A− L
L

≥ lnA− ln I ≥ 0.

In what follows we shall point out some natural further applications of (2.9)
[103].

(g) Let r ∈ (−∞, 0) ∪ [1,∞) \ {−1} and [a, b] ⊂ [0,∞) . If xi ∈ [a, b] , pi ≥ 0
with Pn :=

∑n
i=1 pi > 0

(
i = 1, n

)
, we have the inequality:

Lrr (a, b)−
[
M [r]
n (x, p)

]r
(2.17)

≤ r
[
[Lr (a, b)]r −An (x, p) [Lr−1 (a, b)]r−1

]
≤ 2A (br, ar)− [Lr (a, b)]r −

[
M [r]
n (x; p)

]r
where

An (x, p) :=
1
Pn

n∑
i=1

pixi

is the weighted arithmetic mean and

M [r]
n (x; p) :=

(
1
Pn

n∑
i=1

pix
r
i

) 1
r

is the r-power mean.

PROOF In (2.9) we choose f (x) = xr, x ∈ [a, b] , to get

1
b− a

∫ b

a

xrdx ≤ 1
2

[(
M [r]
n (x; p)

)r
+
br+1 − ar+1

b− a
−An (x, p) · b

r − ar

b− a

]
≤ A (br, ar) .

Since
br+1 − ar+1

b− a
= (r + 1) [Lr (a, b)]r

and
br − ar

b− a
= r [Lr−1 (a, b)]r−1

,
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we have:

Lrr (a, b) ≤ 1
2

[[
M [r]
n (x, p)

]r
+ (r + 1) [Lr (a, b)]r − rAn (x, p) [Lr−1 (a, b)]r−1

]
≤ A (br, ar)

which proves (2.17).

If in (2.17) we choose xi = t, i = 1, n we get

Lrr − tr ≤ r
[
Lrr − tLr−1

r−1

]
≤ 2A (br, ar)− Lrr − tr, t ∈ [a, b] , (2.18)

which provides a counterpart for the inequality (2.14) (for r = p). The second
inequality in (2.18) produces the particular inequalities:

0 ≤ r
[
Lrr −ALr−1

r−1

]
≤ 2A (br, ar)− Lrr −Ar,

0 ≤ r
[
Lrr − LLr−1

r−1

]
≤ 2A (br, ar)− Lrr − Lr,

0 ≤ r
[
Lrr − ILr−1

r−1

]
≤ 2A (br, ar)− Lrr − Ir,

and
0 ≤ r

[
Lrr −GLr−1

r−1

]
≤ 2A (br, ar)− Lrr −Gr.

(h) The following proposition holds [103]:

Let 0 < a < b, xi ∈ [a, b] , i = 1, n, pi > 0, i = 1, n. Then one has the
inequality:

Hn (p, x)− L (a, b)
L (a, b)

≤ 1
2
· An (p, x)Hn (p, x)−G2 (a, b)

G2 (a, b)
(2.19)

≤ A (a, b)Hn (p, x)−G2 (a, b)
G2 (a, b)

,

where Hn (p, x) is the weighted harmonic mean, that is,

Hn (p, x) =
[
M [−1]
n (x, p)

]−1

=
Pn∑n
i=1

pi
xi

.

PROOF If in (2.9) we choose f (x) = 1
x , x ∈ [a, b] , we get:

1
b− a

∫ b

a

dx

x
≤ 1

2
·

[
1
Pn

n∑
i=1

pi
xi

+
b
b −

a
a

b− a
−An (x, p)

1
b −

1
a

b− a

]
≤

1
a + 1

b

2
,

that is,
1

L (a, b)
≤ 1

2
·
[

1
Hn (p, x)

+
Hn (p, x)
G2 (a, b)

]
≤ A (a, b)
G2 (a, b)

.
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This gives

1
L (a, b)

− 1
Hn (p, x)

≤ 1
2
·
[
An (x, p)
G2 (a, b)

− 1
Hn (p, x)

]
≤ A (a, b)
G2 (a, b)

− 1
Hn (p, x)

,

which is equivalent to

Hn (p, x)− L (a, b)
L (a, b)Hn (p, x)

≤ 1
2
·
[
An (x, p)Hn (p, x)−G2 (a, b)

G2 (a, b)Hn (p, x)

]
≤ A (a, b)Hn (p, x)−G2 (a, b)

G2 (a, b)Hn (p, x)

and proves the inequality (2.19).

If in (2.19) we choose xi = t, i = 1, n we get

t− L
L
≤ 1

2
· t

2 −G2

G2
≤ tA−G2

G2
, t ∈ [a, b] , (2.20)

which provides a counterpart for the inequality (2.15) . The second inequality
(2.20) gives us the following particular results:

0 ≤ 1
2
· I

2 −G2

G2
≤ IA−G2

G2
, 0 ≤ 1

2
· L

2 −G2

G2
≤ LA−G2

G2
.

(i) Finally, we also have the following result [103].

Let 0 < a < b and xi ∈ [a, b] , pi ≥ 0
(
i = 1, n

)
with Pn > 0. Then we have

the inequality:

ln I (a, b)− lnGn (p, x) ≥ L (a, b)−An (x, p)
L (a, b)

(2.21)

≥ lnG2 (a, b)− ln I (a, b)− lnGn (p, x) ,

where Gn (p, x) is the weighted geometric mean. That is:

Gn (p, x) :=

(
n∏
i=1

xpii

) 1
Pn

.

PROOF If in (2.9) we choose f (x) = − lnx, x ∈ [a, b] we obtain:

1
b− a

∫ b

a

(− lnx) dx

≤ −1
2
·

[
1
Pn

n∑
i=1

pi lnxi +
b ln b− a ln a

b− a
−An (x, p)

ln b− ln a
b− a

]

≤ − ln b− ln a
2

.

© 2011 by Taylor and Francis Group, LLC



70 Mathematical Inequalities: A Perspective

This is equivalent to

1
b− a

∫ b

a

lnxdx ≥ 1
2

[
lnGn (p, x) + ln [e · I (a, b)]− An (x, p)

L (a, b)

]
≥ lnG (a, b)

or

ln I (a, b) ≥ 1
2

lnGn (p, x) +
1
2

+
1
2

ln I (a, b)− An (x, p)
2L (a, b)

≥ lnG (a, b) .

Thus,

1
2

ln I (a, b) ≥ 1
2

[
lnGn (p, x) + 1− An (x, p)

L (a, b)

]
≥ lnG (a, b)− 1

2
ln I (a, b)

or, additionally,

1
2

[ln I (a, b)− lnGn (p, x)] ≥ 1
2

[
L (a, b)−An (x, p)

L (a, b)

]
≥ lnG (a, b)− 1

2
ln I (a, b)− 1

2
lnGn (p, x) .

This proves the inequality (2.21).

If in (2.21) we put xi = t, i = 1, n we get

ln I − ln t ≥ L− t
L
≥ lnG2 − ln I − ln t, t ∈ [a, b] , (2.22)

which counterparts the inequality (2.16) . This last inequality also gives us the
following particular inequalities:

0 ≤ A− L
L

≤ − lnG2 + ln I + lnA

and

0 ≤ I − L
L
≤ − lnG2 + ln I2,

which are equivalent to

0 ≤ A− L
L

≤ ln
(
IA

G2

)
and 0 ≤ I − L

L
≤ ln

(
I2

G2

)
.

Furthermore,

1 ≤ exp
(
A

L
− 1
)
≤ IA

G2
and 2 ≤ exp

(
1
L
− 1
)
≤ I2

G2
.
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2.3 Hermite-Hadamard Inequality for Log-Convex
Mappings

Let f : I → (0,∞) be a log-convex mapping on I, so that it satisfies

f (tx+(1−t) y)≤[f (x)]t [f (y)]1−t , for all x, y∈I, for all t∈[0, 1] . (2.23)

If a, b ∈ I, a < b, then we have the inequality [99]

f

(
a+ b

2

)
≤ exp

[
1

b− a

∫ b

a

ln f (x) dx

]
(2.24)

≤ 1
b− a

∫ b

a

G (f (x) , f (a+ b− x)) dx

≤ 1
b− a

∫ b

a

f (x) dx

≤ L (f (a) , f (b)) ,

where G (p, q) is the geometric mean of p, q.

PROOF Writing the Hermite-Hadamard inequality for ln f , which is con-
vex, produces

ln f
(
a+ b

2

)
≤ 1
b− a

∫ b

a

ln f (x) dx

from which the first inequality in (2.24) is obtained.
Integrating the identity

G (f (x) , f (a+ b− x)) = exp [ln (G (f (x) , f (a+ b− x)))]

on [a, b] and using the well-known Jensen’s integral inequality for the convex
mapping exp (·), we have

1
b− a

∫ b

a

G (f (x) , f (a+ b− x)) dx

=
1

b− a

∫ b

a

exp [ln (G (f (x) , f (a+ b− x)))] dx

≥ exp

[
1

b− a

∫ b

a

ln [G (f (x) , f (a+ b− x))] dx

]

= exp

[
1

b− a

∫ b

a

(
ln f (x) + ln f (a+ b− x)

2

)
dx

]

= exp

[
1

b− a

∫ b

a

ln f (x) dx

]
,
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since obviously ∫ b

a

ln f (x) dx =
∫ b

a

ln f (a+ b− x) dx.

Thus, the second inequality in (2.24) is proved.
By the arithmetic mean–geometric mean inequality, we have that

G (f (x) , f (a+ b− x)) ≤ f (x) + f (a+ b− x)
2

, x ∈ [a, b]

from which, upon integration, we get

1
b− a

∫ b

a

G (f (x) , f (a+ b− x)) dx ≤ 1
b− a

∫ b

a

f (x) dx.

This proves the third inequality in (2.24).
To prove the last inequality, we observe from the assumption of log-convexity

of f that

f (ta+ (1− t) b) ≤ [f (a)]t [f (b)]1−t , for all t ∈ [a, b] . (2.25)

Integrating (2.25) over t in [0, 1], we have∫ 1

0

f (ta+ (1− t) b) dt ≤
∫ 1

0

[f (a)]t [f (b)]1−t dt.

Now, since ∫ 1

0

f (ta+ (1− t) b) dt =
1

b− a

∫ b

a

f (x) dx

and

∫ 1

0

[f (a)]t [f (b)]1−t dt = f (b)
∫ 1

0

(
f (a)
f (b)

)t
dt = f (b)


(
f(a)
f(b)

)t
ln
(
f(a)
f(b)

)


1

0

= f (b)

 f(a)
f(b) − 1

ln
(
f(a)
f(b)

)
 = L (f (a) , f (b)) ,

the inequality is thus proved.

Comments
Other inequalities for log-convex functions can be found in Dragomir and
Mond [99].
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2.4 Hermite-Hadamard Inequality for the Godnova-Levin
Class of Functions

In 1985, Godnova and Levin (see Dragomir, Pečarić, and Persson [108] or
Mitrinović, Pečarić, and Fink [141, pp. 410–433]) introduced the following
class of functions.

A mapping f : I → R is said to belong to the class Q (I) if it is nonnegative
and for all x, y ∈ I and λ ∈ (0, 1) , satisfies the inequality

f (λx+ (1− λ) y) ≤ f (x)
λ

+
f (y)
1− λ

. (2.26)

Godnova and Levin also noted that all nonnegative monotonic and nonnega-
tive convex functions belong to this class, and proved the following motivating
result:

If f ∈ Q (I) and x, y, z ∈ I, then

f (x) (x− y) (x− z) + f (y) (y − x) (y − z) + f (z) (z − x) (z − y) ≥ 0. (2.27)

In fact, (2.27) is equivalent to (2.26). Therefore it can alternatively be used
in the definition of the class Q (I) .

For the case f (x) = xr, r ∈ R, the inequality (2.27) obviously coincides
with the well-known Schur inequality.

The following result of the Hermite-Hadamard type holds [108].

Let f ∈ Q (I) , a, b ∈ I with a < b and f ∈ L1 [a, b] . Then one has the
inequalities:

f

(
a+ b

2

)
≤ 4
b− a

∫ b

a

f (x) dx (2.28)

and
1

b− a

∫ b

a

p (x) f (x) dx ≤ f (a) + f (b)
2

, (2.29)

where p (x) = (b−x)(x−a)

(b−a)2
, x ∈ [a, b] . The constant 4 in (2.28) is the best

possible.

PROOF Since f ∈ Q (I) , we have, for all x, y ∈ I (with λ = 1
2 in Equation

2.26)

2 (f (x) + f (y)) ≥ f
(
x+ y

2

)
.

Choosing x = ta+ (1− t) b, y = (1− t) a+ tb, we get

2 (f (ta+ (1− t) b) + f ((1− t) a+ tb)) ≥ f
(
a+ b

2

)
.
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Further, integrating for t ∈ [0, 1], we have

2
[∫ 1

0

f (ta+ (1− t) b) dt+
∫ 1

0

f ((1− t) a+ tb) dt
]
≥ f

(
a+ b

2

)
. (2.30)

Since each of the integrals is equal to 1
b−a

∫ b
a
f (x) dx, we obtain the inequality

(2.28) from (2.30) .
For the proof of (2.29) , we first note that if f ∈ Q (I) , then from (2.26) for

all a, b ∈ I and λ ∈ [0, 1] , we have

λ (1− λ) f (λa+ (1− λ) b) ≤ (1− λ) f (a) + λf (b)

and
λ (1− λ) f ((1− λ) a+ λb) ≤ λf (a) + (1− λ) f (b) .

By adding these inequalities and integrating, we find that∫ 1

0

λ (1− λ) [f (λa+ (1− λ) b) + f ((1− λ) a+ λb)] dλ

≤ f (a) + f (b) . (2.31)

Moreover, ∫ 1

0

λ (1− λ)f (λa+ (1− λ) b) dλ (2.32)

=
∫ 1

0

λ (1− λ) f ((1− λ) a+ λb) dλ

=
1

b− a

∫ b

a

(b− x) (x− a)
(b− a)2 f (x) dx.

We get (2.29) by combining (2.31) with (2.32); and the proof is complete.
The constant 4 in (2.28) is the best possible because this inequality reduces

to an equality for the function

f (x) =


1, a ≤ x < a+b

2

4, x = a+b
2

1, a+b
2 < x ≤ b.

Additionally, this function is in the class Q (I) because

f (x)
λ

+
f (y)
1− λ

≥ 1
λ

+
1

1− λ
= g (λ)

≥ min
0<λ<1

g (λ) = g

(
1
2

)
= 4 ≥ f (λx+ (1− λ) y)
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for all x, y ∈ [a, b] and λ ∈ (0, 1) .
The proof is thus complete.

Next, we shall restrict the Godnova-Levin class of functions and point out
a sharp version of the Hermite-Hadamard inequality in this class. More pre-
cisely, we say that a mapping f : I → R belongs to the class P (I) if it is
nonnegative and, for all x, y ∈ I and λ ∈ [0, 1] , satisfies the following inequal-
ity:

f (λx+ (1− λ) y) ≤ f (x) + f (y) . (2.33)

Obviously, Q (I) ⊃ P (I). It is important for applications to note that P (I)
also consists of only nonnegative monotonic, convex, and quasi-convex func-
tions, that is, nonnegative functions satisfying

f (λx+ (1− λ) y) ≤ max {f (x) , f (y)} .

The following result of the Hermite-Hadamard type holds [108]:

Let f ∈ P (I) , a, b ∈ I with a < b, and f ∈ L1 [a, b] . Then one has the
inequality

f

(
a+ b

2

)
≤ 2
b− a

∫ b

a

f (x) dx ≤ 2 (f (a) + f (b)) . (2.34)

Both inequalities are the best possible.

PROOF By employing (2.33) with the choice of x = ta + (1− t) b, y =
(1− t) a+ tb, and λ = 1

2 , we find that

f

(
a+ b

2

)
≤ f (ta+ (1− t) b) + f ((1− t) a+ tb)

for all t ∈ [0, 1] . Thus, by integrating on [0, 1] , we obtain

f

(
a+ b

2

)
≤
∫ 1

0

[f (ta+ (1− t) b) + f ((1− t) a+ tb)] dt

=
2

b− a

∫ b

a

f (x) dx

and prove the first inequality.
The proof of the second inequality follows by using (2.33) with x = a and

y = b and integrating with respect to λ over [0, 1] .
The first inequality in (2.34) reduces to an equality for the nondecreasing

function

f (x) =

{
0, a ≤ x < a+b

2 ,

1, a+b
2 ≤ x ≤ b.
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The second inequality reduces to an equality for the nondecreasing function

f (x) =

{
0, x = a,

1, a < x ≤ b.

The proof is thus complete.

Comments
For other results on Hermite-Hadamard type inequalities, see Dragomir, Pečarić,
and Persson [108].

2.5 The Hermite-Hadamard Inequality for Quasi-Convex
Functions

We shall start with the following definition:

The mapping f : I → R is said to be Jensen (or J)-quasi-convex if

f

(
x+ y

2

)
≤ max {f (x) , f (y)} (2.35)

for all x, y ∈ I,

Note that the class JQC (I) of J-quasi-convex functions on I contains the
class J (I) of J-convex functions on I. We recall that J-convex functions are
those which satisfy the condition

f

(
x+ y

2

)
≤ f (x) + f (y)

2
for all x, y ∈ I. (2.36)

The following inequality of the Hermite-Hadamard type holds [102]:

Suppose a, b ∈ I ⊆ R and a < b. If f ∈ JQC (I) ∩ L1 [a, b] , then

f

(
a+ b

2

)
≤ 1
b− a

∫ b

a

f (x) dx+ I (a, b) , (2.37)

where

I (a, b) :=
1

2 (b− a)

∫ b

a

|f (x)− f (a+ b− x)| dx.
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Furthermore, I (a, b) satisfies the inequalities:

0 ≤ I (a, b) (2.38)

≤ 1
b− a

min

{∫ b

a

|f (x)| dx ,

1√
2

(
(b− a)

∫ b

a

f2 (x) dx− J (a, b)

) 1
2

 ,

where

J (a, b) := (b− a)
∫ b

a

f (x) f (a+ b− x) dx.

PROOF Since f is J-quasi-convex on I, we have the following from the
well-known definition of max, for all x, y ∈ I:

f

(
x+ y

2

)
≤ f (x) + f (y) + |f (x)− f (y)|

2
.

For t ∈ [0, 1] , put x = ta+ (1− t) b, y = (1− t) a+ tb ∈ I. Then

f

(
a+ b

2

)
≤ 1

2
[f (ta+ (1− t) b) + f ((1− t) a+ tb)

+ |f (ta+ (1− t) b)− f ((1− t) a+ tb)|] .

Integrating this inequality over [0, 1] gives

f

(
a+ b

2

)
≤ 1

2

[∫ 1

0

f (ta+ (1− t) b) dt+
∫ 1

0

f ((1− t) a+ tb) dt
]

+
1
2

∫ 1

0

|f (ta+ (1− t) b)− f ((1− t) a+ tb)| dt.

Since∫ 1

0

f (ta+ (1− t) b) dt =
∫ 1

0

f ((1− t) a+ tb) dt =
1

b− a

∫ b

a

f (x) dx,

and by using the change of variable x = ta+ (1− t) b, we have

1
2

∫ 1

0

|f (ta+ (1− t) b)− f ((1− t) a+ tb)| dt

=
1

2 (b− a)

∫ b

a

|f (x)− f (a+ b− x)| dx
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and the inequality (2.37) is proved.
We now observe that

0 ≤ I (a, b) ≤ 1
2 (b− a)

[∫ b

a

|f (x)| dx−
∫ b

a

|f (a+ b− x)| dx

]

=
1

b− a

∫ b

a

|f (x)| dx.

On the other hand, by the Cauchy-Bunyakovsky-Schwarz inequality, we have

1
2 (b− a)

∫ b

a

|f (x)− f (a+ b− x)| dx

≤ 1
2

[
1

b− a

∫ b

a

|f (x)− f (a+ b− x)|2 dx

] 1
2

=
1
2

[
1

b− a

∫ b

a

(
f2 (x)− 2f (x) f (a+ b− x) + f2 (a+ b− x)

)
dx

] 1
2

=
1
2

[
2

b− a

∫ b

a

f2 (x) dx− 2
b− a

∫ b

a

f (x) f (a+ b− x) dx

] 1
2

=
√

2
2 (b− a)

[
(b− a)

∫ b

a

f2 (x) dx− (b− a)
∫ b

a

f (x) f (a+ b− x) dx

] 1
2

and the inequality (2.38) is proved.

Wright introduced an interesting class of functions [167], generalising the
concept of convexity.

Namely, we say that f : I → R is a Wright-convex function on I ⊆ R if, for
each y > x and δ > 0 with y + δ, x ∈ I we have

f (x+ δ)− f (x) ≤ f (y + δ)− f (y) . (2.39)

The following characterisation holds for W -convex functions [167]:

Suppose I ⊆ R. Then the following statements are equivalent for a function
f : I → R:

(i) f is W -convex on I;
(ii) For all a, b ∈ I and t ∈ [0, 1] , we have the inequality:

f ((1− t) a+ tb) + f (ta+ (1− t) b) ≤ f (a) + f (b) . (2.40)

PROOF For “(i)⇒(ii)”, let a, b ∈ I and t ∈ [0, 1] . First, suppose a < b. If
f is W -convex on I, then for all y > x and δ > 0 with y + δ, x ∈ I we have

f (x+ δ)− f (x) ≤ f (y + δ)− f (y) . (2.41)
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Choose x = a, y = ta + (1− t) b > 0 and δ := b − (ta+ (1− t) b) > 0. Then
x+ δ = (1− t) a+ tb, y + δ = b. Thus, by (2.41) we obtain

f ((1− t) a+ tb)− f (a) ≤ f (b)− f (ta+ (1− t) b) ;

and hence we have (2.40) .
The proof is similar for the case a > b.
For “(ii)⇒(i)”, let y > x and δ > 0 with y + δ, x ∈ I. In (2.41) choose

a = x, b > a, and t ∈ [0, 1] with ta+ (1− t) b = y and b− (ta+ (1− t) b) = δ.
We have y + δ = b ∈ I, x ∈ I, and x + δ = (1− t) a + tb. From (2.40) we
derive

f (x) + f (y + δ) ≥ f (y) + f (x+ δ) ,

which shows that the map is W -convex on I.

The equivalence motivates the introduction of the following class of func-
tions [167]:

For I ⊆ R, the mapping f : I → R is Wright-quasi-convex if, for all x, y ∈ I
and t ∈ [0, 1] , one has the inequality

1
2

[f (tx+ (1− t) y) + f ((1− t)x+ ty)] ≤ max {f (x) , f (y)} , (2.42)

or, equivalently,

1
2

[f (y) + f (δ)] ≤ max {f (x) , f (y + δ)}

for every x, y + δ ∈ I with x < y and δ > 0.
We show that the following inequality of the Hermite-Hadamard type holds

[167].

Let f : I → R be a W -quasi-convex map on I. Suppose a, b ∈ I ⊆ R with
a < b and f ∈ L1 [a, b] . Then we have the inequality

1
b− a

∫ b

a

f (x) dx ≤ max {f (a) , f (b)} . (2.43)

PROOF For all t ∈ [0, 1] we have

1
2

[f (ta+ (1− t) b) + f ((1− t) a+ tb)] ≤ max {f (a) , f (b)} .

On integrating this inequality over [0, 1], we obtain the desired inequality.

Comments
We now introduce the notion of a quasi-monotone function.
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For I ⊆ R, the mapping f : I → R is quasi-monotone on I if it is either
monotone on I = [c, d] or monotone nonincreasing on a proper subinterval
[c, c′] ⊂ I and monotone nondecreasing on [c′, d] .

The class QM (I) of quasi-monotone functions on I provides an immediate
characterisation of quasi-convex functions [167].

Suppose I ⊆ R. Then the following statements are equivalent for a function
f : I → R:

(a) f ∈ QM (I) ;
(b) On any subinterval of I, f achieves a supremum at an end point;
(c) f ∈ QC (I) .

PROOF That (a) implies (b) is immediate from the definition of quasi-
monotonicity. For the reverse implication, suppose it is possible that (b) holds
but f 6∈ QM (I) . Then there must exist points x, y, z ∈ I with x < y < z and
f (y) > max {f (x) , f (z)} , contradicting (b) for the subinterval [x, z] . The
equivalence of (b) and (c) is simply the definition of quasi-convexity.

The following inclusion results hold [167]:

Let WQC (I) denote the class of Wright-quasi-convex functions on I ⊆ R.
Then

QC (I) ⊂WQC (I) ⊂ JQC (I) . (2.44)

Both inclusions are proper.

PROOF Let f ∈ QC (I) . Then, for all x, y ∈ I and t ∈ [0, 1] we have

f (tx+ (1− t) y) ≤ max {f (x) , f (y) , f ((1− t)x+ ty)} ≤ max {f (x) , f (y)}

which, by addition, gives

1
2

[f (tx+ (1− t) y) + f ((1− t)x+ ty)] ≤ max {f (x) , f (y)} (2.45)

for all x, y ∈ I and t ∈ [0, 1] , which means that f ∈ WQC (I) . The second
inclusion becomes obvious on choosing t = 1

2 in (2.45) .
Let H be a Hamel basis over the rationals. Then each real number u has

the following unique representation,

u =
∑
h∈H

ru,h · h,

in which only finitely many of the coefficients ru,h are nonzero. Define a
mapping f : I → R by

f (u) =
∑
h∈H

ru,h.
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Then

1
2

[f (y) + f (x+ δ)] =
1
2

[∑
h

ry,h +
∑
h

(rx,h + rδ,h)

]

=
1
2

[∑
h

rx,h +
∑
h

(ry,h + rδ,h)

]

≤ max

[∑
h

rx,h,
∑
h

(ry,h + rδ,h)

]
= max {f (x) , f (y + δ)}

so that f ∈WQC (I) .
We now demonstrate that H can be selected so that f /∈ QC (I) . Choose

δ > 0 and x 6= 0 to be rational and y + δ to be irrational. We may choose
H such that y+δ,− |x| ∈ H. Then f (δ) < 0, f (x) = − sgn (x) and f (y + δ) =
1. The mapping f is additive. Therefore,

f (y) = f (y + δ)− f (δ) > f (y + δ) = 1 = max {f (x) , f (y + δ)} ,

and so f /∈ QC (I) .
For the second inequality in (2.44), consider the Dirichlet map f : I → R

defined by

f (u) =

{
1 for u irrational

0 for u rational.

If x and y are both rational, then so is (x+y)
2 , so that, in this case

f

(
x+ y

2

)
= max {f (x) , f (y)} . (2.46)

If either x or y is rational and the other irrational, then (x+y)
2 is irra-

tional and so, again, (2.46) holds. If both x and y are irrational, then
max {f (x) , f (y)} = 1, so that

f

(
x+ y

2

)
≤ max {f (x) , f (y)} .

Hence f ∈ JQC (I) . However, if x and y are distinct rationals, there are
uncountably many values of t ∈ (0, 1) for which tx+(1− t) y and (1− t)x+ty
are both irrational. For each such t

1
2

[f (tx+ (1− t) y) + f ((1− t)x+ ty)] > max {f (x) , f (y)}

so that f /∈WQC (I) . Hence WQC (I) is a proper subset of JQC (I) .
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We also have the following result [167]:

We have the inclusions

W (I) ⊂WQC (I) , C (I) ⊂ QC (I) , J (I) ⊂ JQC (I) .

Each inclusion is proper. Note that C (I) , W (I), and J (I) are sets of the
convex, W -convex, and J-convex functions on I, respectively.

PROOF In view of the above results, we have for f ∈W (I) that

1
2

[f ((1− t) a+ tb) + f (ta+ (1− t) b)] ≤ f (a) + f (b)
2

for all a, b ∈ I and t ∈ [0, 1] .
Since

f (a) + f (b)
2

≤ max {f (a) , f (b)} for all a, b ∈ I,

the inequality (2.42) is satisfied, that is, f ∈WQC (I) and the first inclusion
is thus proved.

Similar proofs hold for the other two.
As

C (I) ⊂W (I) ⊂ J (I) (2.47)

and each inclusion is proper [127], [128], and (2.44), in order for each inclu-
sion to be proper, it is sufficient to show that there exists a function f with
f ∈ QC (I) but f ∈ J (I) . Clearly, any strictly concave monotonic function
suffices.

2.6 The Hermite-Hadamard Inequality of s-Convex
Functions in the Orlicz Sense

The following concept was introduced by Orlicz [145] and was used in the
theory of Orlicz spaces [136, 144]:

Let 0 < s ≤ 1. A function f : R+→ R where R+ := [0,∞) is said to be
s-convex in the first sense if:

f (αu+ βv) ≤ αsf (u) + βsf (v) (2.48)

for all u, v ∈ R+ and α, β ≥ 0 with αs + βs = 1. We denote this class of real
functions by K1

s .

We shall present some results from Hudzik and Malingranda [123] referring
to the s-convex functions in the first sense.
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Let 0 < s < 1. If f ∈ K1
s , then f is nondecreasing on (0,∞) and

limu→0+ f (u) ≤ f (0) .

PROOF We have, for u > 0 and α ∈ [0, 1] ,

f
[(
α

1
s + (1− α)

1
s

)
u
]
≤ αf (u) + (1− α) f (u) = f (u) .

The function
h (α) = α

1
s + (1− α)

1
s

is continuous on [0, 1] , decreasing on
[
0, 1

2

]
, increasing on

[
1
2 , 1
]
, and h ([0, 1]) =[

h
(

1
2

)
, h (1)

]
=
[
21− 1

s , 1
]
. This implies that

f (tu) ≤ f (u) for all u > 0, t ∈
[
21− 1

s , 1
]
. (2.49)

If t ∈
[
21− 1

s , 1
]
, then t

1
2 ∈

[
21− 1

s , 1
]
, and therefore, by the fact that (2.49)

holds for all u > 0, we get

f (tu) = f
(
t

1
2

(
t

1
2u
))
≤ f

(
t

1
2

)
≤ f (u)

for all u > 0. By induction, we therefore obtain that

f (tu) ≤ f (u) for all u > 0, t ∈ (0, 1] . (2.50)

Hence, by taking 0 < u ≤ v and applying (2.50) , we get

f (u) = f (u (v) v) ≤ f (v) ;

which means that f is nondecreasing on (0,∞) .
The second part can be proved in the following manner. For u > 0 we have

f (αu) = f (αu+ β0) ≤ αsf (u) + βsf (0)

and taking u→ 0+, we obtain

lim
u→0+

f (u) ≤ lim
u→0+

f (αu) ≤ αs lim
u→0+

f (u) + βsf (0)

and hence
lim
u→0+

f (u) ≤ f (0) .

The above results generally do not hold in the case of convex functions,
that is, when s = 1. The reason for this is that a convex function f : R+ → R
may not necessarily be nondecreasing on (0,∞) .
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If 0 < s < 1, then the function f ∈ K1
s is nondecreasing on (0,∞) but not

necessarily on [0,∞) [123].
Let 0 < s < 1 and a, b, c,∈ R. By defining for u ∈ R+, the function

f (u) =
{
a if u = 0,
bus + e if u > 0,

we have:

(i) If b ≥ 0 and c ≤ a, then f ∈ K1
s .

(ii) If b ≥ 0 and c < a, then f is nondecreasing on (0,∞) but not on [0,∞) .

From the known examples of the s-convex functions we can build up other
s-convex functions using the following composition property [123]:

Let 0 < s ≤ 1. If f, g ∈ K1
s and if F : R2 → R is a nondecreasing convex

function, then the function h : R+ → R defined by h (u) := F (f (u) , g (u)) is
s-convex. In particular, if f, g ∈ K1

s , then f + g and max (f, g) ∈ K1
s .

PROOF If u, v ∈ R+, then for all α, β ≥ 0 with αs + βs = 1 we have

h (αu+ βv) = F (f (αu+ βv) , g (αu+ βv))
≤ F (αsf (u) + βsf (v) , αsg (u) + βsg (v))
≤ αsF (f (u) , g (u)) + βsF (f (v) , g (v))
= αsh (u) + βsh (v) .

Since F (u, v) = u + v and F (u, v) = max (u, v) are particular examples of
nondecreasing convex functions on R2, we get particular cases of our results.

It is important to note that the condition αs + βs = 1 in the definition of
K1
s can be equivalently replaced by αs + βs ≤ 1 [123].

Let f ∈ K1
s and 0 < s ≤ 1. Then inequality (2.48) holds for all u, v ∈ R+,

and all α, β ≥ 0 with αs + βs ≤ 1 if and only if f (0) ≤ 0.

PROOF Necessity is obvious by taking u = v = 0 and α = β = 0.
Therefore, we may assume that u, v ∈ R+, α, β ≥ 0 and 0 < γ = αs + βs < 1.
If we let a = αγ−

1
s and b = βγ−

1
s , then as + bs = αs

γ + βs

γ = 1 and hence

f (αu+ βv) = f
(
aγ

1
s u+ bγ

1
s v
)

≤ asf
(
γ

1
s u
)

+ bsf
(
γ

1
s v
)
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= asf
[
γ

1
s u+ (1− γ)

1
s 0
]

+ bsf
[
γ

1
s v + (1− γ)

1
s 0
]

≤ as [γf (u) + (1− γ) f (0)] + bs [γf (v) + (1− γ) f (0)]
= asγf (u) + bsγf (v) + (1− γ) f (0)
≤ asf (u) + bsf (v) .

This completes the proof.

Using the above result we can compare both definitions of the s-convexity
[123].

Let 0 < s1 ≤ s2 ≤ 1. If f ∈ K1
s2 and f (0) ≤ 0, then f ∈ K1

s1 .

PROOF Assume that f ∈ K1
s2 and u, v ≥ 0, α, β ≥ 0 with αs1 + βs1 = 1.

Then αs2 + βs2 ≤ αs1 + βs1 = 1. From the above results, we have

f (αu+ βv) ≤ αs2f (u) + βs2f (v) ≤ αs1f (u) + βs1f (v) ,

which means that f ∈ K1
s1 .

Let us note that if f is a nonnegative function in K1
s and f (0) = 0, then f

is right continuous at 0, i.e., f (0+) = f (0) = 0.
We now prove the following result which contains some interesting examples

of s-convex functions [123].

Let 0 < s < 1 and p : R+ → R+ be a nondecreasing function. Then the
function f defined for u ∈ R+ by

f (u) = u
s

(1−s) p (u) (2.51)

belongs to K1
s .

PROOF Let v ≥ u ≥ 0 and α, β ≥ 0 with αs + βs = 1. We shall consider
two cases.

(i) Let αu+ βv ≤ u. Then

f (αu+ βv) ≤ f (u) = (αs + βs) f (u) ≤ αsf (u) + βsf (v) .

(ii) Let αu+ βv > u. This yields βv > (1− α)u and so β > 0.
Since α ≤ αs for α ∈ [0, 1] , we obtain α− αs+1 ≤ αs − αs+1 and so

α

(1− α)
≤ αs

(1− αs)
=

(1− βs)
βs

,

giving
αβ

(1− α)
+ βv ≤ β1−s − β. (2.52)
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We also have

αu+ βv ≤ (α+ β) v ≤ (αs + βs) v = v;

and, in view of (2.52),

αu+ βv ≤ αβv

(1− α)
≤
(
β1−s − β

)
v + βv = β1−sv,

whence
(αu+ βv)

s
(1−s) ≤ βsv

s
(1−s) . (2.53)

By applying (2.53) and the monotonicity of p, we arrive at

f (αu+ βv) = (αu+ βv)
s

(1−s) p (αu+ βv)

≤ βsv
s

(1−s) p (αu+ βv) ≤ βsv
s

(1−s) p (v)
= βsf (v) ≤ αsf (u) + βsf (v) .

The proof is thus completed.

The following result contains some other examples of s-convex functions in
the first sense [123]:

Let f ∈ K1
s1 and g ∈ K1

s2 , where 0 < s1, s2 ≤ 1.

(i) If f is a nondecreasing function and g is a nonnegative function such
that f (0) ≤ 0 = g (0) , then the composition f ◦ g belongs to K1

s , where
s = s1 · s2.

(ii) Assume that 0 < s1, s2 < 1. If f and g are nonnegative functions such
that either f (0) = 0 or g (0) = 0, then the product f · g belongs to K1

s ,
where s = min (s1, s2) .

PROOF

(i) Let u, v ∈ R+ and α, β ≥ 0 with αs + βs = 1, where s = s1 · s2. Since
αsi + βsi ≤ αs1s2 + βs1s2 = 1 for i = 1, 2, we have

(f ◦ g) (αu+ βv) = f (g (αu+ βv))
≤ f (αs2g (u) + βs2g (v))
≤ αs1s2f (g (u)) + βs1s2f (g (u))
≤ αs (f ◦ g) (u) + βs (f ◦ g) (v) ,

which means that f ◦ g ∈ K1
s .
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(ii) Observe that both functions f and g are nondecreasing on (0,∞) . There-
fore

(f (u)− f (v)) (g (u)− g (v)) ≤ 0,

or, equivalently,

f (u) g (v) + f (v) g (u) ≤ f (u) g (u) + f (v) g (v) (2.54)

for all v ≥ u > 0. If v > u = 0, then inequality (2.54) is still valid as f
and g are nonnegative; and f (0) = g (0) = 0.
Now, let u, v ∈ R+ and α, β ≥ 0 with αs+βs = 1, where s = min (s1, s2) .
Then αsi + βsi ≤ αs + βs = 1 for i = 1, 2, and by inequality (2.54) we
have

f (αu+ βv) g (αu+ βv)
≤ (αs1f (u) + βs1f (v)) (αs2g (u) + βs2g (v))

= αs1+s2f (u) g (u) + αs1βs2f (u) g (v)

+ αs2βs1f (v) g (u) + βs1+s2f (v) g (v)

≤ α2sf (u) g (u) + αsβs (f (u) g (v) + f (v) g (u)) + β2sf (v) g (v)
= αsf (u) g (u) + βsf (v) g (v)

which means that f, g ∈ K1
s .

The following particular case may be stated:

If φ is a convex ψ-function, namely, φ (0) = 0 and φ is nondecreasing and
continuous on [0,∞) , and g is a ψ-function in K1

s , then the composition φ◦g
belongs to K1

s . In particular, the ψ-function h (u) = φ (us) belongs to K1
s .

Finally, we also have [123]:

Let f be a ψ-function and f ∈ K1
s (0 < s < 1) . Then there exists a convex

ψ-function Φ such that the ψ-function Ψ defined for u ≥ 0 by Ψ (u) = Φ (us)
is equivalent to f.

PROOF By the s-convexity of the function f and by f (0) = 0, we obtain
f (αu) ≤ αsf (u) for all u ≥ 0 and α ∈ [0, 1] .

Assume that v > u ≥ 0. Then f
(
u

1
s

)
≤ f

((
u
v

) 1
s v

1
s

)
≤
(
u
v

)
f
(
v

1
s

)
, that

is,

f
(
u

1
s

)
u

≤
f
(
v

1
s

)
v

. (2.55)
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Inequality (2.55) implies that the function
f
(
u

1
s

)
u is nondecreasing on (0,∞) .

Define

Φ (u) :=


0 for u = 0

∫ u
0

f
(
t
1
s

)
t dt for u > 0.

Then Φ is a convex ψ-function,

Φ (us) =
∫ us

0

f
(
t

1
s

)
t

dt ≤

[
f (us)

1
s

us

]
us = f (u)

and

Φ (us) =
∫ us

us

2

f
(
t

1
s

)
t

dt ≤

f (us2 ) 1
s(

us

2

)
 us

2
= f

(
2−

1
s u
)
.

Therefore,
f
(

2−
1
s u
)
≤ Φ (us) ≤ f (u)

for all u ≥ 0, which means that ψ is equivalent to f (this sense of equivalence
is taken from the theory of Orlicz spaces [144]). The proof is completed.

With these results, we are able to point out some inequalities of the Hermite-
Hadamard type for s-convex functions in the first sense [92].

Let f : R+ → R be an s-convex mapping in the first sense with s ∈ (0, 1) .
If a, b ∈ R with a < b, then one has the inequality:

f

(
a+ b

2
1
s

)
≤ 1
b− a

∫ b

a

f (x) dx. (2.56)

PROOF If in (2.48) we choose α = 1

2
1
s
, β = 1

2
1
s
, then we have that

αs + βs = 1. Thus, for all x, y ∈ [0,∞),

f

(
x+ y

2
1
s

)
≤ f (x) + f (y)

2
.

If we choose x = ta+ (1− t) b, y = (1− t) a+ tb, t ∈ [0, 1] , then we arrive at

f

(
a+ b

2
1
s

)
≤ 1

2
[f (ta+ (1− t) b) + f ((1− t) a+ tb)] for all t ∈ [0, 1] .

Since f is monotonic nondecreasing on [0,∞) , it is integrable on [a, b] . Thus,
we can integrate over t in the above inequality. Taking into account that∫ 1

0

f (ta+ (1− t) b) dt =
∫ 1

0

f ((1− t) a+ tb) dt =
1

b− a

∫ b

a

f (x) dx,
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the inequality (2.56) is proved.

The second result, which is similar, in a sense, with the second part of the
Hermite-Hadamard inequality for general convex mappings, is embodied in
the next statement [92].

With the above assumptions for f and s, one has the inequality:∫ 1

0

f
(
ta+ (1− ts)

1
s b
)
ψ (t) dt ≤ f (a) + f (b)

2
(2.57)

where
ψ (t) :=

1
2

[
1 + (1− ts)

1
s−1

ts−1
]
, t ∈ (0, 1] .

PROOF If we choose in (2.48) α = t, β = (1− ts)
1
s , t ∈ [0, 1] , then we

have αs + βs = 1 for all t ∈ [0, 1] and

f
(
ta+ (1− ts)

1
s b
)
≤ tsf (a) + (1− ts) f (b)

for all t ∈ [0, 1] . Similarly, we have

f
(

(1− ts)
1
s a+ tb

)
≤ (1− ts) f (a) + tsf (b)

for all t ∈ [0, 1] .
If we add the above two inequalities, then we obtain

1
2

[
f
(
ta+ (1− ts)

1
s b
)

+ f
(

(1− ts)
1
s a+ tb

)]
≤ f (a) + f (b)

2
for all t ∈ [0, 1] .

If we integrate this inequality over t on [0, 1], then

1
2

[∫ 1

0

f
(
ta+ (1− ts)

1
s b
)
dt+

∫ 1

0

f
(

(1− ts)
1
s a+ tb

)
dt

]
≤ f (a) + f (b)

2
. (2.58)

Let us denote u := (1− ts)
1
s , t ∈ [0, 1] . Then t = (1− us)

1
s and dt =

− (1− us)
1
s−1

us−1, where u ∈ (0, 1]. We have the following with the change
of variable in (2.58):∫ 1

0

f
(

(1− ts)
1
s a+ tb

)
dt

= −
∫ 0

1

f
(
ua+ (1− us)

1
s b
)

(1− us)
1
s−1

us−1du

=
∫ 1

0

f
(
ta+ (1− ts)

1
s b
)

(1− ts)
1
s−1

ts−1dt.
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Using the inequality (2.58) we deduce that∫ 1

0

f
(
ta+ (1− ts)

1
s b
)[1 + (1− ts)

1
s−1

ts−1

2

]
dt ≤ f (a) + f (b)

2

and the inequality (2.57) is proved.

Another result of the Hermite-Hadamard type holds [92].

With the above assumptions, we have the inequality:

f

(
a+ b

2
1
s

)
≤
∫ 1

0

f

(
a+ b

2
1
s

[
t+ (1− ts)

1
s

])
dt (2.59)

≤
∫ 1

0

f
(
ta+ (1− ts)

1
s b
)
ψ (t) dt,

where ψ is as defined above.

PROOF As 1
s > 1, we have the following by the convexity of the mapping

g : [0,∞)→ R, g (x) = x
1
s :

(ts)
1
s + (1− ts)

1
s

2
≥
(
ts + 1− ts

2

) 1
s

=
1

2
1
s

and
a+ b

2
1
s

· t+ (1− ts)
1
s

2
≥ a+ b

2
1
s

· 1
2

1
s

from which we obtain

a+ b

2
1
s

·
[
t+ (1− ts)

1
s

]
≥ a+ b

2
2
s−1

.

As the mapping f is monotonic nondecreasing on (0,∞) , we get

f

(
a+ b

2
1
s

[
t+ (1− ts)

1
s

])
≥ f

(
a+ b

2
2
s−1

)
for all t ∈ [0, 1] ,

which by integration on [0, 1] produces the first inequality in (2.59).
As f is s-convex in the first sense, we have that

f

(
x+ y

2
1
s

)
≤ f (x) + f (y)

2

for all x, y ∈ [0,∞) .
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Let x = ta + (1− ts)
1
s b, y = (1− ts)

1
s a + tb, t ∈ [0, 1] . Then we have the

inequality

1
2

[
f
(
ta+ (1− ts)

1
s b
)

+ f
(

(1− ts)
1
s a+ tb

)]
≥ f

(
a+ b

2
1
s

[
t+ (1− ts)

1
s

])
for all t ∈ [0, 1] .

If we integrate this inequality on [0, 1] over t and take into account the
change of variable we used in the proof of the preceding result, then we obtain
the desired inequality (2.59) .

Comments
Some other inequalities of H.-H. type for s-convex mappings in the first sense
are embodied in the following [92]:

Let f : [0,∞)→ R be an s-convex mapping in the first sense with s ∈ (0, 1) .
If a, b ∈ R+ with a < b, then one has the inequality:

f

(
a+ b

2
2
s−1

)
≤
∫ 1

0

f

(
a+ b

2
1
s

[
t

1
s + (1− t)

1
s

])
dt (2.60)

≤
∫ 1

0

f
(
at

1
s + b (1− t)

1
s

)
dt

≤ f (a) + f (b)
2

.

PROOF By the convexity of the mapping g (x) = x
1
s , s ∈ (0, 1) , we have

t
1
s + (1− t)

1
s

2
≥
(
t+ 1− t

2

) 1
s

=
1

2
1
s

for all t ∈ [0, 1] .

By using the monotonicity of f , we get

f

(
a+ b

2
1
s

[
t

1
s + (1− t)

1
s

])
≥ f

(
a+ b

2
1
s

· 2
2

1
s

)
= f

(
a+ b

2
2
s−1

)
for all t ∈ [0, 1] ; from which we obtain the first inequality in (2.60) .

Since f is s-convex in the first sense, we have

1
2

[
f
(
at

1
s + b (1− t)

1
s

)
+ f

(
a (1− t)

1
s + bt

1
s

)]
≥ f

(
a+ b

2
1
s

[
ts + (1− t)

1
s

])
for all t ∈ [0, 1] .
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By integrating over t on [0, 1] , we obtain

1
2

[∫ 1

0

f
(
at

1
s + b (1− t)

1
s

)
dt+

∫ 1

0

f
(
a (1− t)

1
s + bt

1
s

)
dt

]
≥
∫ 1

0

f

(
a+ b

2
1
s

[
ts + (1− t)

1
s

])
dt.

Using the change of variable u = 1− t, t ∈ [0, 1] , we get∫ 1

0

f
(
a (1− t)

1
s + bt

1
s

)
dt = −

∫ 0

1

f
(
au

1
s + b (1− u)

1
s

)
du

=
∫ 1

0

f
(
at

1
s + b (1− t)

1
s

)
dt,

which implies that the second inequality in (2.60) also holds.
By the s-convexity of f on [0,∞), we have

f
(
t

1
s a+ (1− t)

1
s b
)
≤ tf (a) + (1− t) f (b) for all t ∈ [0, 1] .

If we integrate this inequality over t in [0, 1] , then∫ 1

0

f
(
t

1
s a+ (1− t)

1
s b
)
dt ≤ f (a)

∫ 1

0

tdt+ f (b)
∫ 1

0

(1− t) dt

=
f (a) + f (b)

2
.

This completes the proof.

Finally, we have the following result which gives an upper bound for the
integral mean 1

b−a
∫ b
a
f (x) dx. This result is different from the one embodied

in the Hermite-Hadamard inequality that holds for general convex mappings
[92].

Let f : [0,∞) → R+ be an s-convex mapping in the first sense with s ∈
(0, 1) . If 0 < a < b and the integral∫ ∞

a

x
s+1
s−1 f (x) dx

is finite, then one has the inequality

1
b− a

∫ b

a

f (x) dx ≤ s

1− s

[
a

2s
1−s + b

2s
1−s

] ∫ ∞
a

x
s+1
s−1 f (x) dx. (2.61)

PROOF By the s-convexity of f on [0,∞) , we have

f
(
u

1
s z + (1− u)

1
s y
)
≤ uf (z) + (1− u) f (y)
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for all u ∈ [0, 1] and z, y ≥ 0.
Let z = u1− 1

s a, u ∈ (0, 1] and y = (1− u)1− 1
s b, u ∈ [0, 1) . Then we get

the inequality:

f (ua+ (1− u) b) ≤ uf
(
u1− 1

s a
)

+ (1− u) f
(

(1− u)1− 1
s b
)

(2.62)

for all u ∈ (0, 1) .
Observe that by the change of variable t = 1− u (u ∈ [0, 1]), the integral∫ 1

0

(1− u) f
(

(1− u)1− 1
s b
)
du

becomes ∫ 1

0

tf
(
t1−

1
s b
)
dt.

We shall now show that the integral
∫ 1

0
uf
(
u1− 1

s a
)
du is also finite.

If we change the variable x = u1− 1
s a, u ∈ (0, 1] , then

u =
(x
a

) 1
1− 1

s =
(x
a

) s
s−1

=
x

s
s−1

a
s
s−1

and
du =

s

s− 1
· 1
a

s
s−1

x
s
s−1−1dx =

s

s− 1
· 1
a

s
s−1

x
1
s−1 dx.

Thus, we have the equality∫ 1

0

uf
(
u1− 1

s a
)
du = −

∫ a

∞

[
x

s
s−1

a
s
s−1
· s

s− 1
· x

1
s−1

a
s
s−1

f (x)

]
dx

=
s

1− s
· a

2s
1−s

∫ ∞
a

x
s+1
s−1 f (x) dx <∞

and similarly,∫ 1

0

tf
(
t1−

1
s b
)
dt =

s

1− s
· b

2s
1−s

∫ ∞
a

x
s+1
s−1 f (x) dx <∞.

Now, integrating the inequality (2.62) over u on (0, 1) , taking into account
that ∫ 1

0

f (ua+ (1− u) b) dt =
1

b− a

∫ b

a

f (x) dx

and ∫ 1

0

uf
(
u1− 1

s a
)
du =

s

1− s
· a

2s
1−s

∫ ∞
a

x
s+1
s−1 f (x) dx,∫ 1

0

(1− u) f
(

(1− u)1− 1
s b
)
du =

s

1− s
· b

2s
1−s

∫ ∞
a

x
s+1
s−1 f (x) dx,

respectively, we deduce (2.61) .
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2.7 The Hermite-Hadamard Inequality for s-Convex
Functions in the Breckner Sense

In 1992, Hudzik and Maligranda [123] considered, among others, the fol-
lowing class of functions:

A function f : R+ → R is said to be s-convex in the second sense or convex
in the Breckner sense if

f (αu+ βv) ≤ αsf (u) + βsf (v) (2.63)

for all u, v ≥ 0 and α, β ≥ 0 with α + β = 1 and s fixed in (0, 1] . The set of
all s-convex functions in the second sense is denoted by f ∈ K2

s .

Now, we shall point out some results from Hudzik and Maligranda [123]
that are connected with s-convex functions in the second sense.

If f ∈ K2
s , then f is nonnegative on [0,∞).

PROOF We have, for u ∈ R+,

f (u) = f
(u

2
+
u

2

)
≤ f (u)

2s
+
f (u)

2s
= 21−sf (u) .

Therefore,
(
21−s − 1

)
f (u) ≥ 0 and so f (u) ≥ 0.

Example 2.1
Let 0 < s < 1 and a, b, c ∈ R. By defining for u ∈ R+ [123]:

f (u) :=
{
a if u = 0
bus + c if u > 0

we have

(i) If b ≥ 0 and 0 ≤ c ≤ a, then f ∈ K2
s ;

(ii) If b > 0 and c < 0, then f /∈ K2
s .

It is important to note that the condition α+ β = 1 in the definition of K2
s

can be equivalently replaced by the condition α+ β ≤ 1.
The following result holds [123]:

Let f ∈ K2
s . Then inequality (2.63) holds for all u, v ∈ R+ and α, β ≥ 0

with α+ β ≤ 1 if and only if f (0) = 0.
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PROOF Necessity. Taking u = v = α = β = 0, we obtain f (0) ≤ 0 and
as f (0) ≥ 0, we get f (0) = 0.

Sufficiency. Let u, v ∈ R+ and α, β ≥ 0 with 0 < γ = α+β < 1. Put a = α
γ

and b = β
γ . Then a+ b = α

γ + β
γ = 1 and so

f (αu+ βv) = f (αγu+ βγv) ≤ asf (γu) + bsf (γv)
= asf (γu+ (1− γ) 0) + bsf (γv + (1− γ) 0)
≤ as [γsf (u) + (1− γ)s f (0)] + bs [γsf (v) + (1− γ)s f (0)]
= asγsf (u) + bsγsf (v) + (1− γ)s f (0)
= αsf (u) + βsf (v) .

This completes the proof.

Using the above results we can compare both definitions of the s-convexity
[123].

The following statements are valid:

(i) Let 0 < s ≤ 1. If f ∈ K2
s and f (0) = 0, then f ∈ K1

s .

(ii) Let 0 < s1 ≤ s2 ≤ 1. If f ∈ K2
s2 and f (0) = 0, then f ∈ K2

s1 .

PROOF

(i) Assume that f ∈ K2
s and f (0) = 0. For u, v ∈ R+ and α, β ≥ 0 with

αs + βs = 1, we have α+ β ≤ αs + βs = 1, and by the above result we
obtain

f (αu+ βv) ≤ αsf (u) + βsf (v) ,

which means that f ∈ K1
s .

(ii) Assume that f ∈ K2
s2 and that u, v ≥ 0, α, β ≥ 0 with α+ β = 1. Then

we have

f (αu+ βv) ≤ αs2f (u) + βs2f (v)
≤ αs1f (u) + βs1f (v)

which means that f ∈ K2
s1 .

Using a similar argument, one can state the following results as well [123]:

Let f be a nondecreasing function in K2
s and g be a nonnegative convex

function on [0,∞) . Then the composition f ◦ g belongs to K2
s .
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We recall that f : R+ → R+ is said to be a ψ-function if f (0) = 0, and
f is nondecreasing and continuous. The following particular case holds for
ψ-functions.

If φ is a convex ψ-function and f is a ψ-function from K2
s , then the com-

position f ◦ φ belongs to K2
s . In particular, the ψ-function h (u) = [φ (u)]s

belongs to K2
s .

Let 0 < s < 1. Then there exists a ψ-function f in the class K2
s which is

neither of the form φ (us) nor [φ (u)]s , where φ is a convex ψ-function.
The following inequality is the variant of the Hermite-Hadamard result for

s-convex functions in the second sense [93]:

Suppose that f : R+ → R+ is an s-convex mapping in the second sense,
s ∈ (0, 1) and a, b ∈ R+ with a < b. If f ∈ L1 [a, b] , then one has the
inequalities:

2s−1f

(
a+ b

2

)
≤ 1
b− a

∫ b

a

f (x) dx ≤ f (a) + f (b)
s+ 1

. (2.64)

PROOF As f is s-convex in the second sense, we have, for all t ∈ [0, 1],

f (ta+ (1− t) b) ≤ tsf (a) + (1− t)s f (b) .

Integrating this inequality on [0, 1] , we get∫ 1

0

f (ta+ (1− t) b) dt ≤ f (a)
∫ 1

0

tsdt+ f (b)
∫ 1

0

(1− t)s dt

=
f (a) + f (b)

s+ 1
.

As the change of variable x = ta+ (1− t) b gives∫ 1

0

f (ta+ (1− t) b) dt =
1

b− a

∫ b

a

f (x) dx,

the second inequality in (2.64) is proved.
To prove the first inequality in (2.64) , we observe that for all x, y ∈ I

f

(
x+ y

2

)
≤ f (x) + f (y)

2s
. (2.65)

Now, let x = ta + (1− t) b and y = (1− t) a + tb with t ∈ [0, 1] . Then, by
(2.65) we get

f

(
a+ b

2

)
≤ f (ta+ (1− t) b) + f ((1− t) a+ tb)

2s
for all t ∈ [0, 1] .
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Integrating this inequality on [0, 1] , we deduce the first part of (2.64).

The constant k = 1
s+1 for s ∈ (0, 1] is best possible in the second inequality

in (2.64) . Indeed, as the mapping f : [0, 1] → [0, 1] given by f (x) = xs is
s-convex in the second sense, we obtain∫ 1

0

xsdx =
1

s+ 1
and

f (0) + f (1)
s+ 1

=
1

s+ 1
.

Comments
(a) Suppose that f is Lebesgue integrable on [a, b] and consider the mapping
H : [0, 1]→ R given by

H (t) :=
1

b− a

∫ b

a

f

(
tx+ (1− t) a+ b

2

)
dx.

We are interested in pointing out some properties of this mapping as in the
case of the classical convex mappings.

The following results also hold [93]:

Let f : I ⊆ R+ → R be an s-convex mapping in the second sense on I,
s ∈ (0, 1] and Lebesgue integrable on [a, b] ⊂ I, a < b. Then:

(i) H is s-convex in the second sense on [0, 1] ;
(ii) We have the inequality:

H (t) ≥ 2s−1f

(
a+ b

2

)
for all t ∈ [0, 1] . (2.66)

(iii) We have the inequality:

H (t) ≤ min {H1 (t) , H2 (t)} , t ∈ [0, 1] (2.67)

where

H1 (t) = ts · 1
b− a

∫ b

a

f (x) dx+ (1− t)s f
(
a+ b

2

)
and

H2 (t) =
f
(
ta+ (1− t) a+b

2

)
+ f

(
tb+ (1− t) a+b

2

)
s+ 1

and t ∈ (0, 1] ;
(iv) If H̃ (t) := max {H1 (t) , H2 (t)} , t ∈ [0, 1] , then

H̃ (t) ≤ ts · f (a) + f (b)
s+ 1

+ (1− t)s · 2
s+ 1

f

(
a+ b

2

)
, t ∈ [0, 1] . (2.68)
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PROOF

(i) Let t1, t2 ∈ [0, 1] and α, β ≥ 0 with α+ β = 1. We have successively

H (αt1 + βt2)

=
1

b− a

∫ b

a

f

(
(αt1 + βt2)x+ [1− (αt1 + βt2)]

a+ b

2

)
dx

=
1

b− a

∫ b

a

f

(
α

[
t1x+ (1− t1)

a+ b

2

]
+β
[
t2x+ (1− t2)

a+ b

2

])
dx

≤ 1
b− a

∫ b

a

[
αsf

(
t1x+ (1− t1)

a+ b

2

)
+βsf

([
t2x+ (1− t2)

a+ b

2

])]
dx

= αsH (t1) + βsH (t2) ,

which shows that H is s-convex in the second sense on [0, 1] .

(ii) Suppose that t ∈ (0, 1] . Then a simple change of variable u = tx +
(1− t) a+b

2 gives us

H (t) =
1

t (b− a)

∫ tb+(1−t) a+b2

ta+(1−t) a+b2

f (u) du =
1

p− q

∫ p

q

f (u) du

where p = tb + (1− t) a+b
2 and q = ta + (1− t) a+b

2 . Applying the first
Hermite-Hadamard inequality, we get:

1
p− q

∫ p

q

f (u) du ≥ 2s−1

(
p+ q

2

)
= 2s−1f

(
a+ b

2

)
,

giving the inequality (2.66). For the case of t = 0, we wish to prove

f

(
a+ b

2

)
≥ 2s−1f

(
a+ b

2

)
.

This is true since s ∈ [0, 1] .

(iii) By applying the second Hermite-Hadamard inequality, we also have

1
p− q

∫ p

q

f (u) du ≤ f (p) + f (q)
r + 1

=
f
(
ta+ (1− t) a+b

2

)
+ f

(
tb+ (1− t) a+b

2

)
r + 1
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for all t ∈ [0, 1] . Note that if t = 0, then the required inequality

f

(
a+ b

2

)
= H (0) ≤ H2 (0) =

2
r + 1

· f
(
a+ b

2

)
is true as it is equivalent to

(r − 1) f
(
a+ b

2

)
≤ 0

and the fact that f
(
a+b

2

)
≥ 0, for r ∈ (0, 1) . On the other hand, it is

obvious that

f

(
tx+ (1− t) a+ b

2

)
≤ tsf (x) + (1− t)s f

(
a+ b

2

)
for all t ∈ [0, 1] and x ∈ [a, b] . Integrating this inequality on [a, b] we get
(2.67) for H1 (t) , and the statement is proved.

(iv) We have

H2 (t) ≤
tsf (a) + (1− t)s f

(
a+b

2

)
+ tsf (b) + (1− t)s f

(
a+b

2

)
s+ 1

= ts · f (a) + f (b)
s+ 1

+ (1− t)s · 2
s+ 1

· f
(
a+ b

2

)
for all t ∈ [0, 1] . On the other hand, we know that

1
b− a

∫ b

a

f (x) dx ≤ f (a) + f (b)
s+ 1

and

(1− t)s f
(
a+ b

2

)
≤ (1− t)s · 2

s+ 1
· f
(
a+ b

2

)
, t ∈ [0, 1] ,

which gives us that

H1 (t) ≤ ts · f (a) + f (b)
2

+ (1− t)s · 2
s+ 1

· f
(
a+ b

2

)
.

This completes the proof.

For s = 1, we get the inequalities:

H (t) ≤ min

{
t · 1
b− a

∫ b

a

f (x) dx+ (1− t) f
(
a+ b

2

)
,

f
(
ta+ (1− t) a+b

2

)
+ f

(
tb+ (1− t) a+b

2

)
2

}
,
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and

H̃ (t) ≤ t · f (a) + f (b)
2

+ (1− t) · f
(
a+ b

2

)
for all t ∈ [0, 1] .
(b) Now, assume that f : [a, b]→ R is Lebesgue integrable on [a, b] .

Consider the mapping

F (t) :=
1

(b− a)2

∫ b

a

∫ b

a

f (tx+ (1− t) y) dxdy, t ∈ [0, 1] .

The following result contains the main properties of this mapping [93].

Let f : I ⊆ R+ → R+ be an s-convex mapping in the second sense, s ∈
(0, 1] , a, b ∈ I with a < b and f Lebesgue integrable on [a, b] . Then:

(i) F
(
s+ 1

2

)
= F

(
1
2 − s

)
for all s ∈

[
0, 1

2

]
and F (t) = F (1− t) for all

t ∈ [0, 1] ;

(ii) F is s-convex in the second sense on [0, 1] ;

(iii) We have the inequality:

21−sF (t) ≥ F
(

1
2

)
=

1
(b− a)2

∫ b

a

∫ b

a

f

(
x+ y

2

)
dxdy, t ∈ [0, 1] ; (2.69)

(iv) We have the inequality

F (t) ≥ 21−sH (t) ≥ 4s−1f

(
a+ b

2

)
for all t ∈ [0, 1] ; (2.70)

(v) We have the inequality:

F (t) ≤ min

{
[ts + (1− t)s] 1

b− a

∫ b

a

f (x) dx,

f (a) + f (ta+ (1− t) b) + f ((1− t) a+ tb) + f (b)

(s+ 1)2

}
(2.71)

for all t ∈ [0, 1] .

PROOF The proof for (i) and (ii) is obvious.

(iii) By the fact that f is s-convex in the second sense on I, we have

f (tx+ (1− t) y) + f ((1− t)x+ ty)
2s

≥ f
(
x+ y

2

)
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for all t ∈ [0, 1] and x, y ∈ [a, b] . By integrating this inequality on [a, b]2

we get

1
2s

[∫ b

a

∫ b

a

f (tx+ (1− t) y) dxdy +
∫ b

a

∫ b

a

f ((1− t)x+ ty) dxdy

]

≥
∫ b

a

∫ b

a

f

(
x+ y

2

)
dxdy.

Since∫ b

a

∫ b

a

f (tx+ (1− t) y) dxdy =
∫ b

a

∫ b

a

f ((1− t)x+ ty) dxdy,

the above inequality gives us the desired result (2.69) .

(iv) First, let us observe that

F (t) =
1

b− a

∫ b

a

[
1

b− a

∫ b

a

f (tx+ (1− t) y) dx

]
dy.

Now, for y fixed in [a, b] , we can consider the map Hy : [0, 1]→ R given
by

Hy (t) :=
1

b− a

∫ b

a

f (tx+ (1− t) y) dx.

As shown above, for t ∈ [0, 1] we have the identity

Hy (t) =
1

p− q

∫ p

q

f (u) du

where p = tb + (1− t) y, q = ta + (1− t) y. Applying the Hermite-
Hadamard inequality we get

1
p− q

∫ p

q

f (u) du ≥ 2s−1f

(
p+ q

2

)
= 2s−1f

(
t · a+ b

2
+ (1− t) y

)
for all t ∈ (0, 1) and y ∈ [a, b] . Integrating on [a, b] over y, we may easily
deduce

F (t) ≥ 2s−1H (1− t) for all t ∈ (0, 1) .

As F (t) = F (1− t) , the inequality (5.83) is proved for t ∈ (0, 1) . If
t = 0 or t = 1, the inequality (2.70) also holds. We shall omit the
details.

(v) By the definition of s-convex mappings in the second sense, we have

f (tx+ (1− t) y) ≤ tsf (x) + (1− t)s f (y)
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for all x, y ∈ [a, b] and t ∈ [0, 1] . Integrating this inequality on [a, b]2 ,
we deduce the first part of the inequality (2.71) .

Now, let us observe, by the second part of the Hermite-Hadamard in-
equality, that

Hy (t) =
1

p− q

∫ p

q

f (u) du ≤ f (tb+ (1− t) y) + f (ta+ (1− t) y)
s+ 1

,

where p = tb + (1− t) y and q = ta + (1− t) y, t ∈ [0, 1] . Integrating
this inequality on [a, b] over y, we deduce

F (t) ≤ 1
s+ 1

[
1

b− a

∫ b

a

f (tb+ (1− t) y) dy

+
1

b− a

∫ b

a

f (ta+ (1− t) y) dy

]
.

A simple calculation shows that

1
b− a

∫ b

a

f (tb+ (1− t) y) dy

=
1

r − l

∫ r

l

f (u) du ≤ f (r) + f (l)
2

=
f (b) + f (tb+ (1− t) a)

s+ 1
,

where r = b, l = tb+ (1− t) a, t ∈ (0, 1) ; and similarly,

1
b− a

∫ b

a

f (ta+ (1− t) y) dy ≤ f (a) + f (ta+ (1− t) b)
s+ 1

, t ∈ (0, 1) ,

which gives, by addition, the second inequality in (2.71) .
If t = 0 or t = 1, then this inequality also holds.
We shall omit the details.

2.8 Inequalities for Hadamard’s Inferior and Superior
Sums

Let [a, b] be a compact interval of real numbers, d :=
{
xi|i = 0, n

}
⊂ [a, b] ,

a partition of the interval [a, b] , given by

d : a = x0 < x1 < x2 < · · · < xn−1 < xn = b (n ≥ 1) ,
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and let f be a bounded mapping on [a, b] . We consider the following sums
[85]:

hd (f) :=
n−1∑
i=0

f

(
xi + xi+1

2

)
(xi+1 − xi)

which is called Hadamard’s inferior sum, and

Hd (f) :=
n−1∑
i=0

f (xi) + f (xi+1)
2

(xi+1 − xi)

which is called Hadamard’s superior sum. We also consider Darboux’s sums,

sd (f) :=
n−1∑
i=0

mi (xi+1 − xi) , Sd (f) :=
n−1∑
i=0

Mi (xi+1 − xi) ,

where

mi = inf
x∈[xi,xi+1]

f (x) , Mi = sup
x∈[xi,xi+1]

f (x) , i = 0, ..., n− 1.

It is well known that f is Riemann integrable on [a, b] iff

sup
d
sd (f) = inf

d
Sd (f) = I ∈ R.

In this case,

I =
∫ b

a

f (x) dx.

The following result was proved [85].

Let f : [a, b]→ R be a convex function on [a, b] . Then

(i) hd (f) increases monotonically over d, that is, for d1 ⊆ d2 one has
hd1 (f) ≤ hd2 (f) ;

(ii) Hd (f) is decreasing monotonically over d;

(iii) We have the bounds

1
b− a

inf
d
hd (f) = f

(
a+ b

2

)
, sup

d
hd (f) =

∫ b

a

f (x) dx (2.72)

and

inf
d
Hd (f) =

∫ b

a

f (x) dx,
1

b− a
sup
d
Hd (f) =

f (a) + f (b)
2

. (2.73)
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PROOF

(i) Without loss of generality, we can assume that d1 ⊆ d2 with d1 =
{x0, ..., xn} and d2 = {x0, ..., xk, y, xk+1, ..., xn} where y ∈ [xk, xk+1]
(0 ≤ k ≤ n− 1) . Then

hd2 (f)− hd1 (f) = f

(
xk + y

2

)
(y − xk)

+ f

(
y + xk+1

2

)
(xk+1 − y)− f

(
y + xk+1

2

)
(xk+1 − xk) .

Let us put

α =
y − xk

xk+1 − xk
, β =

xk+1 − y
xk+1 − xk

and
x =

xk + y

2
, z =

y + xk+1

2
.

Then
α+ β = 1, αx+ βy =

xk + xk+1

2
,

and, by the convexity of f we deduce that αf (x)+βf (z) ≥ f (αx+ βz) ,
that is, hd2 (f) ≥ hd1 (f) .

(ii) For d1, d2 as above, we have

Hd2 (f)−Hd1 (f)

=
f (xk) + f (y)

2
(y − xk) +

f (y) + f (xk+1)
2

(xk+1 − y)

+
f (xk) + f (xk+1)

2
(xk+1 − xk)

=
f (y) (xk+1 − xk)

2
− f (xk) (xk+1 − y) + f (xk+1) (y − xk)

2
.

Now, let α, β be as above and u = xk, v = xk+1. Then αu + βv = y;
and by the convexity of f we have αf (u) + βf (v) ≥ f (y) , that is,
Hd2 (f) ≤ Hd1 (f), and the statement is proved.

(iii) Let d = {x0, ..., xn} with a = x0 < x1 < · · · < xn = b. Put pi :=
xi+1 − xi, ui = (xi+xi+1)

2 , i = 0, ..., n − 1. Then, by Jensen’s discrete
inequality we have

f

(∑n
i=0 piui∑n
i=0 pi

)
≤
∑n
i=0 pif (ui)∑n

i=0 pi
.

Since
n∑
i=0

pi = b− a,
n∑
i=0

piui =
b2 − a2

2
,
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we can deduce the inequality

f

(
a+ b

2

)
≤ 1
b− a

hd (f) .

If d = d0 = {a, b} , then

hd0 (f) = (b− a) f
(
a+ b

2

)
,

which proves the first bound in (2.72) . By the first inequality in the
Hermite-Hadamard result (2.1), we have

f

(
xi + xi+1

2

)
≤ 1
xi+1 − xi

∫ xi+1

xi

f (x) dx, i = 0, ..., n− 1,

which gives, by addition,

hd (f) =
n∑
i=0

f

(
xi + xi+1

2

)
(xi+1 − xi)

≤
n∑
i=0

∫ xi+1

xi

f (x) dx =
∫ b

a

f (x) dx,

for all d a division of [a, b] . Since

sd (f) ≤ hd (f) ≤
∫ b

a

f (x) dx,

where d is a division of [a, b] , and f is Riemann integrable on [a, b] , that
is,

sup
d
sd (f) =

∫ b

a

f (x) dx,

it follows that
sup
d
hd (f) =

∫ b

a

f (x) dx,

which proves the second relation in (2.72) . To prove the relation (2.73) ,
we observe, by the second inequality in the Hermite-Hadamard result,
that ∫ b

a

f (x) dx =
n∑
i=0

∫ xi+1

xi

f (x) dx

≤
n−1∑
i=0

f (xi) + f (xi+1)
2

(xi+1 − xi) = Hd (f) ,

where d is a division of [a, b] . Since
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Hd (f) ≤ Sd (f)

for all d as above, and f is integrable on [a, b] , we conclude that

inf
d
Hd (f) =

∫ b

a

f (x) dx.

Finally, as for all d a division of [a, b] we have d k d0 = {a, b} , thus

1
b− a

sup
d
Hd (f) =

f (a) + f (b)
2

.

This completes the proof.

The following particular case gives an improvement of the classical Hermite-
Hadamard inequality [85]:

Let f : [a, b] → R be a convex mapping on [a, b] . Then for all a = x0 <
x1 < · · · < xn = b we have

f

(
a+ b

2

)
≤ 1
b− a

n−1∑
i=0

f

(
xi + xi+1

2

)
(xi+1 − xi) (2.74)

≤ 1
b− a

∫ b

a

f (x) dx

≤ 1
b− a

n−1∑
i=0

f (xi) + f (xi+1)
2

(xi+1 − xi)

≤ f (a) + f (b)
2

.

Define the sequences:

hn (f) :=
1
n

n−1∑
i=0

f

(
a+

2i+ 1
2n

(b− a)
)

and

Hn (f) :=
1

2n

n−1∑
i=0

[
f

(
a+

i

n
(b− a)

)
+ f

(
a+

i+ 1
n

(b− a)
)]

for n ≥ 1.
The following result holds and provides an improvement for the Hermite-

Hadamard inequality [85]:

With the above assumptions, one has the inequality:

f

(
a+ b

2

)
≤ hn (f) ≤ 1

b− a

∫ b

a

f (x) dx (2.75)

≤ Hn (f) ≤ f (a) + f (b)
2

.
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Moreover, one has

lim
n→∞

hn (f) = lim
n→∞

Hn (f) =
1

b− a

∫ b

a

f (x) dx. (2.76)

PROOF Inequality (2.75) follows by (2.74) for the uniform partition

d :=
{
xi = a+

i

n
(b− a) |i = 0, n

}
.

The relation (2.76) is obvious by the integrability of f. We shall omit the
details.

Now, let us define the sequences:

tn (f) :=
1
2n

n−1∑
i=0

f

(
a+

2i

2n+1
(b− a)

)
2i

and

Tn (f) :=
1

2n+1

n−1∑
i=0

[
f

(
a+

2i

2n
(b− a)

)
+ f

(
a+

2i+1

2n
(b− a)

)]
2i

for n ≥ 1.
For these sequences we may also state [85]:

Let f : [a, b]→ R be a convex mapping on [a, b] . Then we have:
(i) tn (f) is monotonic increasing;
(ii) Tn (f) is monotonic decreasing;
(iii) The following bounds hold:

lim
n→∞

tn (f) = sup
n≥1

tn (f) =
1

b− a

∫ b

a

f (x) dx

and

lim
n→∞

Tn (f) = inf
n≥1

Tn (f) =
1

b− a

∫ b

a

f (x) dx.

Comments
Let [a, b] be a compact interval of real numbers and d ∈ Div [a, b] . By this
we mean d :=

{
xi|i = 0, n

}
⊂ [a, b] is a division of the interval [a, b] given by

d : a = x0 < x1 < · · · < xn−1 < xn = b.
Define the sums

h
[p]
d :=

n−1∑
i=0

Ap (xi, xi+1) (xi+1 − xi)
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and

H
[p]
d :=

n−1∑
i=0

A
(
xpi , x

p
i+1

)
(xi+1 − xi)

where p ∈ (−∞, 0) ∪ [1,∞) \ {−1} .
For every d ∈ Div [a, b] we have the inequalities:

Ap (a, b) ≤ 1
b− a

n−1∑
i=0

Ap (xi, xi+1) (xi+1 − xi)

≤ Lpp (a, b)

≤ 1
b− a

n−1∑
i=0

A
(
xpi , x

p
i+1

)
(xi+1 − xi)

≤ A (ap, bp)

as well as the bounds
1

b− a
sup
d
h

[p]
d = Lpp (a, b)

and
1

b− a
inf
d
H

[p]
d = Lpp (a, b) .

Now, let us define the sums; for the case of 0 < a < b :

h
[−1]
d = 2

n−1∑
i=0

xi+1 − xi
xi+1 + xi

, H
[−1]
d =

1
2

n−1∑
i=0

x2
i+1 − x2

i

xixi+1
.

We have the inequality

A−1 (a, b) ≤ 2
b− a

n−1∑
i=0

xi+1 − xi
xi+1 + xi

≤ L−1 (a, b)

≤ 1
2 (b− a)

n−1∑
i=0

x2
i+1 − x2

i

xixi+1
≤ H−1 (a, b)

for all d ∈ Div [a, b] and the bounds

1
b− a

sup
d
h

[−1]
d = L−1 (a, b)

and
1

b− a
inf
d
H

[−1]
d = L−1 (a, b) .

We can also define the sequences

H
[0]
d :=

n−1∏
i=0

[A (xi, xi+1)](xi+1−xi) , h
[0]
d :=

n−1∏
i=0

[G (xi, xi+1)](xi+1−xi)
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for a division d of the interval [a, b] ⊂ (0,∞) .
Using the above results we have the inequalities:

A (a, b) ≥
n−1∏
i=0

[A (xi, xi+1)]
xi+1−xi
b−a ≥ I (a, b)

≥
n−1∏
i=0

[G (xi, xi+1)]
xi+1−xi
b−a ≥ G (a, b) ,

which follows by inequality (2.74) applied to the convex mapping f : [a, b]→
R, where f (x) = − lnx.

By (2.72) we also deduce the bounds

inf
d

{
n−1∏
i=0

[A (xi, xi+1)]
xi+1−xi
b−a

}
= I (a, b)

and

sup
d

{
n−1∏
i=0

[G (xi, xi+1)]
xi+1−xi
b−a

}
= I (a, b) .

2.9 A Refinement of the Hermite-Hadamard Inequality
for the Modulus

We start with the following result which contains a refinement of the second
part of the H.-H. inequality obtained in Dragomir [72].

Let f : I ⊆ R → R be a convex function on the interval of real numbers I
and a, b ∈ I with a < b. Then we have the following refinement of the second
part of the H.-H. inequality:

f (a) + f (b)
2

− 1
b− a

∫ b

a

f (x) dx

≥


∣∣∣f (a)− 1

b−a
∫ b
a
|f (x)| dx

∣∣∣ if f (a) = f (b)∣∣∣ 1
f(b)−f(a)

∫ f(b)

f(a)
|x| dx− 1

b−a
∫ b
a
|f (x)| dx

∣∣∣ if f (a) 6= f (b)
. (2.77)

PROOF By the convexity of f on I and the continuity property of the
modulus we have:

tf (a) + (1− t) f (b)− f (ta+ (1− t) b)
= |tf (a) + (1− t) f (b)− f (ta+ (1− t) b)|
≥ ||tf (a) + (1− t) f (b)| − |f (ta+ (1− t) b)|| ≥ 0
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for all a, b ∈ I and t ∈ [0, 1] . Integrating this inequality for t over [0, 1] we get
the inequality

f (a)
∫ 1

0

tdt+ f (b)
∫ 1

0

(1− t) dt−
∫ 1

0

f (ta+ (1− t) b) dt

≥
∣∣∣∣∫ 1

0

|tf (a) + (1− t) f (b)| dt−
∫ 1

0

|f (ta+ (1− t) b)| dt
∣∣∣∣ .

Since ∫ 1

0

tdt =
∫ 1

0

(1− t) dt =
1
2
,

∫ 1

0

|tf (a) + (1− t) f (b)| dt =


f (a) if f (b) = f (a) ,

1
f(b)−f(a)

∫ f(b)

f(a)
|x| dx if f (a) 6= f (b) ,

and ∫ 1

0

|f (ta+ (1− t) b)| dt =
1

b− a

∫ b

a

|f (x)| dx,

respectively, then the inequality (2.77) is proved.

The following particular result holds [85]:

With the above assumptions, and the condition that f (a+ b− x) = f (x)
for all x ∈ [a, b] , we have the inequality:

f (a)− 1
b− a

∫ b

a

f (x) dx ≥

∣∣∣∣∣|f (a)| − 1
b− a

∫ b

a

|f (x)| dx

∣∣∣∣∣ ≥ 0.

A refinement of the first part of the Hermite-Hadamard inequality is em-
bodied in the following result [85]:

Let f : I ⊆ R → R be a convex function on the interval of real numbers I
and a, b ∈ I with a < b. Then we have the inequality:

1
b− a

∫ b

a

f (x) dx− f
(
a+ b

2

)
≥

∣∣∣∣∣ 1
b− a

∫ b

a

∣∣∣∣f (x) + f (a+ b− x)
2

∣∣∣∣ dx− ∣∣∣∣f (a+ b

2

)∣∣∣∣
∣∣∣∣∣ ≥ 0. (2.78)

PROOF By the convexity of f we have

f (x) + f (y)
2

− f
(
x+ y

2

)
≥
∣∣∣∣∣∣∣∣f (x) + f (y)

2

∣∣∣∣− ∣∣∣∣f (x+ y

2

)∣∣∣∣∣∣∣∣
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for all x, y ∈ I. Let x = ta + (1− t) b, y = (1− t) a + tb with t ∈ [0, 1] . Then
we get

f (ta+ (1− t) b) + f ((1− t) a+ tb)
2

− f
(
a+ b

2

)
≥
∣∣∣∣∣∣∣∣f (ta+ (1− t) b) + f ((1− t) a+ tb)

2

∣∣∣∣− ∣∣∣∣f (a+ b

2

)∣∣∣∣∣∣∣∣
for all t ∈ [0, 1]. Upon integration we get:

∫ 1

0
f (ta+ (1− t) b) dt+

∫ 1

0
f ((1− t) a+ tb) dt

2
− f

(
a+ b

2

)
≥
∣∣∣∣∫ 1

0

∣∣∣∣f (ta+ (1− t) b) + f ((1− t) a+ tb)
2

∣∣∣∣ dt− ∣∣∣∣f (a+ b

2

)∣∣∣∣∣∣∣∣ .
However,∫ 1

0

f (ta+ (1− t) b) dt =
∫ 1

0

f ((1− t) a+ tb) dt =
1

b− a

∫ b

a

f (x) dx,

and denoting x := ta+ (1− t) b, t ∈ [0, 1] , we also get that:

∫ 1

0

∣∣∣∣f (ta+ (1− t) b) + f ((1− t) a+ tb)
2

∣∣∣∣ dt
=

1
b− a

∫ b

a

∣∣∣∣f (x) + f (a+ b− x)
2

∣∣∣∣ dx.
Thus, the inequality (2.78) is proved.

The following particular case also gives a refinement of the second part of
the Hermite-Hadamard inequality [85]:

With the above assumptions and if the condition that the function is sym-
metric, namely, f (a+ b− x) = f (x) is satisfied for all x ∈ [a, b] , then we
have the inequality:

1
b− a

∫ b

a

f (x) dx− f
(
a+ b

2

)
≥

∣∣∣∣∣ 1
b− a

∫ b

a

|f (x)| dx−
∣∣∣∣f (a+ b

2

)∣∣∣∣
∣∣∣∣∣ ≥ 0.

Comments
It is well known that the following inequality holds:

G (a, b) ≤ I (a, b) ≤ A (a, b) (G− I −A)
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where we recall that
G (a, b) :=

√
ab

is the geometric mean,

I (a, b) :=
1
e
·
(
bb

aa

) 1
b−a

is the identric mean, and

A (a, b) :=
a+ b

2
is the arithmetic mean of the nonnegative real numbers a < b.
(a) The following refinement of the I −G inequality holds [85]:

If a ∈ (0, 1] , b ∈ [1,∞) with a 6= b, then one has the inequality:

I (a, b)
G (a, b)

≥ exp

[∣∣∣∣∣ (ln b)2 + (ln a)2

ln
(
b
a

)2 − ln
[(
bbaae2−(a+b)

) 1
b−a
]∣∣∣∣∣
]
≥ 1 (2.79)

which improves the first inequality in (G− I −A) .

PROOF Let us assume that a ∈ (0, 1] , b ∈ [1,∞) and a 6= b. Then we
denote the following for the convex mapping f (x) = − lnx, x > 0 :

A :=
f (a) + f (b)

2
− 1
b− a

∫ b

a

f (x) dx = − ln a+ ln b
2

+
1

b− a

∫ b

a

lnxdx

=
1

b− a
[b ln b− a ln a− (b− a)]− lnG (a, b) = ln

[
I (a, b)
G (a, b)

]
and

B :=

∣∣∣∣∣ 1
f (b)− f (a)

∫ f(a)

f(b)

|x| dx− 1
b− a

∫ b

a

|lnx| dx

∣∣∣∣∣ .
We have ∫ ln a

ln b

|x| dx =
(ln b)2 + (ln a)2

2

and ∫ b

a

|lnx| dx = ln
[
aabbe2−(a+b)

]
and thus

B =

∣∣∣∣∣ (ln b)2 + (ln a)2

ln
(
b
a

)2 − ln
[(
bbaae2−(a+b)

) 1
b−a
]∣∣∣∣∣ .

By using the inequality (2.77) we can state that A ≥ B ≥ 0, and thus the
result is proved.
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(b) We have the following refinement of the A− I inequality [85]:

Let a, b ∈ (0,∞) with a 6= b. Then one has the inequality:

A (a, b)
I (a, b)

≥ exp

[∣∣∣∣∣ 1
b− a

∫ b

a

∣∣∣ln(√x (a+ b− x)
)∣∣∣ dx− ∣∣∣∣ln(a+ b

2

)∣∣∣∣
∣∣∣∣∣
]

(2.80)

≥ 1,

which improves the second inequality in (G− I −A) .

PROOF Denote for f (x) = − lnx, x > 0 that

C :=
1

b− a

∫ b

a

f (x) dx− f
(
a+ b

2

)
= ln

(
a+ b

2

)
− ln I (a, b)

= ln
[
A (a, b)
I (a, b)

]
and

D :=

∣∣∣∣∣ 1
b− a

∫ b

a

∣∣∣∣f (x) + f (a+ b− x)
2

∣∣∣∣ dx− ∣∣∣∣f (a+ b

2

)∣∣∣∣
∣∣∣∣∣

=

∣∣∣∣∣ 1
b− a

∫ b

a

∣∣∣ln√x (a+ b− x)
∣∣∣ dx− ∣∣∣∣ln(a+ b

2

)∣∣∣∣
∣∣∣∣∣ .

By inequality (2.78) we have C ≥ D ≥ 0, and the result is thus proved.
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Chapter 3

Ostrowski and Trapezoid Type
Inequalities

In recent years, an exponential growth has been noted in the development
of integral inequalities of Ostrowski and trapezoid type, mostly due to their
use in producing adaptive quadrature and cubature rules for approximating
single or multiple integrals.

In this chapter various Ostrowski and trapezoid type inequalities are pre-
sented, together with complete proofs, for various classes of functions. These
functions include those that are absolutely continuous, of bounded variation
or monotonic, as well as differentiable functions of different orders whose
derivatives satisfy similar conditions. Sharp bounds for the Čebyšev func-
tional, which is of importance in approximating the integral of a product in
the one-dimensional and multidimensional cases, are given as well.

The material is complemented by numerous remarks that allow opportuni-
ties for research in related fields such as probability theory and statistics.

3.1 Ostrowski’s Integral Inequality for Absolutely
Continuous Mappings

Let f : [a, b] → R be an absolutely continuous mapping on (a, b). Then
([111], [113], [114])

∣∣∣∣∣f (x)− 1
b− a

∫ b

a

f (t) dt

∣∣∣∣∣ ≤



[
1
4 +

(
x− a+b2
b−a

)2
]

(b− a) ‖f ′‖∞{
1
q+1

[(
x−a
b−a

)q+1

+
(
b−x
b−a

)q+1
]} 1

q

× (b− a)
1
q ‖f ′‖p , p > 1, 1

p + 1
q = 1[

1
2 + |x−

a+b
2 |

b−a

]
‖f ′‖1

(3.1)
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for all x ∈ [a, b] , where

‖f ′‖s :=


(∫ b

a
|f ′ (t)|s dt

) 1
s

, if s ∈ [1,∞)

sup
t∈(a,b)

|f ′ (t)| if s =∞.

PROOF Integrating by parts gives∫ x

a

(t− a) f ′ (t) dt = (x− a) f (x)−
∫ x

a

f (t) dt

and ∫ b

x

(t− b) f ′ (t) dt = (b− x) f (x)−
∫ b

x

f (t) dt.

Summing the above two results, we get Montgomery’s identity,

(b− a) f (x) =
∫ b

a

f (t) dt+
∫ b

a

p (x, t) f ′ (t) dt, (3.2)

where p : [a, b]2 → R,

p (x, t) :=

 t− a if t ∈ [a, x]

t− b if t ∈ (x, b].

Now, on using properties of the modulus, we have∣∣∣∣∣
∫ b

a

p (x, t) f ′ (t) dt

∣∣∣∣∣ ≤ sup
t∈(a,b)

|f ′ (t)|
∫ b

a

|p (x, t)| dt

= ‖f ′‖∞

[∫ x

a

(t− a) dt+
∫ b

x

(t− b) dt

]

= ‖f ′‖∞

[
(x− a)2 + (b− x)2

2

]

= ‖f ′‖∞

1
4

+

(
x− a+b

2

b− a

)2
 (b− a)2

,

which proves the first part of (3.1).
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Using Hölder’s integral inequality for p > 1, 1
p + 1

q = 1, we get

∣∣∣∣∣
∫ b

a

p (x, t) f ′ (t) dt

∣∣∣∣∣ ≤
(∫ b

a

|p (x, t)|q dt

) 1
q

‖f ′‖p

=

[∫ x

a

(t− a)q dt+
∫ b

x

(t− b)q dt

] 1
q

‖f ′‖p

=

[
(x− a)q+1 + (b− x)q+1

q + 1

] 1
q

‖f ′‖p .

Using (3.2), we then get the second part of (3.1).
Finally, we have∣∣∣∣∣
∫ b

a

p (x, t) f ′ (t) dt

∣∣∣∣∣ ≤ sup
t∈(a,b)

|p (x, t)|
∫ b

a

|f ′ (t)| dt = max {x− a, b− x} ‖f ′‖1

=
[
b− a

2
+
∣∣∣∣x− a+ b

2

∣∣∣∣] ‖f ′‖1
from which, via (3.2), we get the last part of (3.1). Here we have used the
well-known fact that max {X,Y } = X+Y

2 + 1
2 |X − Y |.

Comments
(a) The constant 1

4 in the first inequality is sharp in the sense that it cannot
be replaced by a smaller one. This inequality in a different form is named
after Ostrowski [147].

To prove the sharpness of (3.1), we choose f (x) = x to get

∣∣∣∣x− a+ b

2

∣∣∣∣ ≤
1

4
+

(
x− a+b

2

b− a

)2
 (b− a) (3.3)

for all x ∈ [a, b].
If in (3.3) we choose x = a or x = b, then equality is achieved.

(b) In Peachey, McAndrew, and Dragomir [148] it was shown that the constant
1
2 in the last inequality in (3.1) is also sharp.
(c) The constant 1

q+1 in the second part of (3.1) cannot be improved by a
constant of the form c

q+1 with 0 < c < 1.
Indeed, if we assume that there is such a constant, then for f (x) = x we

would have∣∣∣∣x− a+ b

2

∣∣∣∣ ≤
{

c

q + 1

[(
x− a
b− a

)q+1

+
(
b− x
b− a

)q+1
]} 1

q

(b− a) (3.4)
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for all x ∈ [a, b] .

If in (3.4) we choose x = a, we get 1
2 ≤

(
c
q+1

) 1
q

, from which we conclude

that c ≥ q+1
2q for all q > 1. Letting q → +1, we get c ≥ 1 and the sharpness of

the constant is proved.

3.2 Ostrowski’s Integral Inequality for Mappings of
Bounded Variation

Let f : [a, b] → R be a mapping of bounded variation on [a, b]. Then we
have the inequality [70]∣∣∣∣∣f (x)− 1

b− a

∫ b

a

f (t) dt

∣∣∣∣∣ ≤
[

1
2

+

∣∣x− a+b
2

∣∣
b− a

]
b∨
a

(f) (3.5)

for all x ∈ [a, b] , where
∨b
a (f) is the total variation of f on [a, b].

The constant 1
2 is the best possible in (3.5).

PROOF The integration by parts formula for the Riemann-Stieltjes inte-
gral gives ∫ x

a

(t− a) df (t) = (x− a) f (x)−
∫ x

a

f (t) dt (3.6)

and ∫ b

x

(t− b) df (t) = (b− x) f (x)−
∫ b

x

f (t) dt, (3.7)

for all x ∈ [a, b].
By adding (3.6) and (3.7), we get the identity∫ b

a

f (t) dt = (b− a) f (x) +
∫ b

a

p (t, x) df (t) , (3.8)

where

p (t, x) :=

 t− a if t ∈ [a, x]

t− b if t ∈ (x, b]
, x ∈ [a, b] .

It is known that if the mapping g : [a, b]→ R is continuous on the partitions
and v : [a, b]→ R is of bounded variation on [a, b], then g is Riemann-Stieltjes
integrable with respect to v and thus∣∣∣∣∣

∫ b

a

g (x) dv (x)

∣∣∣∣∣ ≤ sup
x∈[a,b]

|g (x)|
b∨
a

(v) . (3.9)
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By applying (3.9) for p and f, we can state∣∣∣∣∣
∫ b

a

p (t, x) df (t)

∣∣∣∣∣ ≤ sup
t∈[a,b]

|p (t, x)|
b∨
a

(f) (3.10)

with

sup
t∈[a,b]

|p (t, x)| = max
x∈[a,b

{x− a, b− x}

=
1
2

(b− a) +
∣∣∣∣x− a+ b

2

∣∣∣∣
where we have used the fact that 2 ·max {A,B} = A+B + |B −A| .

Then by (3.10) and (3.8) we deduce the desired inequality (3.5).
To prove the sharpness of the constant 1

2 , assume that (3.5) holds with
constant c > 0, that is,∣∣∣∣∣f (x)− 1

b− a

∫ b

a

f (t) dt

∣∣∣∣∣ ≤
[
c+

∣∣x− a+b
2

∣∣
b− a

]
b∨
a

(f) (3.11)

for all x ∈ [a, b].
Choose f : [a, b]→ R given by

f (x) =

{
0 if x ∈

[
a, a+b

2

)
∪
(
a+b

2 , b
]
,

1 if x = a+b
2 .

Then f is of bounded variation on [a, b],
∫ b
a
f (t) dt = 0 and

∨b
a (f) = 2. With

this choice of f in (3.11) and x = a+b
2 , we get 1 ≤ 2c. Thus, c ≥ 1

2 and the
proof is completed.

Comments
Let f be as above and In := a = x0 < x1 < · · · < xn−1 < xn = b be a
partition of [a, b], hi := xi+1 − xi, ξi ∈ [xi, xi+1], i = 0, n− 1, and let the
Riemann sum be represented by

σ (f, ξ, In) :=
n−1∑
i=0

f (ξi)hi.

We then have ∫ b

a

f (x) dx = σ (f, ξ, In) +R (f, ξ, In) , (3.12)

where the remainder R (f, ξ, In) satisfies the estimation

|R (f, ξ, In)| ≤

[
1
2
ν (h) + sup

i=0,n−1

∣∣∣∣ξi − xi + xi+1

2

∣∣∣∣
]

b∨
a

(f) . (3.13)
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Indeed, applying (3.5) on the intervals [xi, xi+1] and for ξi ∈ [xi, xi+1], we get∣∣∣∣∫ xi+1

xi

f (t) dt− hif (ξi)
∣∣∣∣ ≤ [1

2
hi +

∣∣∣∣ξi − xi + xi+1

2

∣∣∣∣] xi+1∨
xi

(f) .

Summing over i from 0 to n− 1 we get

|R (f, ξ, In)| ≤
n−1∑
i=0

[
1
2
hi +

∣∣∣∣ξi − xi + xi+1

2

∣∣∣∣] xi+1∨
xi

(f)

≤ max
i=0,n−1

[
1
2
hi +

∣∣∣∣ξi − xi + xi+1

2

∣∣∣∣] n∑
i=1

xi+1∨
xi

(f)

=
[

1
2
ν (h) + max

i=0,n−1

∣∣∣∣ξi − xi + xi+1

2

∣∣∣∣] b∨
a

(f) ,

where ν (h) = max
i=0,n−1

hi.

3.3 Trapezoid Inequality for Functions of Bounded
Variation

Let f : [a, b] → R be a function of bounded variation. Then we have the
inequality [38]:∣∣∣∣∣

∫ b

a

f (x) dx− f (a) + f (b)
2

(b− a)

∣∣∣∣∣ ≤ b− a
2

b∨
a

(f) , (3.14)

where
∨b
a (f) is the total variation of f on [a, b].

The constant 1
2 is the best possible in (3.14).

PROOF Using the integration by parts formula for the Riemann-Stieltjes
integral, we have∫ b

a

(
x− a+ b

2

)
df (x) =

f (a) + f (b)
2

(b− a)−
∫ b

a

f (x) dx. (3.15)

Now, assume that ∆n : a = x
(n)
0 < x

(n)
1 < · · · < x

(n)
n−1 < x

(n)
n = b is a sequence

of divisions with ν (∆n) := max
i=0,n−1

(
x

(n)
i+1 − x

(n)
i

)
and ξ

(n)
i ∈

[
x

(n)
i , x

(n)
i+1

]
. If

p : [a, b]→ R is a continuous mapping on [a, b] and v : [a, b]→ R is of bounded
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variation on [a, b], then∣∣∣∣∣
∫ b

a

p (x) dv (x)

∣∣∣∣∣ =

∣∣∣∣∣ lim
ν(∆n)→0

n−1∑
i=0

p
(
ξ

(n)
i

) [
v
(
x

(n)
i+1

)
− v

(
x

(n)
i

)]∣∣∣∣∣ (3.16)

≤ lim
ν(∆n)→0

n−1∑
i=0

∣∣∣p(ξ(n)
i

)∣∣∣ ∣∣∣v (x(n)
i+1

)
− v

(
x

(n)
i

)∣∣∣
≤ max
x∈[a,b]

|p (x)| sup
∆n

n−1∑
i=0

∣∣∣v (x(n)
i+1

)
− v

(
x

(n)
i

)∣∣∣
= max
x∈[a,b]

|p (x)|
b∨
a

(v) .

Applying inequality (3.16), we get∣∣∣∣∣
∫ b

a

(
x− a+ b

2

)
df (x)

∣∣∣∣∣ ≤ max
x∈[a,b]

∣∣∣∣x− a+ b

2

∣∣∣∣ b∨
a

(f) (3.17)

=
b− a

2

b∨
a

(f)

and, via identity (3.15), the inequality (3.14) is proved.
For the sharpness of the constant, assume that the inequality (3.14) holds

with a constant c > 0, that is,∣∣∣∣∣
∫ b

a

f (x) dx− f (a) + f (b)
2

(b− a)

∣∣∣∣∣ ≤ c (b− a)
b∨
a

(f) . (3.18)

Let us consider the mapping f : [a, b]→ R given by

f (x) =

1 if x ∈ {a, b}

0 if x ∈ (a, b) .

Then f is of bounded variation,
∨b
a (f) = 2 and

∫ b
a
f (x) dx = 0, giving∫ b

a

f (x) dx− f (a) + f (b)
2

(b− a) = − (b− a)

and

(b− a)
b∨
a

(f) = 2 (b− a) .

Thus by inequality (3.18) we get (b− a) ≤ 2c (b− a), which implies that c ≥ 1
2

and demonstrates that the constant 1
2 is the best possible in (3.14).
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Comment
If we assume that In : a = x0 < x1 < · · · < xn−1 < xn = b is a partition of
the interval [a, b] and f is as above, then we have∫ b

a

f (x) dx = AT (f, In) +RT (f, In) (3.19)

where AT (f, In) is the trapezoid rule. That is, we recall

AT (f, In) :=
1
2

n∑
i=1

[f (xi) + f (xi+1)]hi, hi := xi+1 − xi,

and the remainder RT (f, In) satisfies the estimation

|RT (f, In)| ≤ ν (h)
2

b∨
a

(f) , (3.20)

where ν (h) := max
i=0,n−1

{hi}. The constant 1
2 is the best possible.

3.4 Trapezoid Inequality for Monotonic Mappings

Let f : [a, b] → R be a monotonic nondecreasing mapping on [a, b]. Then
we have the inequality [38]∣∣∣∣∣

∫ b

a

f (x) dx− f (a) + f (b)
2

(b− a)

∣∣∣∣∣ (3.21)

≤ 1
2

(b− a) (f (b)− f (a))−
∫ b

a

sgn
(
x− a+ b

2

)
f (x) dx

≤ (b− a) (f (b)− f (a))
2

.

The constant 1
2 is sharp in both inequalities.

PROOF The integration by parts formula for the Riemann-Stieltjes inte-
gral gives∫ b

a

(
x− a+ b

2

)
df (x) =

f (a) + f (b)
2

(b− a)−
∫ b

a

f (x) dx. (3.22)

Now, assume that ∆n : a = x
(n)
0 < x

(n)
1 < · · · < x

(n)
n−1 < x

(n)
n = b is a

sequence of divisions of the interval [a, b] with ν (∆n) → 0 as n → ∞, where

© 2011 by Taylor and Francis Group, LLC



Ostrowski and Trapezoid Type Inequalities 123

ν (∆n) := max
i=0,n−1

(
x

(n)
i+1 − x

(n)
i

)
and ξ

(n)
i ∈

[
x

(n)
i , x

(n)
i+1

]
. If p : [a, b] → R is a

continuous mapping on [a, b] and v is monotonic nondecreasing on [a, b], then∣∣∣∣∣
∫ b

a

p (x) dv (x)

∣∣∣∣∣ =

∣∣∣∣∣ lim
ν(∆n)→0

n−1∑
i=0

p
(
ξ

(n)
i

) [
v
(
x

(n)
i+1

)
− v

(
x

(n)
i

)]∣∣∣∣∣ (3.23)

≤ lim
ν(∆n)→0

n−1∑
i=0

∣∣∣p(ξ(n)
i

)∣∣∣ ∣∣∣v (x(n)
i+1

)
− v

(
x

(n)
i

)∣∣∣
= lim
ν(∆n)→0

n−1∑
i=0

∣∣∣p(ξ(n)
i

)∣∣∣ (v (x(n)
i+1

)
− v

(
x

(n)
i

))
=
∫ b

a

|p (x)| dv (x) .

Applying (3.23), we can state:∣∣∣∣∣
∫ b

a

(
x− a+ b

2

)
df (x)

∣∣∣∣∣ (3.24)

≤
∫ b

a

∣∣∣∣x− a+ b

2

∣∣∣∣ df (x)

=
∫ a+b

2

a

(
a+ b

2
− x
)
df (x) +

∫ b

a+b
2

(
x− a+ b

2

)
df (x)

=
(
a+ b

2
− x
)
f (x)

] a+b
2

a

+
∫ a+b

2

a

f (x) dx

+
(
x− a+ b

2

)
f (x)

]b
a+b
2

+
∫ b

a+b
2

f (x) dx

=
1
2

(b− a) (f (b)− f (a))−
∫ b

a

sgn
(
x− a+ b

2

)
f (x) dx

and the first inequality in (3.21) is proved.
As f is monotonic nondecreasing on [a, b], we can also state that

∫ a+b
2

a

f (x) dx ≤
(
a+ b

2
− a
)
f

(
a+ b

2

)
=
b− a

2
f

(
a+ b

2

)
and ∫ b

a+b
2

f (x) dx ≥
(
b− a+ b

2

)
f

(
a+ b

2

)
=
b− a

2
f

(
a+ b

2

)
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and so

∫ b

a

sgn
(
x− a+ b

2

)
f (x) dx = −

∫ a+b
2

a

f (x) dx+
∫ b

a+b
2

f (x) dx

≥ b− a
2

f

(
a+ b

2

)
− b− a

2
f

(
a+ b

2

)
= 0,

and the second inequality in (3.21) is also proved.

To prove the sharpness of the constant 1
2 , we choose the following function

f :

f (x) =

0 if x ∈ [a, b)

1 if x = b,

which is monotone nondecreasing on [a, b] and produces equality in both in-
equalities in (3.21).

Comments

If f is as above and In is a partition of [a, b], then we have

∫ b

a

f (x) dx = AT (f, In) +RT (f, In) (3.25)

where AT (f, In) is the trapezoid rule and the remainder RT (f ; In) satisfies
the estimation;

|RT (f, Ik)| (3.26)

≤ 1
2

n−1∑
i=0

[f (xi+1)− f (xi)]hi −
n−1∑
i=0

∫ xi+1

xi

sgn
(
x− xi + xi+1

2

)
f (x) dx

≤ 1
2

n−1∑
i=0

[f (xi+1)− f (xi)]hi ≤
ν (h)

2
(f (b)− f (a)) ,

where hi := xi+1 − xi and ν (h) = max
i=0,n−1

hi.
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3.5 Trapezoid Inequality for Absolutely Continuous
Mappings

Let f : [a, b]→ R be an absolutely continuous mapping on [a, b]. Then [38]∣∣∣∣∣
∫ b

a

f (x) dx− f (a) + f (b)
2

(b− a)

∣∣∣∣∣

≤



(b−a)2

4 ‖f ′‖∞ if f ′ ∈ L∞ [a, b] ;

(b−a)
1+ 1

q

2(q+1)
1
q
‖f ′‖p if f ′ ∈ Lp [a, b] ,

p > 1, 1
p + 1

q = 1;
b−a

2 ‖f
′‖1 if f ′ ∈ L1 [a, b] ,

(3.27)

where ‖·‖p are the usual p-norms in the Lebesgue spaces Lp [a, b]. That is,

‖f ′‖∞ := ess sup
t∈[a,b]

|f ′ (t)| , and ‖f ′‖p :=

(∫ b

a

|f ′ (t)|p dt

) 1
p

for p ≥ 1.

PROOF The integration by parts formula gives∫ b

a

(
t− a+ b

2

)
f ′ (t) dt =

(b− a) (f (a) + f (b))
2

−
∫ b

a

f (t) dt. (3.28)

Using the properties of modulus, we get from (3.28),∣∣∣∣∣
∫ b

a

f (t) dt− (b− a)
f (a) + f (b)

2

∣∣∣∣∣ ≤
∫ b

a

∣∣∣∣t− a+ b

2

∣∣∣∣ |f ′ (t)| dt. (3.29)

If f ′ ∈ L∞ [a, b], then∫ b

a

|f ′ (t)|
∣∣∣∣t− a+ b

2

∣∣∣∣ dt ≤ ‖f ′‖∞ ∫ b

a

∣∣∣∣t− a+ b

2

∣∣∣∣ dt = ‖f ′‖∞
(b− a)2

4
.

If f ′ ∈ Lp [a, b], then by Hölder’s integral inequality for p > 1, 1
p + 1

q = 1, we
get ∫ b

a

|f ′ (t)|
∣∣∣∣t− a+ b

2

∣∣∣∣ dt ≤
(∫ b

a

∣∣∣∣t− a+ b

2

∣∣∣∣q dt
) 1
q
(∫ b

a

|f ′ (t)|p dt

) 1
p

=
(b− a)1+ 1

q

2 (q + 1)
1
q

‖f ′‖p .
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Finally, if f ′ ∈ L1 [a, b], then∫ b

a

|f ′ (t)|
∣∣∣∣t− a+ b

2

∣∣∣∣ dt ≤ sup
t∈[a,b]

∣∣∣∣t− a+ b

2

∣∣∣∣ ∫ b

a

|f ′ (t)| dt =
b− a

2
‖f ′‖1

and the inequality (3.27) is proved.

Comments
Let f be as above and In a partition of the interval [a, b]. Then we have∫ b

a

f (x) dx = AT (f, In) +RT (f, In) (3.30)

where AT (f, In) is the trapezoid rule and the remainder RT (f, In) satisfies
the estimation

|RT (f, In)|

≤



1
4 ‖f

′‖∞
∑n−1
i=0 h

2
i ;

1

2(q+1)
1
q
‖f ′‖p

(∑n−1
i=0 h

q+1
i

) 1
q

, where p > 1 and 1
p + 1

q = 1;

1
2 ‖f

′‖1 ν (h) ,

(3.31)

where hi := xi+1 − xi (i = 0, . . . , n− 1) and ν (h) := max
i=0,n−1

hi.

We provide the proof for the second inequality in (3.31). The proof for the
first and third inequalities is left for readers.

Applying (3.27) on the intervals [xi, xi+1], we get∣∣∣∣∫ xi+1

xi

f (x) dx− f (xi) + f (xi+1)
2

hi

∣∣∣∣
≤ 1

2 (q + 1)
1
q

h
1+ 1

q

i

(∫ xi+1

xi

|f ′ (t)|p dt
) 1
p

, for all i ∈ {0, . . . , n− 1} .

Summing and using Hölder’s discrete inequality, we get

|RT (f, In)| ≤ 1

2 (q + 1)
1
q

n−1∑
i=0

h
1+ 1

q

i

(∫ xi+1

xi

|f ′ (t)|p dt
) 1
p

≤ 1

2 (q + 1)
1
q

[
n−1∑
i=0

[(∫ xi+1

xi

|f ′ (t)|p dt
) 1
p

]p] 1
p
[
n−1∑
i=0

(
h

1+ 1
q

i

)q] 1
q

=
1

2 (q + 1)
1
q

‖f ′‖p

(
n−1∑
i=0

hq+1
i

) 1
q

and the inequality (3.31) is completely proved.
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3.6 Trapezoid Inequality in Terms of Second Derivatives

Let f : [a, b]→ R be a mapping whose derivative f ′ is absolutely continuous
on [a, b]. Then we have the inequality [89]∣∣∣∣∣
∫ b

a

f (x) dx− f (a) + f (b)
2

(b− a)

∣∣∣∣∣

≤



‖f ′′‖∞
12

(b− a)3 if f ′′ ∈ L∞ [a, b] ;

1
2
‖f ′′‖p [B (q + 1, q + 1)]

1
q (b− a)2+ 1

q if f ′′ ∈ Lp [a, b] ,

p > 1, 1
p + 1

q = 1;
1
8
‖f ′′‖1 (b− a)2 if f ′′ ∈ L1 [a, b] ,

(3.32)

where ‖·‖p are the usual norms (p ∈ [1,∞]) on Lp [a, b] and B (·, ·) is the Beta
function of Euler, that is,

B (α, β) =
∫ 1

0

tα−1 (1− t)β−1
dt, α, β > 0. (3.33)

PROOF Integrating by parts twice on [a, b], we get∫ b

a

(x− a) (b− x) f ′′ (x) dx = (b− a) (f (a) + f (b))− 2
∫ b

a

f (x) dx (3.34)

and so∣∣∣∣∣
∫ b

a

f (x) dx− f (a) + f (b)
2

(b− a)

∣∣∣∣∣
≤ 1

2

∫ b

a

(x− a) (b− x) |f ′′ (x)| dx. (3.35)

If f ′′ ∈ L∞ [a, b], then

1
2

∫ b

a

(x− a) (b− x) |f ′′ (x)| dx ≤ 1
2
‖f ′′‖∞

∫ b

a

(x− a) (b− x) dx

=
‖f ′′‖∞

12
(b− a)3

.

This proves the first part of (3.32).
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If f ′′ ∈ Lp [a, b], then by Hölder’s integral inequality, we have∫ b

a

(x− a) (b− x) |f ′′ (x)| dx

≤ ‖f ′′‖p

(∫ b

a

(x− a)q (b− x)q dx

) 1
q

, p > 1,
1
p

+
1
q

= 1. (3.36)

Using the transformation x = (1− t) a+ tb, t ∈ [0, 1], we get

(x− a)q (b− x)q = (b− a)2q
tq (1− tq) , dx = (b− a) dt

and thus ∫ b

a

(x− a)q (b− x)q dx = (b− a)2q+1
B (q + 1, q + 1) .

Now, by (3.35) and (3.36) we get the second part of (3.32).
Finally, if f ′′ ∈ L1 [a, b], then we have∫ b

a

(x− a) (b− x) |f ′′ (x)| dx ≤ max
x∈[a,b]

[(x− a) (b− x)] ‖f ′′‖1

=
(b− a)2

4
‖f ′′‖1

and the inequality (3.32) is completely proved.

Comments
Let f be as above and In a partition of the interval [a, b]. Then we have∫ b

a

f (x) dx = AT (f, In) +RT (f, In) (3.37)

where AT (f, In) is the trapezoid formula and the remainder RT (f, In) satis-
fies the estimate

|RT (f, In)|

≤



1
12
‖f ′′‖∞

n−1∑
i=0

h3
i ;

1
2
‖f ′′‖p [B (q + 1, q + 1)]

1
q

(
n−1∑
i=0

h2q+1
i

) 1
q

, p > 1, 1
p + 1

q = 1;

1
8
‖f ′′‖1 ν2 (h) ,

(3.38)

where hi := xi+1 − xi (i = 0, . . . , n− 1) and ν (In) := max
i=0,n−1

hi.

© 2011 by Taylor and Francis Group, LLC



Ostrowski and Trapezoid Type Inequalities 129

3.7 Generalised Trapezoid Rule Involving nth Derivative
Error Bounds

Throughout this section, we denote I̊ to be the interior of an interval I ⊆ R.
Using Hayashi’s inequality (see Mitrinović, Pečarić, and Fink [141, pp. 311–
312]), Cerone and Dragomir [30] obtained the following trapezoidal inequality
for differentiable mappings where the bound is in terms of the upper and lower
bounds of the first derivative.

Let f : I ⊆ R→ R be a differentiable mapping on I̊ and [a, b] ⊂̊I with
M = sup

x∈[a,b]

f ′ (x) < ∞, m = inf
x∈[a,b]

f ′ (x) > −∞, and M > m. If f ′ is

integrable on [a, b], then the following inequalities hold:∣∣∣∣∣
∫ b

a

f (x) dx− b− a
2

[f (a) + f (b)]

∣∣∣∣∣ ≤ (b− a)2

2 (M −m)
(S −m) (M − S) (3.39)

≤ M −m
2

(
b− a

2

)2

, (3.40)

where S = f(b)−f(a)
b−a .

The result (3.39) was also obtained previously in a similar fashion by Cerone
and Dragomir [30]; however, their formulation did not reveal (3.40). A prior
result obtained by Iyengar [124] (see also Mitrinović, Pečarić, and Fink [141,
p. 471]) is recovered if we take in (3.39): m = −M .

Cerone and Dragomir [30] also obtained nonsymmetric bounds for a gener-
alised trapezoidal rule, namely,

Let f satisfy the conditions of the results in (3.39) and (3.40), then the
following result holds:

βL ≤
∫ b

a

f (x) dx− (b− a)
[(

θ − a
b− a

)
f (a) +

(
b− θ
b− a

)
f (b)

]
≤ βU , (3.41)

where

βU =
(b− a)2

2 (M −m)
[S (2γU − S)−mM ] ,

βL =
(b− a)2

2 (M −m)
[S (S − 2γL) +mM ] ,

γU =
(
θ − a
b− a

)
M +

(
b− θ
b− a

)
m, γL = M +m− γU ,

with S = f(b)−f(a)
b−a and θ ∈ [a, b].
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Milovanović and Pečarić [137] proved the following specialization of a more
general result in which f (n−1) satisfy the Lipschitz condition, namely,

Let the function f : [a, b] → R have a continuous derivative of order n − 1
and

∣∣f (n) (x)
∣∣ ≤M for x ∈ (a, b).

If f (k) (a) = f (k) (b) = 0 (k = 1, 2, . . . , n− 1), then the inequality∣∣∣∣∣
∫ b

a

f (x) dx− b− a
2

(f (a) + f (b))

∣∣∣∣∣
≤ M (b− a)n+1

(n+ 1)!

[
ζn+1 − q

2

(
1 +

n

2ζ
− 1
)]

holds, where

ζ satisfies ζn − (1− ζ)n = q :=
n!

M (b− a)n
(f (b)− f (a)) .

Generalised trapezoidal type rules involving a parameter θ are obtained in
assuming that the nth derivative is bounded both above and below. Further,
the restrictive assumption of vanishing lower order derivatives at the end
points is not made in the current work. Some of the results are compared with
those obtained in Qi [155] where a Taylor approach is utilised. It is shown
that the current developments give better results than the Taylor approach
used by Qi.

The following result due to Hayashi in Mitrinović, Pečarić, and Fink [141,
pp. 311–312] will be required and is thus stated for convenience.

Let h : [a, b]→ R be a nonincreasing mapping on [a, b] and g : [a, b]→ R an
integrable mapping on [a, b] with

0 ≤ g (x) ≤ A, for all x ∈ [a, b] ,

then

A

∫ b

b−λ
h (x) dx ≤

∫ b

a

h (x) g (x) dx ≤ A
∫ a+λ

a

h (x) dx, (3.42)

where

λ =
1
A

∫ b

a

g (x) dx.

The result (3.42) is attributed to a generalisation of Steffensen’s inequality
(see Mitrinović, Pečarić, and Fink [141, pp. 311–312]) which is obtained by
taking A = 1 in the above result. Inspection of Steffensen’s original paper
[162] reveals that the more general situation depicted by the following result
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was also treated. Thus Hayashi’s result is a special case of the following result
of Steffensen (see also Section 4.4).

Let h : [a, b]→ R be a nonincreasing mapping on [a, b] and g : [a, b]→ R be
an integrable mapping on [a, b] with

φ ≤ g (x) ≤ Φ, for all x ∈ [a, b] ,

then

φ ·
∫ b−λ

a

h (x) dx+ Φ
∫ b

b−λ
h (x) dx

≤
∫ b

a

h (x) g (x) dx ≤ Φ ·
∫ a+λ

a

h (x) dx+ φ

∫ b

a+λ

h (x) dx, (3.43)

where

λ =
∫ b

a

G (x) dx, G (x) =
g (x)− φ

Φ− φ
, Φ 6= φ. (3.44)

We note that result (3.43) may be obtained upon simplification and by
using Steffensen’s more well-known result that∫ b

b−λ
h (x) dx ≤

∫ b

a

h (x)G (x) dx ≤
∫ a+λ

a

h (x) dx, (3.45)

where λ is as given by (3.44) and 0 ≤ G (x) ≤ 1. Contrarily, if we take φ = 0
and Φ = 1 we obtain (3.45) from (3.43). Also, if we take φ = 0 in (3.43) then
the Hayashi result (3.42) is seen to be included.

Equation (3.45) has the pleasant interpretation, as noted by Steffensen,
that if we divide by λ then

1
λ

∫ b

b−λ
h (x) dx ≤

∫ b
a
G (x)h (x) dx∫ b
a
G (x) dx

≤ 1
λ

∫ a+λ

a

h (x) dx.

Thus, the weighted integral mean of h (x) is bounded by the integral means
over the end intervals of length λ, the total weight.

Further, it should be stated here that the discrete versions of (3.43) and
(3.45) were also treated in Steffensen [162].

The following result gives trapezoid type rules using the above results [18]:

Let f : I ⊆ R→ R and f (n−1) be absolutely continuous on I̊ (̊I is the interior
of I) and [a, b] ⊂̊I with m = inf

x∈[a,b]
f (n) (x) > −∞, M = sup

x∈[a,b]

f (n) (x) < ∞,

and M > m. If f (n) is integrable on [a, b], then the following inequalities hold:∣∣∣∣∣
∫ b

a

f (x) dx− Tn (θ; a, b)− Pn (θ; a, b)

∣∣∣∣∣ ≤ Q−n (θ; a, b) , (3.46)

© 2011 by Taylor and Francis Group, LLC



132 Mathematical Inequalities: A Perspective

where

Tn (θ; a, b) =
n∑
k=1

(θ − a)k f (k−1) (a) + (−1)k−1 (b− θ)k f (k−1) (b)
k!

, (3.47)

Pn (θ; a, b) =
m

(n+ 1)!

[
(θ − a)n+1 + (−1)n (b− θ)n+1

]
+Q+

n (θ; a, b) , (3.48)

with

2 (n+ 1)!
M −m

Q±n (θ; a, b) (3.49)

=



n+1∑
j=1

(−1)j−1
(
n+1
j

) (
λ0
n

)j [(θ − a)n+1−j ± (−1)n (b− θ)n+1−j
]
, n odd,

n+1∑
j=1

(−1)j−1
(
n+1
j

) [
(λan)j (θ − a)n+1−j + (−1)n

(
λbn
)j (b− θ)n+1−j

]
±
[
(λan)n+1 + (−1)n

(
λbn
)n+1

]
, n even

and

λ0
n = λn (a, b) , λan = λn (a, θ) , λbn = λn (θ, b) and θ ∈ [a, b], (3.50)

where
λn (a, b) =

b− a
M −m

(Sn−1 (a, b)−m) (3.51)

and

Sn−1 (a, b) =
f (n−1) (b)− f (n−1) (a)

b− a
. (3.52)

PROOF Following Cerone [18], let h (x) = (θ−x)n

n! , θ ∈ [a, b] and g (x) =
f (n) (x)−m. Assume for the time being that n is odd, then h (x) is a nonin-
creasing function, and so from Hayashi’s inequality

Lo ≤ In ≤ Uo, (3.53)

where

In = In (θ; a, b) =
∫ b

a

(θ − x)n

n!

(
f (n) (x)−m

)
dx,

λn (a, b) =
1

M −m

∫ b

a

(
f (n) (x)−m

)
dx = λ0

n (for n odd),

and
Lo = W

(
b− λ0

n, b
)
, Uo = W

(
a, a+ λ0

n

)
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with

W (l, u) = (M −m)
∫ u

l

h (x) dx = (M −m)
∫ u

l

(θ − x)n

n!
dx.

The above expressions may be simplified to give

In (θ; a, b) =
∫ b

a

f (x) dx− Tn (θ; a, b)

− m

(n+ 1)!

[
(θ − a)n+1 + (−1)n (b− θ)n+1

]
, (3.54)

where λ0
n is as given by (3.52) and (3.51), and

W (l, u) =
M −m
(n+ 1)!

[
(θ − l)n+1 − (θ − u)n+1

]
(3.55)

with
Lo =

M −m
(n+ 1)!

[(
θ −

(
b− λ0

n

))n+1 − (θ − b)n+1
]

(3.56)

and
Uo =

M −m
(n+ 1)!

[
(θ − a)n+1 −

(
θ −

(
a+ λ0

n

))n+1
]
. (3.57)

Further, it may be noticed from (3.53) that∣∣∣∣In − Uo + Lo
2

∣∣∣∣ ≤ Uo − Lo
2

, (3.58)

where

Uo ± Lo
2

=
M −m

2 (n+ 1)!

n+1∑
j=1

(−1)j−1

(
n+ 1
j

)
×
(
λ0
n

)j [
(θ − a)n+1−j ± (−1)n (b− θ)n+1−j

]
. (3.59)

Combining (3.54), (3.58), and (3.59) produces the results (3.46)–(3.52) for n,
odd.

Now, for the case when n is even. It should be noted that the inequality
(3.42) is reversed for h (x) nondecreasing and so for n even (θ−x)n

n! is nonin-
creasing for x ∈ [a, θ] and nondecreasing for x ∈ (θ, b]. Let a superscript of a
or b represent these intervals.

Then on the interval [a, θ] we have

La ≤ Ian ≤ Ua, (3.60)

where

Ian = In (θ; a, θ) ,
La = W (θ − λan, θ) , Ua = W (a, a+ λan)

© 2011 by Taylor and Francis Group, LLC



134 Mathematical Inequalities: A Perspective

with
λan = λn (a, θ) =

θ − a
M −m

(Sn−1 (a, θ)−m) .

Similarly, on (θ, b] we have
Lb ≤ Ibn ≤ U b, (3.61)

where

Ibn = In (θ; θ, b) ,

Lb = W
(
θ, θ + λbn

)
, U b = W

(
b− λbn, b

)
with

λbn = λn (θ, b) =
b− θ
M −m

(Sn−1 (θ, b)−m) .

Thus, combining (3.60) and (3.61) gives

Le ≤ In ≤ Ue, (3.62)

where

In = Ian + Ibn, (3.63)

Le = La + Lb,

Ue = Ua + U b.

That is, In is as given by (3.51) and, on using (3.55),

Le = W (θ − λan, θ) +W
(
θ, θ + λbn

)
(3.64)

=
M −m
(n+ 1)!

[
(λan)n+1 + (−1)n

(
λbn
)n+1

]
and

Ue = W (a, a+ λan) +W
(
b− λbn, b

)
(3.65)

=
M −m
(n+ 1)!

n+1∑
j=1

(−1)j−1

(
n+ 1
j

)
×
[
(λan)j (θ − a)n+1−j + (−1)n

(
λbn
)j

(b− θ)n+1−j
]
.

Further, from (3.58) we have∣∣∣∣In − Ue + Le
2

∣∣∣∣ ≤ Ue − Le
2

, (3.66)

where

Ue ± Le
2

=
M −m

2 (n+ 1)!


n+1∑
j=1

(−1)j−1

(
n+ 1
j

)[
(λan)j (θ − a)n+1−j

+ (−1)n
(
λbn
)j

(b− θ)n+1−j
]
±
[
(λan)n+1 + (−1)n

(
λbn
)n+1

]}
. (3.67)
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Combining (3.54), (3.66), and (3.67) produces the results (3.47)–(3.52) for n
even and thus the proof is complete.

We may use Steffensen’s inequality (3.43) with g (x) = f (n) (x) and h (x) =
(θ−x)n

n! to prove the above result. This will not be pursued here.
The following results were also obtained by Cerone [18] (see also Liu [131]):

Let the conditions leading to the results (3.46)–(3.52) be valid. Then

L+R ≤
∫ b

a

f (x) dx− Tn (θ; a, b) ≤ U +R (3.68)

holds, where Tn (θ; a, b) is as given by (3.47),

(n+ 1)!
m

R = (θ − a)n+1 + (−1)n (b− θ)n+1
, (3.69)

(n+ 1)!
M −m

L =


(−1)n+1

[(
b− θ − λ0

n

)n+1 − (b− θ)n+1
]
, n odd,

(λan)n+1 + (−1)n
(
λbn
)n+1

, n even

(3.70)

and

(n+ 1)!
M −m

U =


(θ − a)n+1 −

(
θ − a− λ0

n

)n+1
, n odd,

(θ − a)n+1 − (θ − a− λan)n+1

+ (−1)n+1
[(
b− θ − λbn

)n+1 − (b− θ)n+1
]
, n even

(3.71)

with

λ0
n =

b− a
M −m

(Sn−1 (a, b)−m) ,

λan =
θ − a
M −m

(Sn−1 (a, θ)−m) ,

λbn =
b− θ
M −m

(Sn−1 (θ, b)−m) ,

and

Sn−1 (a, b) =
f (n−1) (b)− f (n−1) (a)

b− a
.

Let CU = U + R and CL = L + R where R, L, and U are as defined in
(3.69)–(3.71). Further, let QL and QU be as defined by (3.74) and (3.75).
Consider DU := CU −QU and DL := CL−QL, then CU < QU and CL > QL.
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PROOF We have from (3.69)–(3.71) that

(n+ 1)!DU =


− (M −m)

[
(θ − a− λan)n+1 +

(
b− θ − λbn

)n+1
]

for n even

− (M −m)
(
θ − a− λ0

n

)n+1 for n odd

and

(n+ 1)!DL =


(M −m)

[
(λan)n+1 +

(
λbn
)n+1

]
for n even

(M −m)
(
b− θ − λbn

)n+1 for n odd.

Thus we can conclude that DU < 0 and DL > 0 for both n odd and even
since 0 < λan < θ − a and 0 < λbn < b− θ.

Comments
(a) It should be noticed that U > 0 and L > 0 since 0 < λ0

n < b − a,
0 < λan < θ − a, and 0 < λbn < b − θ as 0 < Sn−1(a,b)−m

M−m < 1. Further, R > 0
for n even or for θ > a+b

2 and n odd. Now, R < 0 for θ < a+b
2 and n odd.

(b) The result (3.68) gives nonsymmetric bounds for the generalised trape-
zoidal rule Tn (θ; a, b) as defined by (3.47) while the result (3.42) gives sym-
metric bounds for a perturbed trapezoidal rule. The bounds involve the upper
and lower bounds M and m of f (n) (x), x ∈ [a, b] and some arbitrary point
θ ∈ [a, b]. If θ is taken to be at the midpoint, that is, θ = a+b

2 , then some
simplification occurs. In particular, for n odd, Pn

(
a+b

2 ; a, b
)

= 0; and so there
is no perturbation. For n odd and θ = a+b

2 then R = 0 in (3.69).
(c) If n = 1 in (3.46), then we recapture (3.39) on taking θ = a+b

2 . Further,
(3.41) is reproduced from (3.68) on taking n = 1. Thus, the results of this
section are an extension of the work of Cerone and Dragomir [30] to involve
bounds for the generalised trapezoidal rule in terms of bounds on f (n).
If n = 1 in (3.46) then

∣∣∣∣∣
∫ b

a

f (x) dx− [(θ − a) f (a) + (b− θ) f (b)]

− (b− a) [S0 (a, b)−m]
(
θ − a+ b

2

)∣∣∣∣
≤ (b− a)2

2 (M −m)
(S0 (a, b)−m) (M − S0 (a, b)) .

Now, using the definition of S0 (a, b) = f(b)−f(a)
b−a , then the above result may
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be simplified to∣∣∣∣∣
∫ b

a

f (x) dx− b− a
2

[f (a) + f (b)] +m (b− a)
(
θ − a+ b

2

)∣∣∣∣∣
≤ (b− a)2

2 (M −m)
(S0 (a, b)−m) (M − S0 (a, b)) .

It may be noticed that the above result is a perturbed formula which has the
same bounds (3.39) independent of θ. Further, the perturbation vanishes if
θ = a+b

2 .
(d) Using a Taylor series approach, Qi [155] obtained the following in our
notation:

QL ≤
∫ b

a

f (x) dx− Tn (θ; a, b) ≤ QU ; (3.72)

where, if we define

Q (u, v) := u
(θ − a)n+1

(n+ 1)!
+ (−1)n v

(b− θ)n+1

(n+ 1)!
, (3.73)

then

QL =

Q (m,m) , n even

Q (m,M) , n odd
(3.74)

and

QU =

Q (M,M) , n even

Q (M,m) , n odd
, (3.75)

where m ≤ f (n) (x) ≤M , x ∈ [a, b] .
A comparison of (3.72) with (3.68) shows that (3.72) provides better bounds

(see Liu [131]). We note that R as defined in (3.69) is equivalent to Q (m,m),
which is the lower bound in (3.72) for n even.

3.8 A Refinement of Ostrowski’s Inequality for the
Čebyšev Functional

The following result holds [50]:

Let h : [a, b]→ R be an integrable function on [a, b] such that

−∞ < γ ≤ h (x) ≤ Γ <∞ for a.e. x on [a, b] . (3.76)
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Then we have the inequality

1
b− a

∫ b

a

∣∣∣∣∣
∫ x

a

h (t) dt− x− a
b− a

∫ b

a

h (u) du

∣∣∣∣∣ dx (3.77)

≤ 1
2

(
1

b− a

∫ b

a

h (u) du− γ

)(
Γ− 1

b− a

∫ b

a

h (u) du

)
b− a
Γ− γ

≤ 1
8

(Γ− γ) (b− a) .

The constants 1
2 and 1

8 are sharp in the sense that they cannot be replaced by
smaller constants.

PROOF Ostrowski [146, p. 368] proved the following result:
If f : [a, b]→ R is integrable and

−α ≤ f (x) ≤ 1− α, α ∈ [0, 1] and
∫ b

a

f (x) dx = 0, (3.78)

then ∫ b

a

|F (x)| dx ≤ α (1− α)
2

(b− a)2
, (3.79)

where F (x) =
∫ x
a
f (t) dt.

Define

f (t) =
1

Γ− γ

[
h (t)− 1

b− a

∫ b

a

h (u) du

]
, t ∈ [a, b] , (Γ 6= γ) .

Obviously, ∫ b

a

f (t) dt = 0

and by (3.76),

f (t) ≤
Γ− 1

b−a
∫ b
a
h (u) du

Γ− γ
= 1−

1
b−a

∫ b
a
h (u) du− γ
Γ− γ

, t ∈ [a, b] (3.80)

and

f (t) ≥
γ − 1

b−a
∫ b
a
h (u) du

Γ− γ
, t ∈ [a, b] . (3.81)

Denoting

α :=
1
b−a

∫ b
a
h (u) du− γ
Γ− γ
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we observe, by (3.80) and (3.81), that

−α ≤ f (x) ≤ 1− α for x ∈ [a, b] .

We also have

F (x) =
∫ x

a

f (t) dt =
1

Γ− γ

[∫ x

a

h (t) dt− x− a
b− a

∫ b

a

h (u) du

]

and thus, by (3.79), we may state the following inequality:

1
Γ− γ

∫ b

a

∣∣∣∣∣
∫ x

a

h (t) dt− x− a
b− a

∫ b

a

h (u) du

∣∣∣∣∣ dx
≤ 1

2

(
1
b−a

∫ b
a
h (u) du− γ
Γ− γ

)(
Γ− 1

b−a
∫ b
a
h (u) du

Γ− γ

)
(b− a)2 (3.82)

which is clearly equivalent to the first inequality in (3.77).
To prove the second inequality in (3.77), we make use of the following

elementary fact:

αβ ≤ 1
4

(α+ β)2
, α, β ∈ R; (3.83)

with equality if and only if α = β, for the choices

α =
1

b− a

∫ b

a

h (u) du− γ, β = Γ− 1
b− a

∫ b

a

h (u) du.

To prove the sharpness of the constant 1
2 , assume that (3.77) holds with a

constant C > 0. Namely,

1
Γ− γ

∫ b

a

∣∣∣∣∣
∫ x

a

h (t) dt− x− a
b− a

∫ b

a

h (u) du

∣∣∣∣∣ dx
≤ C

(
1

b− a

∫ b

a

h (u) du− γ

)(
Γ− 1

b− a

∫ b

a

h (u) du

)
b− a
Γ− γ

. (3.84)

Consider the function h : [a, b]→ R,

h (t) :=

−1 t ∈
[
a, a+b

2

]
,

1 t ∈
(
a+b

2 , b
]
.

Obviously γ = −1, Γ = 1, and
∫ b
a
h (u) du = 0.
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We have∫ b

a

∣∣∣∣∫ x

a

h (t) dt
∣∣∣∣ =

1
b− a

[∫ a+b
2

a

∣∣∣∣∫ x

a

h (t) dt
∣∣∣∣ dx+

∫ b

a+b
2

∣∣∣∣∫ x

a

h (t) dt
∣∣∣∣ dx

]

=
1

b− a

[∫ a+b
2

a

(x− a) dx+
∫ b

a+b
2

(b− x) dx

]
=
b− a

4
,

and thus, by (3.84), we deduce

b− a
4
≤ C · b− a

2
,

giving C ≥ 1
2 .

The fact that the constant 1
8 is best possible is obvious, and we omit the

details.

The following bounds for the Čebyšev functional T (f, g) hold [50]:

Let f, g : [a, b] → R be such that g is absolutely continuous on [a, b] with
g′ ∈ L∞ [a, b] and f is Lebesgue integrable and such that there exist m,M ∈ R
with

−∞ < m ≤ f (x) ≤M <∞ for a.e. x on [a, b] . (3.85)

Then we have the inequality

|T (f, g)| (3.86)

≤ 1
2
‖g′‖∞

(
1
b−a

∫ b
a
f (x) dx−m

)(
M − 1

b−a
∫ b
a
f (x) dx

)
M −m

(b− a)

≤ 1
8

(b− a) (M −m) ‖g′‖∞ .

The constants 1
2 and 1

8 are sharp in the above sense.

PROOF Integrating by parts gives

1
b− a

∫ b

a

(∫ x

a

f (t) dt− x− a
b− a

∫ b

a

f (u) du

)
g′ (x) dx

=
1

b− a

(∫ x

a

f (t) dt− x− a
b− a

∫ b

a

f (u) du

)
g (x)

∣∣∣∣∣
b

a

−
∫ b

a

g (x)

[
f (x)− 1

b− a

∫ b

a

f (u) du

]
dx

]

= − 1
b− a

∫ b

a

g (x) f (x) dx+
1

b− a

∫ b

a

g (x) dx · 1
b− a

∫ b

a

f (x) dx

= −T (f, g) .

© 2011 by Taylor and Francis Group, LLC



Ostrowski and Trapezoid Type Inequalities 141

Taking the modulus, we have

|T (f, g)| ≤ 1
b− a

∫ b

a

∣∣∣∣∣
∫ x

a

f (t) dt− x− a
b− a

∫ b

a

f (u) du

∣∣∣∣∣ |g′ (x)| dx

≤ ‖g′‖∞
1

b− a

∫ b

a

∣∣∣∣∣
∫ x

a

f (t) dt− x− a
b− a

∫ b

a

f (u) du

∣∣∣∣∣ dx
≤ 1

2
‖g′‖∞

(
1
b−a

∫ b
a
f (x) dx−m

)(
M − 1

b−a
∫ b
a
f (x) dx

)
M −m

(b− a) ,

where we have used the result (3.77).
To prove the sharpness of the constant 1

2 , assume that (3.86) holds with a
constant D > 0. That is,

|T (f, g)|

≤ D ‖g′‖∞

(
1
b−a

∫ b
a
f (x) dx−m

)(
M − 1

b−a
∫ b
a
f (x) dx

)
M −m

(b− a) . (3.87)

Consider the functions g (x) = x− a+b
2 , f : [a, b]→ R,

f (x) =

−1 if x ∈
[
a, a+b

2

]
,

1 if x ∈
(
a+b

2 , b
]
.

Then ∫ b

a

f (x) dx =
∫ b

a

g (x) dx = 0, ‖g′‖∞ = 1, m = −1, M = 1

and

T (f, g) =
1

b− a

∫ b

a

∣∣∣∣x− a+ b

2

∣∣∣∣ dx =
b− a

4
.

Thus, from (3.87), we deduce

b− a
4
≤ D · b− a

2
,

giving D ≥ 1
2 .

The last inequality and the sharpness of 1
8 are obvious; and we omit the

details.

We note, by (3.83), that the equality is achieved in the last inequality of
(3.86) if and only if α = β so that

1
b− a

∫ b

a

f (x) dx =
m+M

2
. (3.88)
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Consequently, for any integrable function f : [a, b]→ R, such that (3.88) does
not hold, the last inequality in (3.86) is strict, showing that the above result
indeed provides a refinement of Ostrowski’s inequality. The same applies for
the various applications of this inequality outlined below; and we omit the
details.

Comments
(a) We may apply (3.86) to obtain the following result due to Agarwal and
Dragomir [1]. Note that, to obtain (3.89), they used Hayashi’s inequality and
assumed differentiability of the function on the entire interval.

Let f : [a, b] → R be an absolutely continuous function so that there exist
the real numbers γ,Γ with

−∞ < γ ≤ f ′ (x) ≤ Γ <∞ for a.e. x ∈ [a, b] . (3.89)

If we denote by [f ; a, b] := f(b)−f(a)
b−a the divided difference, then we have the

inequality ∣∣∣∣∣f (a) + f (b)
2

− 1
b− a

∫ b

a

f (t) dt

∣∣∣∣∣ (3.90)

≤ 1
2
· ([f ; a, b]− γ) (Γ− [f ; a, b])

Γ− γ
(b− a)

≤ 1
8

(Γ− γ) (b− a) .

The constants 1
2 and 1

8 are best possible.

PROOF We start with the identity

f (a) + f (b)
2

− 1
b− a

∫ b

a

f (t) dt =
1

b− a

∫ b

a

(
t− a+ b

2

)
f ′ (t) dt.

By using (3.86), we may state that∣∣∣∣∣ 1
b− a

∫ b

a

(
t− a+ b

2

)
f ′ (t) dt− 1

b− a

∫ b

a

(
t− a+ b

2

)
dt · 1

b− a

∫ b

a

f ′ (t) dt

∣∣∣∣∣
≤ 1

2

∥∥∥∥ ddt
(
t− a+ b

2

)∥∥∥∥
∞
·

(
1
b−a

∫ b
a
f ′ (t) dt− γ

)(
Γ− 1

b−a
∫ b
a
f ′ (t) dt

)
Γ− γ

(b− a)

≤ 1
8

(Γ− γ) (b− a) ,

which is clearly equivalent to (3.90).
The case of sharpness for the constant 1

2 may be proved in a similar way as
above by choosing f (t) =

∣∣t− a+b
2

∣∣ , t ∈ [a, b] .
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We omit the details.

(b) Let I ⊂ R be a closed interval, a ∈ I, and n be a positive integer. If
f : I → R is such that f (n) is absolutely continuous, then for each x ∈ I

f (x) = Tn (f ; a, x) +Rn (f ; a, x) , (3.91)

where Tn (f ; a, x) is Taylor’s polynomial, namely,

Tn (f ; a, x) =
n∑
k=0

(x− a)k

k!
f (k) (a) (3.92)

(note that f (0) = f and 0! = 1), and the remainder is given by

Rn (f ; a, x) =
1
n!

∫ x

a

(x− t)n f (n+1) (t) dt. (3.93)

By using (3.86), we may point out the following perturbation of the Taylor
expansion [50]:

Let f : I → R be as above and a ∈ I. Then we have Taylor’s perturbed
formula:

f (x) = Tn (f ; a, x) +
(x− a)n+1

(n+ 1)!

[
f (n); a, x

]
+Gn (f ; a, x) ; (3.94)

and the remainder Gn (f ; a, x) satisfies the estimate

|Gn (f ; a, x)| ≤ 1
2 (n− 1)!

·
[[
f (n); a, x

]
− γn+1 (x)

] [
Γn+1 (x)−

[
f (n); a, x

]]
Γn+1 (x)− γn+1 (x)

|x− a|n+1 (3.95)

where x ∈ I and

Γn+1 (x) = sup
{
f (n+1) (t) , t ∈ [a, x] ([x, a])

}
,

γn+1 (x) = inf
{
f (n+1) (t) , t ∈ [a, x] ([x, a])

}
.

PROOF Using (3.86), we may state the following inequality:∣∣∣∣ 1
x− a

∫ x

a

(x− t)n f (n+1) (t) dt

− 1
x− a

∫ x

a

(x− t)n dt · 1
x− a

∫ x

a

f (n+1) (t) dt
∣∣∣∣

≤ 1
2
n sup
t∈[a,x]

|t− x|n−1

[[
f (n); a, x

]
−γn+1 (x)

] [
Γn+1 (x)−

[
f (n); a, x

]]
Γn+1 (x)− γn+1 (x)

|x− a| ,
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which is clearly equivalent to∣∣∣∣ 1
n!

∫ x

a

(x− t)n f (n+1) (t) dt− 1
(n+ 1)!

(x− a)n+1
[
f (n); a, x

]∣∣∣∣
≤ 1

2 (n− 1)!
|x− a|n+1

[[
f (n); a, x

]
− γn+1 (x)

] [
Γn+1 (x)−

[
f (n); a, x

]]
Γn+1 (x)− γn+1 (x)

.

Using the representations (3.91) and (3.93), we deduce the desired result.

(c) Let f : [a, b] → R be a function such that the derivative f (n−1) (n ≥ 1)
is absolutely continuous on [a, b] . Cerone, Dragomir, Roumeliotis, and Šunde
[41] obtained the following generalisation of the trapezoidal rule:∫ b

a

f (t) dt

=
n−1∑
k=0

1
(k + 1)!

[
(x− a)k+1

f (k) (a) + (−1)k (b− x)k+1
f (k) (b)

]
+

1
n!

∫ b

a

(x− t)n f (n) (t) dt. (3.96)

By the use of (3.86), we may state the following perturbed version of (3.96):

With the above assumptions for f : [a, b]→ R and if there exist the constants
γn,Γn ∈ R such that

−∞ < γn ≤ f (n) (t) ≤ Γn <∞ for a.e. t ∈ [a, b] , (3.97)

then we have the representation∫ b

a

f (t) dt

=
n−1∑
k=0

1
(k + 1)!

[
(x− a)k+1

f (k) (a) + (−1)k (b− x)k+1
f (k) (b)

]
+

(x− a)n+1 + (−1)n (b− x)n+1

(n+ 1)!

[
f (n−1); b, a

]
+ Sn (f, x) (3.98)

and the remainder Sn (f, x) satisfies the estimate

|Sn (f, x)| ≤ 1
2 (n− 1)!

[
1
2

(b− a) +
∣∣∣∣x− a+ b

2

∣∣∣∣]n−1

(b− a)2

×
([
f (n−1); a, b

]
− γn

) (
Γn −

[
f (n−1); a, b

])
Γn − γn

, (3.99)
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for any x ∈ [a, b].

PROOF Applying (3.86), we may state that∣∣∣∣ 1
b− a

∫ x

a

(x− t)n f (n) (t) dt− 1
b− a

∫ x

a

(x− t)n dt · 1
b− a

∫ x

a

f (n) (t) dt
∣∣∣∣

≤ 1
2
n sup
t∈[a,b]

|x− t|n−1 ·
([
f (n−1); a, b

]
− γn

) (
Γn −

[
f (n−1); a, b

])
Γn − γn

(b− a)

=
1
2
n

[
1
2

(b− a) +
∣∣∣∣x− a+ b

2

∣∣∣∣]n−1

×
([
f (n−1); a, b

]
− γn

) (
Γn −

[
f (n−1); a, b

])
Γn − γn

(b− a)

for any x ∈ [a, b] .
Further simplification gives∣∣∣∣∣ 1
n!

∫ x

a

(x− t)n f (n) (t) dt− (x− a)n+1 + (−1)n (b− x)n+1

(n+ 1)!

[
f (n−1); a, b

]∣∣∣∣∣
≤ 1

2 (n− 1)!

[
1
2

(b− a) +
∣∣∣∣x− a+ b

2

∣∣∣∣]n−1

(b− a)2

×
([
f (n−1); a, b

]
− γn

) (
Γn −

[
f (n−1); a, b

])
Γn − γn

.

Using the representation (3.96) we deduce the desired result.

It is natural to consider the following particular case.

With the above assumptions, we have

∫ b

a

f (t) dt =
n−1∑
k=0

1
(k + 1)!

(
b− a

2

)k+1 [
f (k) (a) + (−1)k f (k) (b)

]
+
(
b− a

2

)n [1 + (−1)n]
(n+ 1)!

[
f (n−1); b, a

]
+ Sn (f) (3.100)

and the remainder Sn (f) satisfies the bound:

|Sn (f)| ≤ 1
2n (n− 1)!

(b− a)n+1

×
([
f (n−1); a, b

]
− γn

) (
Γn −

[
f (n−1); a, b

])
Γn − γn

. (3.101)
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3.9 Ostrowski Type Inequality with End Interval Means

Let the functional S (f ; a, b) be defined by

S (f ; a, b) = f (x)−M (f ; a, b) , (3.102)

where

M (f ; a, b) =
1

b− a

∫ b

a

f (x) dx. (3.103)

The functional S (f ; a, b) represents the deviation of f (x) from its integral
mean over [a, b].

In 1938, Ostrowski proved the following integral inequality [147]:

Let f : [a, b] → R be continuous on [a, b] and differentiable on (a, b) and
assume |f ′ (x)| ≤M for all x ∈ (a, b). Then the inequality

|S (f ; a, b)| ≤

[(
b− a

2

)2

+
(
x− a+ b

2

)2
]

M

b− a
(3.104)

holds for all x ∈ [a, b]. The constant 1
4 is best possible.

In a series of papers, Dragomir and Wang [111]–[114] proved (3.104) and
other variants for f ′ ∈ Lp [a, b] for p ≥ 1, by making use of a Peano kernel
approach and Montgomery’s identity [142, p. 585]. Montgomery’s identity
states that for absolutely continuous mappings f : [a, b]→ R

f (x) =
1

b− a

∫ b

a

f (t) dt+
1

b− a

∫ b

a

p (x, t) f ′ (t) dt, (3.105)

where the kernel p : [a, b]2 → R is given by

p (x, t) =

 t− a, a ≤ t ≤ x ≤ b,

t− b, a ≤ x < t ≤ b.

If we assume that f ′ ∈ L∞ [a, b] and ‖f ′‖∞ := ess sup
t∈[a,b]

|f ′ (t)|, then M in

(3.104) may be replaced by ‖f ′‖∞.
Dragomir and Wang [111]–[114] utilised an integration by parts argument,

ostensibly Montgomery’s identity (3.105), to obtain

|S (f ; a, b)| ≤



[(
b−a

2

)2
+
(
x− a+b

2

)2] ‖f ′‖∞
b−a , f ′ ∈ L∞ [a, b] ;

[
(x−a)q+1+(b−x)q+1

q+1

] 1
q ‖f ′‖

p

b−a , f ′ ∈ Lp [a, b] ,
p > 1, 1

p + 1
q = 1;[

b−a
2 +

∣∣x− a+b
2

∣∣] ‖f ′‖1
b−a ,

(3.106)
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where f : [a, b]→ R is absolutely continuous on [a, b]. The constants 1
4 , 1

(q+1)
1
q

and 1
2 are sharp.

The following identity was developed by Cerone [28] using integration by
parts on separate intervals.

Let f : [a, b]→ R be an absolutely continuous mapping. Denote by P (x, ·) :
[a, b]→ R the kernel given by

P (x, t) =


α

α+β

(
t−a
x−a

)
, t ∈ [a, x]

−β
α+β

(
b−t
b−x

)
, t ∈ (x, b]

(3.107)

where α, β ∈ R nonnegative and not both zero, then the identity∫ b

a

P (x, t) f ′ (t) dt

= f (x)− 1
α+ β

[
α

x− a

∫ x

a

f (t) dt+
β

b− x

∫ b

x

f (t) dt

]
(3.108)

holds.

The identity (3.108) was used to obtain the bounds by Cerone [28] given
below.

Let f : [a, b]→ R be an absolutely continuous mapping and define

T (x;α, β) := f (x)− 1
α+ β

[αM (f ; a, x) + βM (f ;x, b)] , (3.109)

where M (f ; a, b) is the integral mean as defined by (3.103), then

|T (x;α, β)|

≤



[α (x− a) + β (b− x)]
‖f ′‖∞
2(α+β) , f ′ ∈ L∞ [a, b] ;

[αq (x− a) + βq (b− x)]
1
q

‖f ′‖
p

(q+1)
1
q (α+β)

, f ′ ∈ Lp [a, b] ,

p > 1, 1
p + 1

q = 1;[
1 + |α−β|

α+β

] ‖f ′‖1
2 ,

(3.110)

where ‖h‖p are the usual Lebesgue norms for h ∈ Lp [a, b] with

‖h‖∞ := ess sup
t∈[a,b]

|h (t)| <∞ and ‖h‖p :=

(∫ b

a

|h (t)|p dt

) 1
p

, 1 ≤ p <∞.
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PROOF By taking the modulus of (3.108) we have the following from
(3.109) and (3.103):

|T (x;α, β)| =

∣∣∣∣∣
∫ b

a

P (x, t) f ′ (t) dt

∣∣∣∣∣ ≤
∫ b

a

|P (x, t)| |f ′ (t)| dt. (3.111)

Thus, for f ′ ∈ L∞ [a, b], (3.111) gives

|T (x;α, β)| ≤ ‖f ′‖∞
∫ b

a

|P (x, t)| dt.

A simple calculation using (3.107) gives∫ b

a

|P (x, t)| dt =
α

α+ β

∫ x

a

t− a
x− a

dt+
β

α+ β

∫ b

x

b− t
b− x

dt

=
[

α

α+ β
(x− a) +

β

α+ β
(b− x)

] ∫ 1

0

udu

and hence the first inequality results.
Further, using Hölder’s integral inequality, we have for f ′ ∈ Lp [a, b] from

(3.111)

|T (x;α, β)| ≤ ‖f ′‖p

(∫ b

a

|P (x, t)|q dt

) 1
q

,

where 1
p + 1

q = 1 with p > 1. Now

(α+ β)

(∫ b

a

|P (x, t)|q dt

) 1
q

=

[
αq
∫ x

a

(
t− a
x− a

)q
dt+ βq

∫ b

x

(
b− t
b− x

)q
dt

] 1
q

= [αq (x− a) + βq (b− x)]
1
q

(∫ 1

0

uqdu

) 1
q

and so the second inequality is obtained.
Finally, for f ′ ∈ L1 [a, b] we have the following from (3.111) and (3.107):

|T (x;α, β)| ≤ sup
t∈[a,b]

|P (x, t)| ‖f ′‖1 ,

where

(α+ β) sup
t∈[a,b]

|P (x, t)| = max {α, β} =
α+ β

2
+
∣∣∣∣α− β2

∣∣∣∣ .
This completes the proof.
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Comments
(a) It should be noted that from (3.109) and (3.102), we have

(α+ β) T (x;α, β) = αS (f ; a, x) + βS (f ;x, b) . (3.112)

It was shown by Cerone [28] that using the triangle inequality produces coarser
bounds for |(α+ β) T (x;α, β)| than those in (3.104).

Cerone [28] further showed that (3.109) may be written in the equivalent
form

T (x;α, β) = f (x)−
[(

1− β

α+ β
ρ (x)

)
M (f ; a, x) +

β

α+ β
ρ (x)M (f ; a, b)

]
,

where ρ (x) = b−a
b−x , so that for fixed [a, b], M (f ; a, b) is also fixed, which

reduces the amount of work required for applications.
The result in (3.106) may be recaptured from specialisations of the above

results by taking α = β.
(b) Perturbed versions of the results may be obtained by using Grüss type
results involving the Čebyšev functional

T (f, g) =M (fg)−M (f)M (g) (3.113)

with M (f) being the integral mean of f over [a, b], as defined in (3.103).
For f, g : [a, b]→ R and integrable on [a, b], as is their product, then

|T (f, g)| ≤ T 1
2 (f, f) T

1
2 (g, g) , Dragomir [54]

for f, g ∈ L2 [a, b] ;
≤ Γ−γ

2 T
1
2 (f, f) , Matić et al. [135]

for γ ≤ g (t) ≤ Γ, t ∈ [a, b] ,
≤ (Γ−γ)(Φ−φ)

4 , Grüss (see Mitrinović, Pečarić,
and Fink [141, pp. 295–310]),
φ ≤ f ≤ Φ, t ∈ [a, b] .

(3.114)

Dragomir [54] obtains numerous results if either f, g or both are known,
although the first inequality in (3.114) has a long history (see for example,
Mitrinović, Pečarić, and Fink [141, pp. 295–310]. The inequalities in (3.114)
when proceeding from top to bottom are in order of decreasing coarseness.

The following result is valid (see Cerone [28]).
Let f : [a, b] → R be an absolutely continuous mapping and α ≥ 0, β ≥ 0,

α+ β 6= 0, then∣∣T (x, α, β)− (x− γ) S2
∣∣ ≤ (b− a)κ (x)

[
1
b−a ‖f

′‖22 − S2
] 1

2
,

f ′ ∈ L2 [a, b] ;

≤ (b− a)κ (x) Γ−γ
2 ,

γ < f ′ (t) < Γ, t ∈ [a, b] ;

≤ (b− a) Γ−γ
4 ,

(3.115)
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where T (x, α, β) is as given by (3.109)

γ =
αa+ βb

α+ β
, S =

f (b)− f (a)
b− a

, (3.116)

κ2 (x) =
1
3

[(
α

α+ β

)2

(x− a) +
(

β

α+ β

)2

(b− x)

]
(3.117)

−
(

x− γ
2 (b− a)

)2

.

PROOF (Sketch) Associating f (t) with P (x, t) and g (t) with f ′ (t),
then from (3.107) and (3.113) we obtain

T (P (x, ·) , f ′ (·)) =M (P (x, ·) , f ′ (·))−M (P (x, ·))M (f ′ (·))

and so, on using identity (3.108),

(b− a)T (P (x, ·) , f ′ (·)) = T (x, α, β)− (b− a)M (P (x, ·))S (3.118)

where S is the secant slope of f over [a, b] as given in (3.116). The reader is
referred to Cerone [28] for the details of the complete proof.

(c) The following is an application to the cumulative distribution function.
Let X be a random variable taking values in the finite interval [a, b] with
cumulative distribution function F (x) = Pr (X ≤ x) =

∫ x
a
f (u) du, where f

is a probability density function (p.d.f.). The following result holds [28].

Let X and F be as above. Then

|(α (b− x)− β (x− a))F (x)− (x− a) [(α+ β) (b− x) f (x)− β]| (3.119)

≤



(b− x) (x− a) [α (x− a) + β (b− x)] · ‖
f ′‖∞

2 , f ′ ∈ L∞ [a, b] ;

(b− x) (x− a) [αq (x− a) + βq (b− x)]
1
q ·
‖f ′‖

p

(q+1)
1
q
, f ′ ∈ Lp [a, b] ,

p > 1, 1
p + 1

q = 1;

(b− x) (x− a) [α+ β + |α− β|] · ‖
f ′‖1
2 , f ′ ∈ L1 [a, b] .

The specialisation of α = β = 1
2 produces the following result.

Let X be a random variable, F (x) a cumulative distribution function, and
f (x) the probability density function. Then∣∣∣∣(a+ b

2
− x
)
F (x)− (x− a)

[
(b− x) f (x)− 1

2

]∣∣∣∣
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≤



(b− x) (x− a) (b− a) · ‖
f ′‖∞

2 , f ′ ∈ L∞ [a, b] ;

(b− x) (x− a) (b− a)
1
q ·
‖f ′‖

p

2(q+1)
1
q
, f ′ ∈ Lp [a, b] ,

p > 1, 1
p + 1

q = 1;

(b− x) (x− a) · ‖
f ′‖1
2 , f ′ ∈ L1 [a, b] .

(3.120)

The above results allow the approximation of F (x) in terms of f (x). The
approximation of R (x) = 1 − F (x) could also be obtained by a simple sub-
stitution. R (x) is of importance in reliability theory where f (x) is the p.d.f.
of failure.

We may take directly from (3.109) and (3.110) β = 0, by assuming that
α 6= 0, to give

|F (x)− (x− a) f (x)| ≤



(x−a)2

2 ‖f ′‖∞ , f ′ ∈ L∞ [a, b] ;

(x− a)1+ 1
q ·
‖f ′‖

p

(q+1)
1
q
, f ′ ∈ Lp [a, b] ,

p > 1, 1
p + 1

q = 1;
(x− a) ‖f ′‖1 , f ′ ∈ L1 [a, b] ,

(3.121)

which agrees with (3.106) for |S (f ; a, x)|.
The perturbed results of Comment (b) could also be applied here; however,

this will not be pursued further.
We may replace f by F in any of the Equations (3.119)–(3.121) so that the

bounds are in terms of ‖f‖p, p ≥ 1. Further, we note that

∫ b

a

F (u) du = b− E [X] .

3.10 Multidimensional Integration via Ostrowski
Dimension Reduction

For f : [a, b]→ R we define the Ostrowski functional by

S (f ; c, x, d) := f (x)−M (f ; c, d) , (3.122)

where

M (f ; c, d) :=
1

d− c

∫ d

c

f (u) du, the integral mean. (3.123)
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The following identity may be easily shown to hold, for f of bounded variation,
by an integration by parts argument of the Riemann-Stieltjes integrals, and
so

S (f ; c, x, d) =
∫ d

c

p (x, t, c, d) df (t) , (3.124)

p (x, t, c, d) =


t− c
d− c

, t ∈ [c, x]

t− d
d− c

, t ∈ (x, d].

Further, if f (t) is assumed to be absolutely continuous for t over its respective
interval, then df (t) = f ′ (t) dt and the Riemann-Stieltjes integrals in (3.124) is
equivalent to a Riemann integral. In this instance, the corresponding identity
to (3.124) is known as Montgomery’s identity (see Cerone and Dragomir [37]).

In Cerone [20], Ostrowski type results were procured for multidimensional
integrals using an iterative approach from the one-dimensional result as a seed
or generator.

The following result uses an iterative approach to extend the Ostrowski
functional identity to multidimensions. First, we require some notation.

Let In =
n∏
i=1

[ai, bi] = [a1, b1]×[a2, b2]×· · ·×[an, bn] . Further, let f : In → R

and define operators Fi (f) and λi (f) by

Fi (f) := f (t1, . . . , ti−1, xi, ti+1, . . . , tn) where xi ∈ [ai, bi] (3.125)

and

λi (f) :=
1
di

∫ bi

ai

f (t1, . . . , ti−1, ti, ti+1, . . . , tn) dti. (3.126)

This means that Fi (f) evaluates f (·) in the ith variable at xi ∈ [ai, bi] and
λi (f) is the integral mean of f (·) in the ith variable. Assuming that f (·) is
absolutely continuous in the ith variable ti ∈ [ai, bi] , we have

Li (f) :=
1
di

∫ bi

ai

pi (xi, ti)
∂f

∂ti
dti = (Fi − λi) (f) , (3.127)

for i = 1, 2, . . . , n, where

pi (xi, ti)
di

=


ti − ai
bi − ai

, ti ∈ [ai, xi]

ti − bi
bi − ai

, ti ∈ (xi, bi] ,

(3.128)

and di = bi − ai.
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Thus (3.127) and (3.128) are ostensibly equivalent to identity (3.124) for
absolutely continuous f (t1, . . . , ti−1, ti,ti+1, . . . , tn) where ti ∈ [ai, bi] .

The following result was obtained by Cerone [20]:

Let f : In → R be absolutely continuous in such a manner that the partial
derivatives of order one with respect to every variable exist. Then

En (f)

= f (x1, x2, . . . , xn)−
n∑
i=1

1
di

∫ bi

ai

f (x1, x2, . . . , xi−1, ti, xi+1, . . . , xn) dti

+
n∑
i<j

1
didj

∫ bj

aj

∫ bi

ai

f (x1, . . . , xi−1, ti, xi+1, . . . , tj , . . . , xn) dtidtj

− · · · · · · · · · − (−1)n

Dn

∫ bn

an

· · ·
∫ bi

ai

f (t1, . . . , tn) dt1 . . . dtn (3.129)

where

En (f) :=
1
Dn

∫ bn

an

· · ·
∫ b1

a1

n∏
i=1

pi (xi, ti)
∂nf

∂tn . . . ∂t1
dt1 . . . dtn, (3.130)

Dn =
n∏
i=1

di, di = bi − ai, (3.131)

and pi (xi, ti) is given by (3.128).

PROOF Define Er (f) by [20]

Er (f) =

(
r∏
i=1

Li

)
(f) . (3.132)

Then, from the left identity in (3.127), En (f) is as given by (3.130). Further,

Er (f) = Lr (Er−1 (f)) , for r = 1, 2, . . . , n (3.133)

where E0 (f) = f.
Now, from (3.132),

E1 (f) = L1 (f) = (F1 − λ1) (f) ,

which is the Montgomery identity for t1, x1 ∈ [a1, b1]:

E1 (f) =
1
d1

∫ b1

a1

p1 (x1, t1)
∂f

∂t1
(t1, t2, . . . , tn) dt1 (3.134)

= f (x1, t2, . . . , tn)− 1
d1

∫ b1

a1

f (t1, t2, . . . , tn) dt1.
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Further,

E2 (f)
= L2 (E1 (f)) = (F2 − λ2) (E1 (f))
= F2 (E1 (f))− λ2 (E1 (f))

= f (x1, x2, t3, . . . , tn)− 1
d1

∫ b1

a1

f (t1, x2, t3, . . . , tn) dt1

− 1
d2

∫ b2

a2

[
f (x1, t2, . . . , tn)− 1

d1

∫ b1

a1

f (t1, t2, . . . , tn) dt1

]
dt2

= f (x1, x2, t3, . . . , tn)− 1
d1

∫ b1

a1

f (t1, x2, t3, . . . , tn) dt1

− 1
d2

∫ b2

a2

f (t1, t2, t3, . . . , tn) dt2 +
1

d1d2

∫ b2

a2

∫ b1

a1

f (t1, t2, . . . , tn) dt1dt2.

Continuing in this manner until r = n gives the result as stated in (3.129).

The result given by (3.129) may be utilised to approximate the n-dimensional
integral in terms of lower dimensional integrals and a function evaluation
f (x1, x2, . . . , xn) where xi ∈ [bi, ai] , i = 1, 2, . . . , n. Specifically, there are(
n
0

)
function evaluations,

(
n
1

)
single integral evaluations, and so forth, in

each of the axes,
(
n
2

)
double integral evaluations and so on, and, of course,(

n
n

)
n-dimensional integral evaluations. This results from the fact that

En (f) =

(
n∏
i=1

Li

)
(f) =

(
n∏
i=1

(Fi − λi)

)
(f) , (3.135)

on using (3.132) and (3.125)–(3.127).
It is subsequently demonstrated that the above procedure of utilising a

one-dimensional identity as the seed or generator to recursively obtain a mul-
tidimensional identity may be extended to other seed identities.

In the following result, bounds for τn
(
a
∼
, x

∼
, b

∼

)
are obtained where

τn

(
a
∼
, x

∼
, b

∼

)
= f (x1, x2, . . . , xn)−

n∑
i=1

1
di

∫ bi

ai

f (x1, x2, . . . , xi−1, ti, xi+1, . . . , xn) dti

+
n∑
i<j

1
djdi

∫ bj

aj

∫ bi

ai

f (x1, . . . , xi−1, ti, xi+1, . . . , xj−1, tj , xj+1, . . . , xn) dtidtj

− · · · − (−1)n

Dn

∫ bn

an

· · ·
∫ b1

a1

f (t1, . . . , tn) dt1 . . . dtn (3.136)
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and z
∼

= (z1, z2, . . . , zn) [20].

Let f : In → R be absolutely continuous in such a manner that the partial
derivatives of order one with respect to every variable exist. Then∣∣∣τn (a∼, x∼, b∼)∣∣∣ (3.137)

≤



n∏
i=1

Pi (1)
∥∥∥∥ ∂nf

∂tn . . . ∂t1

∥∥∥∥
∞
,

∂nf

∂tn . . . ∂t1
∈ L∞ [In] ;

(
n∏
i=1

Pi (q)

) 1
q ∥∥∥∥ ∂nf

∂tn . . . ∂t1

∥∥∥∥
p

,
∂nf

∂tn . . . ∂t1
∈ Lp [In] ,

p > 1, 1
p + 1

q = 1;
n∏
i=1

θi

∥∥∥∥ ∂nf

∂tn . . . ∂t1

∥∥∥∥
1

,
∂nf

∂tn . . . ∂t1
∈ L1 [In] ,

where τn
(
a
∼
, x

∼
, b

∼

)
is as defined by (3.136),

(q + 1)Pi (q) = (xi − ai)q+1 + (bi − xi)q+1
, (3.138)

θi =
bi − ai

2
+
∣∣∣∣xi − ai + bi

2

∣∣∣∣ . (3.139)

PROOF (Follows Cerone [20]; see also Cerone [17]). From (3.130) and
(3.136), we obtain∣∣∣τn (a∼, x∼, b∼)∣∣∣

= |En (f)| ≤ 1
Dn

∫ bn

an

· · ·
∫ b1

a1

∣∣∣∣∣
n∏
i=1

pi (xi, ti)
∂nf

∂tn . . . ∂t1

∣∣∣∣∣ dt1 . . . dtn. (3.140)

Now, for ∂nf
∂tn...∂t1

∈ L∞ [In], we have

Dn |En (f)| (3.141)

≤
∫ bn

an

· · ·
∫ b1

a1

∣∣∣∣∣
n∏
i=1

pi (xi, ti)

∣∣∣∣∣ dt1 . . . dtn
∥∥∥∥ ∂nf

∂tn . . . ∂t1

∥∥∥∥
∞

=
n∏
i=1

∫ bi

ai

|pi (xi, ti)| dti
∥∥∥∥ ∂nf

∂tn . . . ∂t1

∥∥∥∥
∞
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=
n∏
i=1

[∫ xi

ai

(ti − ai) dti +
∫ bi

xi

(bi − ti) dti

]∥∥∥∥ ∂nf

∂tn . . . ∂t1

∥∥∥∥
∞

=
1
2n

n∏
i=1

[
(xi − ai)2 + (bi − xi)2

] ∥∥∥∥ ∂nf

∂tn . . . ∂t1

∥∥∥∥
∞
.

Hence combining (3.140) and (3.141) gives the first inequality of (3.137).
Further, using the Hölder inequality, we have for ∂nf

∂tn...∂t1
∈ Lp [In], 1 ≤

p <∞,

Dn |En (f)| ≤

(∫ bn

an

· · ·
∫ b1

a1

∣∣∣∣∣
n∏
i=1

pi (xi, ti)

∣∣∣∣∣
q

dt1 . . . dtn

) 1
q ∥∥∥∥ ∂nf

∂tn . . . ∂t1

∥∥∥∥
p

,

where ∫ bn

an

· · ·
∫ b1

a1

∣∣∣∣∣
n∏
i=1

pi (xi, ti)

∣∣∣∣∣
q

dt1 . . . dtn

=
n∏
i=1

∫ bi

ai

|pi (xi, ti)|q dti

=
n∏
i=1

[∫ xi

ai

(ti − ai)q dti +
∫ bi

xi

(bi − ti)q dti

]

=
1

(q + 1)n
n∏
i=1

[
(xi − ai)q+1 + (bi − xi)q+1

]
and so the second inequality is valid on noting (3.138).

The final inequality in (3.137) is obtained from (3.140) for ∂nf
∂tn...∂t1

∈ L1 [In],
giving

Dn |En (f)| ≤ sup
t
∼
∈
[
a
∼
, b
∼

]
∣∣∣∣∣
n∏
i=1

pi (xi, ti)

∣∣∣∣∣
∫ bn

an

· · ·
∫ b1

a1

∣∣∣∣ ∂nf

∂tn . . . ∂t1

∣∣∣∣ dt1 . . . dtn
=

n∏
i=1

sup
ti∈[ai,bi]

|pi (xi, ti)|
∥∥∥∥ ∂fn

∂tn . . . ∂t1

∥∥∥∥
1

=
n∏
i=1

max {xi − ai, bi − xi}
∥∥∥∥ ∂fn

∂tn . . . ∂t1

∥∥∥∥
1

.

On noting that max {X,Y } = X+Y
2 + |X−Y |2 readily produces the stated result.
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Comments
(a) The expression for τn

(
a
∼
, x

∼
, b

∼

)
may be written in a less explicit form

which is perhaps more appealing. Namely,

τn

(
a
∼
, x

∼
, b

∼

)
= f (x1, x2, . . . , xn) +

n−1∑
k=1

(−1)k
∑
k

Mk + (−1)nMn, (3.142)

where Mk represents the integral means in k variables with the remainder
being evaluated at their respective interior point and

∑
kMk is a sum over

all
(
n
k

)
, k-dimensional integral means. Here

Mn =
1
Dn

∫ bn

an

· · ·
∫ b1

a1

f (t1, . . . , tn) dt1 . . . dtn

and

∑
1

M1 =
1
d1

∫ b1

a1

f (t1, x2, . . . , xn) dt1 +
1
d2

∫ b2

a2

f (x1, t2, x3, . . . , xn) dt2

+ · · ·+ 1
dn

∫ bn

an

f (x1, x2, . . . , xn−1, tn) dtn.

(b) Taking αi = ai+bi
2 above gives a midpoint type rule.

(c) Perturbed rules via the Čebyšev functional were obtained by Cerone [20].
(d) Other rules may be utilised as the seed or generator of multidimensional
integrals in an iterative fashion as shown by Cerone [20].

3.11 Multidimensional Integration via Trapezoid and
Three Point Generators with Dimension Reduction

For f : [a, b]→ R we define the Ostrowski and trapezoidal functionals by

S (f ; c, x, d) := f (x)−M (f ; c, d) (3.143)

and

T (f ; c, x, d) :=
(
x− c
d− c

)
f (c) +

(
d− x
d− c

)
f (d)−M (f ; c, d) , (3.144)

respectively, where

M (f ; c, d) :=
1

d− c

∫ d

c

f (u) du, the integral mean. (3.145)
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The following identities may be easily shown to hold for f of bounded varia-
tion, by an integration by parts argument of the Riemann-Stieltjes integrals
and so

S (f ; c, x, d)=
∫ d

c

p (x, t, c, d) df (t) , p (x, t, c, d)=


t−c
d−c , t ∈ [c, x]

t−d
d−c , t ∈ (x, d]

(3.146)

and

T (f ; c, x, d)=
∫ d

c

q (x, t, c, d) df (t) , q (x, t, c, d)=
t− x
d− c

, x, t ∈ [c, d] . (3.147)

Dragomir and Rassias’s book Ostrowski Type Inequalities and Applications
in Numerical Integration [109] is devoted to Ostrowski type results involving
(3.143) and numerous generalisations (see also Cerone [23]).

Further, define the three point functional T (f ; a, α, x, β, b) which involves
the difference between the integral mean and a weighted combination of a
function evaluated at the end points and an interior point. Namely, for a ≤
α < x < β ≤ b,

T (f ; a, α, x, β, b)

:=
(
α− a
b− a

)
f (a) +

(
β − α
b− a

)
f (x) +

(
b− β
b− a

)
f (b)−M (f ; a, b) . (3.148)

Cerone and Dragomir [37] showed that for f of bounded variation, the identity

T (f ; a, α, x, β, b) =
∫ b

a

r (x, t) df (t) , r (x, t) =


t−α
b−a , t ∈ [a, x]

t−β
b−a , t ∈ (x, b]

(3.149)

is valid. They effectively demonstrated that the Ostrowski functional and the
trapezoid functional could be recaptured as particular instances. Specifically,
from (3.148) and (3.149), we have

S (f ; a, x, b) = T (f ; a, a, x, b, b)

and
T (f ; a, x, b) = T (f ; a, x, x, x, b) ,

where S (f ; a, x, b) and T (f ; a, x, b) are defined by (3.143) and (3.144) and
satisfy identities (3.146) and (3.147), respectively.

It should be noted at this stage that

(b− a) T

(
f ; a,

5a+ b

6
,
a+ b

2
,
a+ 5b

6
, b

)
=
b− a

6

[
f (a) + 4f

(
a+ b

2

)
+ f (b)

]
−
∫ b

a

f (x) dx
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is the Simpson functional.
Further, if f (t) is assumed to be absolutely continuous for t over its re-

spective interval, then df (t) = f ′ (t) dt and the Riemann-Stieltjes integrals in
(3.148) and (3.149) are equivalent to Riemann integrals.

In the current work, the generalised trapezoidal (3.146) and (3.147), and
three point identities and (3.148) and (3.149) for absolutely continuous func-
tions are used as generators to produce identities involving multidimensional
integrals in terms of lower dimensional integrals and function evaluations.
These are used to procure bounds for ∂nf

∂tn···∂t1 ∈ Lp [In] , 1 ≤ p ≤ ∞, where
In = [a1, b1]× · · ·× [an, bn] . Here for h : In → R we mean by h ∈ Lp [In] , the
Lebesgue norms, that is,

‖h‖p :=

(∫ bn

an

· · ·
∫ b1

a1

|h (t1, t2, . . . , tn)|p dt1 . . . dtn

) 1
p

,

1 ≤ p <∞, for h ∈ Lp [In] , (3.150)

and
‖h‖∞ := ess sup

t
∼
∈In
|h (t1, t2, . . . , tn)| , for h ∈ L∞ [In] , (3.151)

where t
∼

= (t1, t2, . . . , tn) and ti ∈ [ai, bi] , i = 1, 2, . . . , n.

The methodology of Cerone [20] (see also Section 3.10) is used for the cur-
rent work. That work turns out to be a particular case of the three point
development starting from Equation (3.171). The generalised trapezoidal re-
sults below are also specialisations of the three point results.

We follow the presentation by Cerone [22]. The generalised trapezoidal
identity (3.147) with (3.144) is used as the generator of a higher dimensional
result. We restrict the current work to absolutely continuous functions so that
the Riemann integral identity corresponding to (3.147) is used. Let f : In → R
and define the operator

Gi (f) :=
Ai
di
f (t1, . . . , ti−1, ai, ti+1, . . . , tn)

+
Bi
di
f (t1, . . . , ti−1, bi, ti+1, . . . , tn) (3.152)

and

λi (f) :=
1
di

∫ bi

ai

f (t1, . . . , ti−1, ti, ti+1, . . . , tn) dti (3.153)

where
Ai = xi − ai, Bi = bi − xi, di = bi − ai. (3.154)

Here diGi (f) represents the generalised trapezoid in the ith variable, giving
the standard trapezoid when xi = ai+bi

2 .
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We note that Ai +Bi = di and if we extend the notation to

Ãi (xi) = xi − ai, and B̃i (xi) = bi − xi,

then we see that

Ãi (xi) =

{
0, xi = ai

di, xi = bi
and B̃i (xi) =

{
di, xi = ai

0, xi = bi
.

Now, for f (·) absolutely continuous in the ith variable ti ∈ [ai, bi] we have

Mi (f) =
1
di

∫ bi

ai

qi (xi, ti)
∂f

∂ti
dti = (Gi − λi) (f) , i = 1, 2, . . . , n, (3.155)

where Gi (f) and λi (f) are as given by (3.152)–(3.154), and

qi (xi, ti)
di

=
ti − xi
bi − ai

, xi, ti ∈ [ai, bi] . (3.156)

Let c(0) = (c1, c2, . . . , cn) , where ci = ai or bi in the ith position for i =
1, 2, . . . , n. Also, let σ0

(
c(0)
)

be the set of all such vectors which consists of
2n possibilities. Further, let

χk =
n∏
j=1

(k) Cj
dj
, k = 0, 1, . . . , n, (3.157)

where Cj = Aj or Bj with the exception that k of the Cj = dj and so Cj
dj

= 1.

In a similar fashion, let c(k) be a vector taking on the fixed values ai or bi in
the ith position except for k of the positions which are variable, t•. Let Mk

be k-dimensional integral means for f
(
c(k)
)
. Here c(k) ∈ σk

(
c(k)
)
, the set of

all such elements, of which there are
(
n
k

)
2n−k.

With the above notation in place, the following identity holds [22].

Let f : In → R be absolutely continuous and be such that all partial deriva-
tives of order one in each of the variables exist. Then

Rn (f) =
∑

0
χ0f

(
c(0)
)
−
∑

1
χ1M1 +

∑
2
χ2M2 (3.158)

− · · · − (−1)n−1
∑

n−1
χn−1Mn−1 + (−1)nMn

:= ρn

(
a
∼
, x

∼
, b

∼

)
,

where, χk is as defined in (3.157), Mk is the k-dimensional integral mean for
f
(
c(k)
)
, specifically,

Mn =
1
Dn

∫ bn

an

· · ·
∫ b1

a1

f (t1, t2, . . . , tn) dt1 · · · dtn,
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where

Dn =
n∏
i=1

di, (3.159)

and
∑
k is a sum involving each of the elements of σk

(
c(k)
)

of which there
are

(
n
k

)
2n−k terms. Further,

Rn (f) =
1
Dn

∫ bn

an

· · ·
∫ b1

a1

n∏
i=1

qi (xi, ti)
∂nf

∂tn · · · ∂t1
dt1 · · · dtn, (3.160)

and qi (xi, ti) is given by (3.156), Dn by (3.159). Here, ci is equal to either ai
or bi in which case Ci = Ai or Bi.

PROOF (Follows from Cerone [22]). Let Rr (f) be defined by

Rr (f) :=

(
r∏
i=1

Mi

)
(f) , (3.161)

then from the left identity in (3.155), Rn (f) is as given by (3.160). Now,

Rr (f) = Mr (Rr−1 (f)) , for r = 1, 2, . . . , n, (3.162)

where R0 (f) = f .
Thus, from (3.161)

R1 (f) = M1 (f) = (G1 − λ1) (f) ,

which is the generalised trapezoidal identity for t1, x1 ∈ [a1, b1],

R1 (f) =
1
d1

∫ b1

a1

q1 (x1, t1)
∂f

∂t1
(t1, t2, . . . , tn) dt1 (3.163)

=
A1

d1
f (a1, t2, . . . , tn) +

B1

d1
f (b1, t2, . . . , tn)

− 1
d1

∫ b1

a1

f (t1, t2, . . . , tn) dt1

contains three entities; two function evaluations and one integral. Further,

R2 (f) = M2 (R1 (f)) = (G2 − λ2) (R1 (f))
= G2 (R1 (f))− λ2 (R1 (f))

=
A2

d2
R1 (f)

∣∣∣∣
t2=a2

+
B2

d2
R1 (f)

∣∣∣∣
t2=b2

− 1
d2

∫ b2

a2

R1 (f) dt2
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contains nine entities. Thus,

R2 (f) (3.164)

=
A2

d2

{
A1

d1
f (a1, a2, t3, . . . , tn) +

B1

d1
f (b1, a2, t3, . . . , tn)

− 1
d1

∫ b1

a1

f (t1, a2, t3, . . . , tn) dt1

}

+
B2

d2

{
A1

d1
f (a1, b2, t3, . . . , tn) +

B1

d1
f (b1, b2, t3, . . . , tn)

− 1
d1

∫ b1

a1

f (t1, b2, t3, . . . , tn) dt1

}

− 1
d2

∫ b2

a2

{
A1

d1
f (a1, t2, . . . , tn) +

B1

d1
f (b1, t2, t3, . . . , tn)

− 1
d1

∫ b1

a1

f (t1, t2, . . . , tn) dt1

}
dt2

=
A2

d2

A1

d1
f (a1, a2, t3, . . . , tn) +

A2

d2

B1

d1
f (b1, a2, t3, . . . , tn)

+
B2

d2

A1

d1
f (a1, b2, t3, . . . , tn) +

B2

d2

B1

d1
f (b1, b2, t3, . . . , tn)

− A2

d2
· 1
d1

∫ b1

a1

f (t1, a2, t3, . . . , tn) dt1

− B2

d2
· 1
d1

∫ b1

a1

f (t1, b2, t3, . . . , tn) dt1

− A1

d1
· 1
d2

∫ b2

a2

f (a1, t2, . . . , tn) dt2

− B1

d1
· 1
d2

∫ b2

a2

f (b1, t2, t3, . . . , tn) dt2

+
1

d2d1

∫ b2

a2

∫ b1

a1

f (t1, t2, . . . , tn) dt1dt2.

From the 32 entities of R2 (f) there are 22 function evaluations, 2 × 2 single
integrals, and one double integral:

R3 (f) = M3 (R2 (f)) = (G3 − λ3) (R2 (f)) = G3 (R2 (f))− λ3 (R2 (f))

=
A3

d3
R2 (f)

∣∣∣∣
t3=a3

+
B3

d3
R2 (f)

∣∣∣∣
t3=b3

− 1
d3

∫ b3

a3

R2 (f) dt3.

This will produce 32 entities with
(

3
0

)
23 function evaluations,

(
3
1

)
22 single

integrals,
(

3
2

)
21 double integrals, and

(
3
0

)
20 triple integrals. The 2 occurs
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since evaluation is at either the ai or the bi.
Continuing in this manner we obtain the result as stated where there are

3n entities for Rn (f), with
(
n
0

)
2n function evaluations only,

(
n
1

)
2n−1 single

integrals,
(
n
2

)
2n−2 double integrals, ... ,

(
n
n−1

)
2, (n− 1)th integrals, and

one n-dimensional integral.

We now obtain bounds for ρn
(
a
∼
, x

∼
, b

∼

)
as defined in (3.158) for ∂nf

∂tn...∂t1
∈

Lp [In], 1 ≤ p ≤ ∞ with the usual Lebesgue norms [22].

Let f : In → R be absolutely continuous such that all partial derivatives of
order one in each of the variables exist. Then

Dn

∣∣∣ρn (a∼, x∼, b∼)∣∣∣

≤



∏n
i=1Qi (1)

∥∥∥ ∂nf
∂tn···∂t1

∥∥∥
∞
, ∂nf

∂tn···∂t1 ∈ L∞ [In] ;

(
∏n
i=1Qi (q))

1
q

∥∥∥ ∂nf
∂tn···∂t1

∥∥∥
p
, ∂nf
∂tn···∂t1 ∈ Lp [In] ,

p > 1, 1
p + 1

q = 1∏n
i=1 φi

∥∥∥ ∂nf
∂tn···∂t1

∥∥∥
1
, ∂nf

∂tn···∂t1 ∈ L1 [In] ;

(3.165)

where ρn
(
a
∼
, x

∼
, b

∼

)
is as defined by (3.158),

(q + 1)Qi (q) = Aq+1
i +Bq+1

i , (3.166)

φi =
di
2

+ |xi − γi| . (3.167)

PROOF (Follows Cerone [22].) From (3.158) and (3.160) we have∣∣∣ρn (a∼, x∼, b∼)∣∣∣ = |Rn (f)| (3.168)

≤ 1
Dn

∫ bn

an

· · ·
∫ b1

a1

∣∣∣∣∣
n∏
i=1

qi (xi, ti)
∂nf

∂tn · · · ∂t1

∣∣∣∣∣ dt1 · · · dtn.
Now, for ∂nf

∂tn...∂t1
∈ L∞ [In] , we obtain

|Rn (f)| ≤
∥∥∥∥ ∂nf

∂tn · · · ∂t1

∥∥∥∥
∞

∫ bn

an

· · ·
∫ b1

a1

∣∣∣∣∣
n∏
i=1

qi (xi, ti)

∣∣∣∣∣ dt1 · · · dtn (3.169)

=
∥∥∥∥ ∂nf

∂tn · · · ∂t1

∥∥∥∥
∞

n∏
i=1

∫ bi

ai

|qi (xi, ti)| dti
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=
∥∥∥∥ ∂nf

∂tn · · · ∂t1

∥∥∥∥
∞

n∏
i=1

[∫ xi

ai

(ti − ai) dti +
∫ bi

xi

(bi − ti) dti

]

=
1
2n

n∏
i=1

[
A2
i +B2

i

] ∥∥∥∥ ∂nf

∂tn · · · ∂t1

∥∥∥∥
∞
.

Thus, combining (3.168) and (3.169) gives the first inequality in (3.165).
Further, using the Hölder inequality for multiple integrals, we have from

(3.168) the following for ∂nf
∂tn...∂t1

∈ Lp [In] , 1 < p <∞:

Dn |Rn (f)|

≤
∥∥∥∥ ∂nf

∂tn · · · ∂t1

∥∥∥∥
p

(∫ bn

an

· · ·
∫ b1

a1

∣∣∣∣∣
n∏
i=1

qi (xi, ti)

∣∣∣∣∣
q

dt1 · · · dtn

) 1
q

. (3.170)

Here, on using (3.156), we have∫ bn

an

· · ·
∫ b1

a1

∣∣∣∣∣
n∏
i=1

qi (xi, ti)

∣∣∣∣∣
q

dt1 · · · dtn

=
n∏
i=1

∫ bi

ai

|pi (xi, ti)|q dti =
n∏
i=1

[∫ xi

ai

(ti − ai)q dti +
∫ bi

xi

(bi − ti)q dti

]

=
1

(q + 1)n
n∏
i=1

[
Aq+1
i +Bq+1

i

]
.

The second inequality in (3.165) holds on utilising (3.168) and noting (3.166).
The final inequality in (3.165) is obtained from (3.169) for ∂nf

∂tn...∂t1
∈ L1 [In],

giving from (3.168)

Dn |Rn (f)| ≤ sup
t
∼
∈
[
a
∼
, b
∼

]
∣∣∣∣∣
n∏
i=1

qi (xi, ti)

∣∣∣∣∣
∥∥∥∥ ∂nf

∂tn · · · ∂t1

∥∥∥∥
1

=
n∏
i=1

sup
ti∈[ai,bi]

|qi (xi, ti)|
∥∥∥∥ ∂nf

∂tn · · · ∂t1

∥∥∥∥
1

=
n∏
i=1

max {Ai, Bi}
∥∥∥∥ ∂nf

∂tn · · · ∂t1

∥∥∥∥
1

.

Noting that

max {X,Y } =
X + Y

2
+
|X − Y |

2

gives the final result.

We follow the development by Cerone [22].
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For f (·) absolutely continuous, then from (3.148) and (3.149)

T (f ; a, α, x, β, b)=
∫ b

a

r (x, t) f ′ (t) dt, r (x, t)=


t−α
b−a , t ∈ [a, x]

t−β
b−a , t ∈ (x, b]

. (3.171)

However, it may be noticed that

T (f ; a, α, x, β, b) = T (f ; a, α, x) + T (f ;x, β, b) (3.172)

and

r (x, t) =

 q (α, t) , t ∈ [a, x]

q (β, t) , t ∈ (x, b]
(3.173)

where q (x, t) = t−x
b−a , t, x ∈ [a, b] .

Thus we have the identity

Ψn

(
a
∼
, α

∼
, x

∼
, β

∼
, b

∼

)
(3.174)

:= ρn

(
a
∼
, α

∼
, x

∼

)
+ ρn

(
x
∼
, β

∼
, b

∼

)
=

1
Dn

∫ xn

an

· · ·
∫ x1

a1

n∏
i=1

(ti − αi)
∂nf

∂tn · · · ∂t1
dt1 · · · dtn

+
1
Dn

∫ bn

xn

· · ·
∫ b1

x1

n∏
i=1

(ti − βi)
∂nf

∂tn · · · ∂t1
dt1 · · · dtn

=
∫ bn

an

· · ·
∫ b1

a1

n∏
i=1

ri (xi, ti)
∂nf

∂tn · · · ∂t1
dt1 · · · dtn

where

ri (xi, ti)
di

=


ti − αi
di

, ti ∈ [ai, xi]

ti − βi
di

, ti ∈ (xi, bi]

. (3.175)

It is important to obtain an identity for the three point rule since the
bounds are tighter than using the bounds of the two trapezoidal rules, as this

would entail using the triangle inequality. We notice that Ψn

(
a
∼
, α

∼
, x

∼
, β

∼
, b

∼

)
in (3.174) is not expressed explicitly. This may be accomplished by returning
to (3.158), or else we may use the generator methodology which was utilised
to obtain the results for the Ostrowski and trapezoidal functionals.
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Let f : In → R and define the operator

Hi (f) :=
ν

(a)
i

di
f (t1, . . . , ti−1, ai, ti+1, . . . , tn)

+
ν

(x)
i

di
f (t1, . . . , ti−1, xi, ti+1, . . . , tn)

+
ν

(b)
i

di
f (t1, . . . , ti−1, bi, ti+1, . . . , tn) , (3.176)

where

ν
(a)
i = αi − ai, ν

(x)
i = βi − αi, ν

(b)
i = bi − βi, di = bi − ai. (3.177)

Then, from (3.153)–(3.171) for f (·) absolutely continuous in the ith variable
ti ∈ [ai, bi] we have

Ni (f) =
1
di

∫ bi

ai

ri (xi, ti)
∂f

∂ti
dti = (Hi − λi) (f) , i = 1, 2, . . . , n. (3.178)

where Hi (f) and λi (f) are as given by (3.176)–(3.177), and (3.153) respec-
tively.

If we now follow the work of the previous subsection and let c(0) =
(c1, c2, . . . , cn), where now ci = ai, xi, or bi in the ith partition for i =
1, 2, . . . , n, then σ0

(
c(0)
)

is the set of all such vectors consists of 3n possi-
bilities. Let χn be as in (3.157) where now, Cj = ν

(a)
j or ν(x)

j or ν(b)
j are as

defined by (3.177) with the exception that k of the Cj = dj and so Cj
dj

= 1.

Further, c(k) is a vector taking on fixed values of either ai, xi or bi in the
ith position except for k of the positions which are variable, t•. Let Mk be
k-dimensional integral means for f

(
c(k)
)
, then the following result holds [22].

Let f : In → R be absolutely continuous and be such that all partial deriva-
tives of order one in each of the variables exist. Then

Bn (f) =
∑

0
χ0f

(
c(0)
)
−
∑

1
χ1M1 +

∑
2
χ2M2 (3.179)

− · · · − (−1)n−1
∑

n−1
χn−1Mn−1 + (−1)nMn

:= Ψn

(
a
∼
, α

∼
, x

∼
, β

∼
, b

∼

)
,

where

χk =
n∏
j=1

(k) Cj
dj
, k = 0, 1, . . . , n, (3.180)

with Cj = ν
(a)
j , ν(x)

j , or ν(b)
j as defined in (3.177) except for k of the Cj =

dj, giving Cj
dj

= 1, Mk is the k-dimensional integral mean of f
(
c(k)
)
, and
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specifically,

Mn =
1
Dn

∫ bn

an

· · ·
∫ b1

a1

f
(
c(n)

)
dt1 . . . dtn, c

(n) = (t1, t2, . . . , tn) .

Finally,
∑
k is a sum over all

(
n
k

)
3n−k terms and Bn (f) is as defined in

(3.174).

The proof is similar to the result in (3.158), except that for each variable
ti there are now three possible choices for evaluation of either ai, xi, or bi.

The following result gives bounds for the Ψn

(
a
∼
, α

∼
, x

∼
, β

∼
, b

∼

)
as given in

either (3.179) or (3.174) [22].

Let f : In → R be absolutely continuous and be such that all partial deriva-
tives of order one in each of the variables exist. Then

Dn

∣∣∣∣Ψn

(
a
∼
, α

∼
, x

∼
, β

∼
, b

∼

)∣∣∣∣

≤



n∏
i=1

Si (1)
∥∥∥∥ ∂nf

∂tn · · · ∂t1

∥∥∥∥
∞
,

∂nf

∂tn · · · ∂t1
∈ L∞ [In] ;

(
n∏
i=1

Si (q)

) 1
q ∥∥∥∥ ∂nf

∂tn · · · ∂t1

∥∥∥∥
p

,
∂nf

∂tn · · · ∂t1
∈ L∞ [In] ,

p > 1, 1
p + 1

q = 1
n∏
i=1

ζi

∥∥∥∥ ∂nf

∂tn · · · ∂t1

∥∥∥∥
1

,
∂nf

∂tn · · · ∂t1
∈ L1 [In] ;

(3.181)

where ‖h‖p, 1 ≤ p < ∞, and ‖h‖∞ are defined by (3.150) and (3.151),

Ψn

(
a
∼
, α

∼
, x

∼
, β

∼
, b

∼

)
is defined by (3.174) or, explicitly, by (3.179),

(q + 1)Si (q)

= (αi − ai)q+1 + (xi − αi)q+1 + (βi − xi)q+1 + (bi − βi)q+1
, (3.182)

ζi =
1
2

{
bi − ai

2
+
∣∣∣∣αi − ai + xi

2

∣∣∣∣ +
∣∣∣∣βi − xi + bi

2

∣∣∣∣
+
∣∣∣∣xi − ai + bi

2
+
∣∣∣∣αi − ai + xi

2

∣∣∣∣− ∣∣∣∣βi − xi + bi
2

∣∣∣∣∣∣∣∣} . (3.183)
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Comments
(a) It should be noted that the bounds given on

∣∣∣τn (a∼, x∼, b∼)∣∣∣ by (3.137)

in Section 3.10 are exactly the same bounds as those given by (3.165) for∣∣∣ρn (a∼, x∼, b∼)∣∣∣ . It was shown by Cerone [25] that the bounds in terms of the

Lebesgue norms on |S (f ; c, x, d)| and |T (f ; c, x, d)| , as defined in (3.143) and
(3.144), are the same. Since the identities for these two functionals were used
as generators for the multidimensional extension, the equality of the two sets
of bounds (3.137) and (3.165) should not come as a great surprise. Finally we
notice, due to convexity of the bounds in (3.165), that the sharpest bounds
occur at xi = γi = ai+bi

2 .
(b) The bounds obtained above in the result (3.181) are the product of the
bounds for the one dimensional integral results. It should further be noted
that the three point results recapture the generalised trapezoidal results of
the previous section if we take αi = βi = xi. In addition, the Ostrowski type
results of Cerone [20] are recaptured if we take αi = ai and βi = bi.

3.12 Relationships between Ostrowski, Trapezoidal, and
Čebyšev Functionals

In this section, we consider the relationship between the three functionals,
for f : [a, b]→ R,

S (f ; a, x, b) := f (x)−M (f ; a, b) , (3.184)

T (f ; a, x, b) :=
(
x− a
b− a

)
f (a) +

(
b− x
b− a

)
f (b)−M (f ; a, b) , (3.185)

and
T (f, g; a, b) :=M (fg; a, b)−M (f ; a, b)M (g; a, b) , (3.186)

where

M (f ; a, b) :=
1

b− a

∫ b

a

f (u) du, the integral mean. (3.187)

The above functionals will be termed as the Ostrowski, trapezoidal, and
Čebyšev functionals, respectively.

It may easily be demonstrated through an integration by parts argument
of the Riemann-Stieltjes integral on the intervals [a, x] and (x, b] that the
functional S (f ; a, x, b) satisfies the identity

S (f ; a, x, b) =
∫ b

a

p (x, t) df (t) , p (x, t) =


t−a
b−a , t ∈ [a, x] ,

t−b
b−a , t ∈ (x, b].

(3.188)
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For f absolutely continuous, df (t) ≡ f ′ (t) dt. Thus, (3.188) becomes the
Montgomery identity.

It may further be demonstrated by integration by parts of the Riemann-
Stieltjes integral that the identity [39]

T (f ; a, x, b) =
∫ b

a

q (x, t) df (t) , q (x, t) =
t− x
b− a

, x, t ∈ [a, b] (3.189)

holds.
More recently, Cerone [23] showed that

T (f, g; a, b) =
1

(b− a)2

∫ b

a

ψ (t) df (t) , (3.190)

where

ψ (t) = (t− a)G (t, b)− (b− t)G (a, t) , G (a, b) =
∫ b

a

g (u) du. (3.191)

In the current section, relationships between the functionals (3.184), (3.185),
and (3.186) will be investigated through their respective identities (3.188),
(3.189), and (3.190). It will be shown that one identity may be obtained from
the other through some transformation. An investigation of the effect on their
respective bounds is also undertaken.

It may be noticed that if H (u) is the Heaviside unit function defined by

H (u) :=

1, u > 0

0, u < 0
(3.192)

then p (x, t) from (3.188) may be written in the following form:

p (x, t) =
(
t− a
b− a

)
H (x− t) +

(
t− b
b− a

)
H (t− x) , x, t ∈ [a, b] , (3.193)

and from (3.189) let

q (x, t) = q̂ (x, t; a, b) =
(
t− x
b− x

)
H (t− a)H (b− t) , x ∈ [a, b] . (3.194)

The following result holds [25]:

For p (x, t) defined by (3.193) and q (x, t) by (3.194), then the following
relationships are valid for x, t ∈ [a, b]:

q (x, t) =
(x− a) p (a, t) + (b− x) p (b, t)

b− a
(3.195)
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and

p (x, t) =
(x− a) q̂ (a, t; a, x) + (b− x) q̂ (b, t;x, b)

b− a
. (3.196)

PROOF From (3.193) and using (3.192), we have

p (a, t) =
t− b
b− a

and p (b, t) =
t− a
b− a

and so

(x− a) p (a, t) + (b− x) p (b, t)
b− a

=
(x− a) (t− b) + (b− x) (t− a)

(b− a)2

=
t− x
b− a

= q (x, t) ,

producing identity (3.195).
Now to prove (3.196) use the more explicit representation of q (x, t) as given

by (3.194), then

q̂ (a, t; a, x) =
(
t− a
x− a

)
H (x− t) and q̂ (b, t;x, b) =

(
t− b
b− x

)
H (t− x)

and so

(x− a) q̂ (a, t; a, x) + (b− x) q̂ (b, t;x, b)
b− a

=
(
t− a
b− a

)
H (x− t) +

(
t− b
b− a

)
H (t− x)

= p (x, t) .

It should be emphasized that there is a strong relationship between the
Ostrowski and trapezoidal functionals. This is highlighted by the symmetric
transformations amongst their kernels that provide the identities (3.188) and
(3.189).

The following result is from Cerone [25].

The Lebesgue norms for the generalised trapezoidal rule and those for the
Ostrowski functional are equal. That is,

‖p (x, ·)‖γ = ‖q (x, ·)‖γ , γ ∈ [1,∞] , (3.197)

where p (x, t) and q (x, t) are as given in (3.188) and (3.189) or (3.193) and
(3.194), respectively.
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PROOF Let λ = x−a
b−a and 1−λ = b−x

b−a , then |p (x, t)| = t−a
b−a varies linearly

from 0 to λ, for a ≤ t ≤ x and |q (x, t)| = x−t
b−a varies linearly from λ to 0 for

a ≤ t ≤ x. Further, |p (x, t)| and |q (x, t)| are symmetric about t = a+x
2 within

the interval t ∈ [a, x]. Similarly, over the interval t ∈ (x, b], |p (x, t)| = b−t
b−a

which varies linearly from 0 to 1 − λ for x < t ≤ b, and |q (x, t)| = t−x
b−a

varies linearly from 0 to 1 − λ for t ∈ (x, b]. Again |p (x, t)| and |q (x, t)| are
symmetric about t = x+b

2 , the midpoint of the interval t ∈ (x, b]. We thus
conclude that (3.197) is true.

All the bounds obtained for the Ostrowski functional are valid for the trape-
zoidal functional, due to the symmetric transformations amongst their kernels.

We now illustrate the process for acquiring the identity (3.190) for the
Čebyšev functional from the identity (3.188) for the Ostrowski functional.

We start with (3.188), multiplying by g(x)
b−a and then integrating over [a, b]

to give, on assuming that the interchange of order is permissible,

T (f, g; a, b) =
1

b− a

∫ b

a

∫ b

a

g (x) p (x, t) df (t) dx

=
1

b− a

∫ b

a

[∫ x

a

g (x)
(
t− a
b− a

)
+
∫ b

x

g (x)
(
t− b
b− a

)]
df (t) dx

=
1

b− a

∫ b

a

[(
t− a
b− a

)∫ b

t

g (x) dx+
(
t− b
b− a

)∫ t

a

g (x) dx

]
df (t)

=
1

(b− a)2

∫ b

a

ψ (t) df (t) ,

which is identity (3.190) where ψ (t) is as given by (3.191).
Thus, we have noticed how multiplication and integration transform the

Ostrowski functional identity to the Čebyšev functional identity.
The reverse path is also possible.
From (3.190) and (3.191) let

g (t) = H (t− α)H (β − t) , a ≤ α < β ≤ b, (3.198)

where H (·) is the Heaviside unit function defined by (3.192), to give(
b− a
β − α

)
T (f, g; a, b) = D (f ; a, α, β, b) :=M (f ;α, β)−M (f ; a, b) (3.199)

=
1

(b− a) (β − α)

∫ b

a

ψ̃ (t) df (t)
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where ψ̃ (t) = ψ (t) with g (t) as given by (3.198), and so from (3.191)

ψ̃ (t) =


(β − α) (t− a) , a ≤ t ≤ α;

α (b− a)− a (β − α)− [(b− a)− (β − α)] t, α < t < β;

(β − α) (t− b) , β ≤ t ≤ b.

(3.200)

Now, if we take α = x and β = x+h, then from the left-hand side of (3.199)

D (f ; a, x, x+ h, b) =M (f ;x, x+ h)−M (f ; a, b) ,

giving
S (f ; a, x, b) = lim

h→0
D (f ; a, x, x+ h, b) .

The right-hand side of (3.199) and using (3.200) produces, for f continuous,

lim
h→0

{
1

b− a

[∫ x

a

(t− a) df (t)

+
1
h

∫ x+h

x

[x (b− a)− ah− (b− a− h) t] df (t)

+
∫ b

x+h

(t− b) df (t)

]}
=
∫ b

a

p (x, t) df (t)

and so (3.188) is obtained.
For further work on various bounds for D (f ; a, α, β, b), the difference be-

tween two means, the reader is referred to Barnett et al. [5] and Cerone and
Dragomir [32].

If in (3.199) and (3.200) we take α = a and β = a + h and allow h → 0,
then after some simplification, we get

f (a)−M (f ; a, b) =
∫ b

a

(
t− b
b− a

)
df (t) .

Further, taking α = b− h and β = b gives

f (b)−M (f ; a, b) =
∫ b

a

(
t− a
b− a

)
df (t)

from (3.199) and (3.200) after allowing h → 0. Combining the above results
gives (

x− a
b− a

)
f (a) +

(
b− x
b− a

)
f (b)

=
1

(b− a)2

∫ b

a

[(x− a) (t− b) + (b− x) (t− a)] df (t)

=
1

b− a

∫ b

a

(t− x) df (t) .
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The identity for the trapezoidal functional (3.189) is thus recaptured.

Comments
(a) The functional T (f ; a, α, x, β, b) involves the difference between the inte-
gral mean, a weighted combination of a function evaluated at the end points
and an interior point. Namely, for a ≤ α < x < β ≤ b,

T (f ; a, α, x, β, b) :=
(
α− a
b− a

)
f (a) +

(
β − α
b− a

)
f (x)

+
(
b− β
b− a

)
f (b)−M (f ; a, b) . (3.201)

Cerone and Dragomir [34] showed that the three point functional (3.201)
satisfies the identity

T (f ; a, α, x, β, b) =
∫ b

a

r (x, t) df (t) , r (x, t) =


t−α
b−a , t ∈ [a, x]

t−β
b−a , t ∈ (x, b].

(3.202)

It was shown by Cerone [19] that (3.202) may be obtained from (3.188) and
(3.189) and vice versa.
(b) The following results hold:

Let α, β : [c, d]→ R be continuous on [c, d] and |α (t)| = |β (c+ d− t)|, then
the Lebesgue norms

‖α‖γ = ‖β‖γ , γ ∈ [1,∞] . (3.203)

PROOF First, note that

‖α‖∞ := ess sup
t∈[c,d]

|α (t)| = ess sup
t∈[c,d]

|β (c+ d− t)|

= ess sup
u∈[d,c]

|β (u)| = ‖β‖∞ .

Further, for 1 ≤ p <∞ we have

‖α‖pp :=
∫ d

c

|α (t)|p dt =
∫ d

c

|β (c+ d− t)|p dt =
∫ d

c

|β (u)|p du = ‖β‖pp .

Thus, the result is proved.

Let αi, βi : [ci, di] → R be continuous on [ci, di], where Ii = [ci, di] ⊂ [a, b]
and

⋃n
i=1 Ii = [a, b]. If

|αi (t)| = |βi (ci + di − t)| ,
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then
‖α‖γ = ‖β‖γ , γ ∈ [0,∞] ,

where α, β : [a, b] → R and α (t) = αi (t) , t ∈ [ci, di] and β (t) = βi (t),
t ∈ [ci, di] .

The proof follows directly from the result (3.203) applied to each subinterval
[ci, di] , i = 1, 2, . . . , n with c1 = a and cn = b.

The generalised Peano kernels involving f (n) (·) for Ostrowski and trape-
zoidal type inequalities are defined as follows:

Pn (x, t) =


(t− a)n

n!
, t ∈ [a, x]

(t− b)n

n!
, t ∈ (x, b]

(3.204)

and

Qn (x, t) =
(t− x)n

n!
, t, x ∈ [a, b] , (3.205)

respectively.
It may be noticed that over each of the intervals [a, x] and (x, b], the moduli

of the two kernels are equivalent, that is,

|Pn (x, t)| =

 |Qn (x, a+ x− t)| , t ∈ [a, x]

|Qn (x, x+ b− t)| , t ∈ (x, b].
(3.206)

It was shown by Cerone [25] that the bounds are the same for these kernels.
The result was proved from first principles by Cerone, Dragomir, and Roume-
liotis [40] and Cerone, Dragomir, Roumeliotis, and Šunde [41]. Bounds for
the trapezoidal and Ostrowski rules were found independently by Cerone and
Dragomir [34, 35].

3.13 Perturbed Trapezoidal and Midpoint Rules

Let f : [a, b]→ R and define the functionals

I (f) :=
∫ b

a

f (t) dt (3.207)

I(T ) (f) :=
b− a

2
[f (a) + f (b)] (3.208)
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and

I(M) (f) := (b− a) f
(
a+ b

2

)
. (3.209)

Here I(T ) (f) and I(M) (f) are the well-known trapezoidal and midpoint rules
used to approximate the functional I (f).

Atkinson [3] defined the corrected (or perturbed) trapezoidal and midpoint
rules by

PI(T ) (f) := I(T ) (f)− c2

3
[f ′ (b)− f ′ (a)] (3.210)

and

PI(M) (f) := I(M) (f) +
c2

6
[f ′ (b)− f ′ (a)] (3.211)

respectively, where c = b−a
2 .

Let the trapezoidal functional T (f ; a, b) be defined by

T (f ; a, b) := I (f)− I(T ) (f) =
1

b− a

∫ b

a

f (t) dt− b− a
2

[f (a) + f (b)] .

(3.212)
Then it is well known that the identity

T (f ; a, b) = −1
2

∫ b

a

(t− a) (b− t) f ′′ (t) dt (3.213)

holds. The following result was obtained by Dragomir, Cerone, and Sofo [89]
using identity (3.213).

Let f : [a, b]→ R be a twice differentiable function on (a, b). Then we have
the estimate

|T (f ; a, b)|

≤



‖f ′′‖∞
12 (b− a)3 if f ′′ ∈ L∞ [a, b] ;

1
2 ‖f

′′‖q [B (q + 1, q + 1)]
1
p (b− a)2+ 1

p , if f ′′ ∈ Lp [a, b] ,
1
p + 1

q = 1, p > 1
‖f ′′‖1

8 (b− a)2 if f ′′ ∈ L1 [a, b] ,

(3.214)

where B is the beta function, that is,

B (r, s) :=
∫ 1

0

tr−1 (1− t)s−1
dt, r, s > 0.

Let

PT (f ; a, b) := I (f)− PI(T ) (f) = T (f ; a, b) +
c2

3
[f ′ (b)− f ′ (a)] , (3.215)
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where c = b−a
2 , then the following results hold (see Cerone [19]):

Let f : [a, b]→ R be such that f ′ is absolutely continuous on [a, b], then

PT (f ; a, b) =
1
2

∫ b

a

κ (t) f ′′ (t) dt (3.216)

is valid with

κ (t) =
(
t− a+ b

2

)2

− c2

3
, c =

b− a
2

. (3.217)

PROOF From (3.215) and (3.217), we have

PT (f ; a, b) = −1
2

∫ b

a

(t− a) (b− t) f ′′ (t) dt+
c2

3
[f ′ (b)− f ′ (a)]

=
∫ b

a

[
c2

3
− 1

2
(t− a) (b− t)

]
f ′′ (t) dt

=
1
2

∫ b

a

[
t2 − (a+ b) t+ ab+ 2

c2

3

]
f ′′ (t) dt

=
1
2

∫ b

a

[(
t− a+ b

2

)2

− c2

3

]
f ′′ (t) dt.

Thus, (3.216) holds with κ (t) as given by (3.217).

Let f : [a, b]→ R be such that f ′ is absolutely continuous on [a, b], then

|PT (f ; a, b)| (3.218)

≤



4c3

9
√

3
‖f ′′‖∞ , if f ′′ ∈ L∞ [a, b] ;

c2

6

{
c√
3
B
(

1
2 , q + 1

)
+ 2

∫√3

1

(
u2 − 1

)q
du
} 1
q

‖f ′′‖p , if f ′′ ∈ Lp [a, b] ,
1
p + 1

q = 1, p > 1
c2

6 ‖f
′′‖1 if f ′′ ∈ L1 [a, b] ,

where B is the beta function and c = b−a
2 .

PROOF From identity (3.216) and using (3.217) we have

|PT (f ; a, b)| ≤ 1
2

∫ b

a

|κ (t)| |f ′′ (t)| dt (3.219)

≤
‖f ′′‖p

2

(∫ b

a

|κ (t)|q dt
1
q

)
, p > 1.
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Now we need to examine the behaviour of κ (t) in order to proceed further. We
notice from (3.217) that κ (a) = κ (b) = 2

3c
2 and κ (t) = 0 where t = a+b

2 ±
c√
3
.

Further,

κ′ (t) = 2
(
t− a+ b

2

)
< 0, t < a+b

2 ;

= 0, t = a+b
2 ;

> 0, t > a+b
2 .

Also, κ (t) is a symmetric function about a+b
2 since κ

(
a+b

2 + x
)

= κ
(
a+b

2 − x
)
,

so that from (3.219)

‖κ‖qq =
∫ a+b

2 + c√
3

a+b
2

[−κ (t)]q dt+
∫ b

a+b
2 + c√

3

κq (t) dt (3.220)

:= 2 [I1 (q) + I2 (q)] .

Now, from (3.217)

I1 (q) =
∫ a+b

2 + c√
3

a+b
2

[
c2

3
−
(
t− a+ b

2

)2
]q
dt.

Let c√
3
u = t− a+b

2 , then

I1 (q) =
c√
3

∫ 1

0

(
c2

3

)q (
1− u2

)q
du =

c2q+1

3q+
1
2
· 1

2
B

(
1
2
, q + 1

)
(3.221)

since
∫ 1

0

(
1− u2

)q
du = 1

2B
(

1
2 , q + 1

)
.

Also,

I2 (q)
∫ b

a+b
2 + c√

3

[(
t− a+ b

2

)2

− c2

3

]q
dt

and substituting c√
3
v = t− a+b

2 gives

I2 (q) =
c√
3

(
c2

3

)q ∫ 1

0

[
v2 − 1

]q
dv. (3.222)

Combining (3.221) and (3.222) into (3.220) gives from (3.219) the second
inequality in (3.218).

The first inequality is obtained by taking q = 1 in the second inequality of
(3.218) as may be noticed from (3.219).

Thus

1
2

∫ b

a

|κ (t)| dt =
c3

6
√

3

[
B

(
1
2
, 2
)

+ 2
∫ √3

1

(
u2 − 1

)
du

]

=
c3

6
√

3

[
4
3

+
4
3

]
=

4c3

3
5
2
.
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Now, for the final inequality, from (3.219) we obtain

|PT (f ; a, b)| ≤ 1
2

sup
t∈[a,b]

|κ (t)| ‖f ′′‖1

and so, from the behaviour of κ (t) discussed earlier,

sup
t∈[a,b]

|κ (t)| = max
{

2
3
c2,

1
3
c2
}

=
2
3
c2.

This completes the proof.

The following result is a particular case of the preceding ones which involve
the Euclidean norm (see Cerone [19]):

Let f ; [a, b]→ R be such that f ′′ ∈ L2 [a, b]. Then we have the inequality

|PT (f ; a, b)| ≤
√

2c
5
2

3
√

5
‖f ′′‖2 =

(b− a)
5
2

6
√

5
‖f ′′‖2 , (3.223)

where c = b−a
2 . The proof follows by letting p = 2.

Let, from (3.207) and (3.209), the midpoint functional, M (f ; a, b), be de-
fined by

M (f ; a, b) := I (f)− I(M) (f) (3.224)

=
1

b− a

∫ b

a

f (t) dt− (b− a) f
(
a+ b

2

)
.

Then the identity

M (f ; a, b) =
∫ b

a

φ (t) f ′′ (t) dt (3.225)

is well known, where

φ (t) =


(t− a)2

2
, t ∈

[
a,
a+ b

2

]
,

(b− t)2

2
, t ∈

(
a+ b

2
, b

]
.

(3.226)

The following result concerning the classical midpoint functional (3.224)
with bounds involving the Lp [a, b] norms of the second derivative is known
(see Atkinson [3]).
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Let f : [a, b]→ R be such that f ′ is absolutely continuous on [a, b]. Then

|M (f ; a, b)| ≤



(b−a)3

24 ‖f ′′‖∞ if f ′′ ∈ L∞ [a, b] ;

(b−a)
2+ 1

q

8(2q+1)
1
q
‖f ′′‖p , if f ′′ ∈ Lp [a, b] ,

1
p + 1

q = 1, p > 1
(b−a)2

8 ‖f ′′‖1 if f ′′ ∈ L1 [a, b] .

(3.227)

The first inequality in (3.227) is the one that is traditionally most well
known. Further, from (3.211) and (3.224) define the perturbed or corrected
midpoint functional as

PM (f ; a, b) := I (f)− PI(M) (f) = M (f ; a, b)− c2

6
[f ′ (b)− f ′ (a)] , (3.228)

where c = b−a
2 .

The following identity concerning PM (f ; a, b) holds (see Cerone [19]):

Let f : [a, b]→ R be such that f ′ is absolutely continuous on [a, b]. Then

PM (f ; a, b) =
1
2

∫ b

a

χ (t) f ′′ (t) dt, (3.229)

where

χ (t) =


(t− a)2 − 1

3c
2, t ∈

[
a,
a+ b

2

]
,

(b− t)2 − 1
3c

2, t ∈
(
a+ b

2
, b

] (3.230)

with c = b−a
2 .

Further, the following result is valid [19].

The Lebesgue norms for the perturbed midpoint functional PM (f ; a, b) as
given by (3.229) are the same as those for the perturbed trapezoid function
PT (f ; a, b) given by (3.218).

PROOF To prove the result, it suffices to demonstrate that

‖χ‖p = ‖κ‖p , p ≥ 1. (3.231)

The properties of κ were investigated in the proof of (3.218). Now for χ (t) ,
we note that χ (a) = χ (b) = − c

2

3 and χ (t) = 0 when t = a + c√
3
, b− c√

3
for
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t ∈ [a, b]. Further, χ (t) is continuous at t = a+b
2 and χ

(
a+b

2

)
= 2

3c
2. Also

χ′ (t) =


2 (t− a) > 0, t ∈

[
a,
a+ b

2

]
,

−2 (b− t) < 0, t ∈
(
a+ b

2
, b

]
.

In fact, for t ∈
[
a, a+b

2

]
, χ (t) = κ

(
a+ a+b

2 − t
)

and for t ∈
(
a+b

2 , b
]
, χ (t) =

κ
(
b+ a+b

2 − t
)
. It implies that χ (t) and κ (t) are symmetric about 3a+b

4 (the
midpoint of

[
a, a+b

2

]
) and a+3b

4 (the midpoint of
(
a+b

2 , b
]
). Thus, (3.231)

holds; and the result is valid as stated.

The bound given in (3.223) also holds for PM (f ; a, b) given the above
results.

Comments
(a) Perturbed Rules from the Čebyšev Functional. For g, h : [a, b] → R the
following T (g, h) is well known as the Čebyšev functional. Namely,

T (g, h) =M (gh)−M (g)M (h) , (3.232)

where M (g) = 1
b−a

∫ b
a
g (t) dt is the integral mean.

The Čebyšev functional (3.232) is known to satisfy a number of identities
including

T (g, h) =
1

b− a

∫ b

a

h (t) [g (t)−M (g)] dt. (3.233)

Further, a number of sharp bounds for |T (g, h)| exist, under various assump-
tions about g and h, including (see Cerone [25], for example):

|T (g, h)|

≤


[T (g, g)]

1
2 [T (h, h)]

1
2 , g, h ∈ L2 [a, b]

Au−Al
2 [T (h, h)]

1
2 , Al ≤ g (t) ≤ Au, t ∈ [a, b](

Au−Al
2

) (
Bu−Bl

2

)
, Bl ≤ h (t) ≤ Bu, t ∈ [a, b] (Grüss).

(3.234)

The following result holds [19]:

Let f : [a, b]→ R be such that f ′ is absolutely continuous, then

|PT (f ; a, b)| (3.235)

≤ (b− a)3

12
√

5

[
1

b− a
‖f ′′‖22 − [f ′; a, b]2

] 1
2

, f ′′ ∈ L2 [a, b]

≤ (b− a)3

24
√

5
(Bu −Bl) , Bl ≤ f ′′ (t) ≤ Bu, t ∈ [a, b] ,
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where PT (f ; a, b) is the perturbed trapezoidal rule defined by (3.215).

PROOF Let g (t) = − 1
2 (t− a) (b− t), the trapezoidal kernel, and h (t) =

f ′′ (t), then from (3.232) [19]

(b− a) T (g (t) , f ′′ (t)) =
∫ b

a

g (t) f ′′ (t) dt−M (g)
∫ b

a

f ′′ (t) dt (3.236)

= T (f ; a, b) +
c2

3
[f ′ (b)− f ′ (a)] = PT (f ; a, b) ,

where M (g) = − c
2

3 .
Now, from (3.233),

(b− a) T (g (t) , f ′′ (t)) =
∫ b

a

f ′′ (t)
[
g (t) +

c2

3

]
dt (3.237)

=
1
2

∫ b

a

κ (t) f ′′ (t) dt

and so (3.235) and (3.236) produce identities (3.216) and (3.217). Using
(3.234) gives (3.235) from (3.236) and (3.237).

(b) Even though Al = − c
2

2 ≤ g (t) ≤ 0 = Au, it is not worthwhile using this
in the second and third inequalities of (3.236) as this would produce a coarser
bound than those stated in (3.235). For a different proof of the sharpness of
(3.235) see Barnett, Cerone, and Dragomir [4].

3.14 A Čebyšev Functional and Some Ramifications

For two measurable functions f, g : [a, b]→ R, define the functional, which
is known in the literature as Čebyšev’s functional, by

T (f, g) :=M (fg)−M (f)M (g) , (3.238)

where the integral mean is given by

M (f) =
1

b− a

∫ b

a

f (x) dx. (3.239)

The integrals in (3.238) are assumed to exist.
Further, the weighted Čebyšev functional is defined by

T (f, g; p) := M (f, g; p)−M (f ; p) M (g; p) , (3.240)
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where the weighted integral mean is given by

M (f ; p) =

∫ b
a
p (x) f (x) dx∫ b
a
p (x) dx

. (3.241)

We note that,

T (f, g; 1) ≡ T (f, g) and M (f ; 1) ≡M (f) .

It is worthwhile noting that a number of identities relating to the Čebyšev
functional already exist. The reader is referred to Mitrinović, Pečarić, and
Fink [141, Chapters IX and X]. Korkine’s identity is well known (see Mitri-
nović, Pečarić, and Fink [141, p. 296]) and is given by

T (f, g) =
1

2 (b− a)2

∫ b

a

∫ b

a

(f (x)− f (y)) (g (x)− g (y)) dxdy. (3.242)

It is identity (3.242) that is often used to prove an inequality of Grüss for
functions which are bounded above and below [141].

The Grüss inequality is given by

|T (f, g)| ≤ 1
4

(Φf − φf ) (Φg − φg) (3.243)

where φf ≤ f (x) ≤ Φf for x ∈ [a, b].
If we let S (f) be an operator defined by

S (f) (x) := f (x)−M (f) , (3.244)

which shifts a function by its integral mean, then the following identity holds.
Namely,

T (f, g) = T (S (f) , g) = T (f, S (g)) = T (S (f) , S (g)) , (3.245)

and so

T (f, g) =M (S (f) g) =M (fS (g)) =M (S (f)S (g)) (3.246)

since M (S (f)) =M (S (g)) = 0.
For the last term in (3.245) (or 3.246) only one of the functions needs to

be shifted by its integral mean. If the other were to be shifted by any other
quantity, the identities would still hold. A weighted version of (3.246) related
to T (f, g) = M ((f (x)− κ)S (g)) for κ arbitrary was given by Sonin [161]
(see Mitrinović, Pečarić, and Fink [141, p. 246]).

The following result presents an identity for the Čebyšev functional that in-
volves a Riemann-Stieltjes integral and provides a Peano kernel representation
[23].

© 2011 by Taylor and Francis Group, LLC



Ostrowski and Trapezoid Type Inequalities 183

A. Let f, g : [a, b] → R, where f is of bounded variation and g is continuous
on [a, b], then

T (f, g) =
1

(b− a)2

∫ b

a

ψ (t) df (t) , (3.247)

where
ψ (t) = (t− a)A (t, b)− (b− t)A (a, t) (3.248)

with

A (a, b) =
∫ b

a

g (x) dx. (3.249)

PROOF From (3.247), integrating the Riemann-Stieltjes integral by parts
produces

1
(b− a)2

∫ b

a

ψ (t) df (t)

=
1

(b− a)2

{
ψ (t) f (t)

]b
a

−
∫ b

a

f (t) dψ (t)

}

=
1

(b− a)2

{
ψ (b) f (b)− ψ (a) f (a)−

∫ b

a

f (t)ψ′ (t) dt

}

since ψ (t) is differentiable. Thus, from (3.248), ψ (a) = ψ (b) = 0 and so

1
(b− a)2

∫ b

a

ψ (t) df (t) =
1

(b− a)2

∫ b

a

[(b− a) g (t)−A (a, b)] f (t) dt

=
1

b− a

∫ b

a

[g (t)−M (g)] f (t) dt

=M (fS (g))

from which the result (3.247) is obtained on noting identity (3.246).

The following well-known results will prove useful and are stated here for
lucidity.

B. Let g, v : [a, b] → R be such that g is continuous and v is of bounded
variation on [a, b]. Then the Riemann-Stieltjes integral

∫ b
a
g (t) dv (t) exists

and is such that ∣∣∣∣∣
∫ b

a

g (t) dv (t)

∣∣∣∣∣ ≤ sup
t∈[a,b]

|g (t)|
b∨
a

(v) , (3.250)
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where
∨b
a (v) is the total variation of v on [a, b].

C. Let g, v : [a, b]→ R be such that g is Riemann integrable on [a, b] and v is
L-Lipschitzian on [a, b]. Then∣∣∣∣∣

∫ b

a

g (t) dv (t)

∣∣∣∣∣ ≤ L
∫ b

a

|g (t)| dt (3.251)

with v is L-Lipschitzian if it satisfies

|v (x)− v (y)| ≤ L |x− y|

for all x, y ∈ [a, b].

D. Let g, v : [a, b]→ R be such that g is continuous on [a, b] and v is monotonic
nondecreasing on [a, b]. Then∣∣∣∣∣

∫ b

a

g (t) dv (t)

∣∣∣∣∣ ≤
∫ b

a

|g (t)| dv (t) . (3.252)

It should be noted that if v is nonincreasing then −v is nondecreasing.
The following provides bounds for the Čebyšev function [23].

Let f, g : [a, b] → R, where f is of bounded variation and g is continuous
on [a, b]. Then

(b− a)2 |T (f, g)|

≤



sup
t∈[a,b]

|ψ (t)|
b∨
a

(f) ,

L
∫ b
a
|ψ (t)| dt, for f L-Lipschitzian,∫ b

a
|ψ (t)| df (t) , for f monotonic nondecreasing,

(3.253)

where
∨b
a (f) is the total variation of f on [a, b].

The proof follows directly from the above results A through D. That is,
from the identity (3.247) and (3.250)–(3.252).

The following result gives an identity for the weighted Čebyšev functional
that involves a Riemann-Stieltjes integral [23].

Let f, g, p : [a, b]→ R, where f is of bounded variation and g, p are contin-
uous on [a, b]. Further, let P (b) =

∫ b
a
p (x) dx > 0, then

T (f, g; p) =
1

P 2 (b)

∫ b

a

Ψ (t) df (t) , (3.254)
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where T (f, g; p) is as given in (3.240),

Ψ (t) = P (t) Ḡ (t)− P̄ (t)G (t) (3.255)

with  P (t) =
∫ t
a
p (x) dx, P̄ (t) = P (b)− P (t)

and
G (t) =

∫ t
a
p (x) g (x) dx, Ḡ (t) = G (b)−G (t) .

(3.256)

The following bounds were obtained by Cerone [23] from identity (3.254).

Let the conditions of (3.254) on f , g, and p continue to hold. Then

P 2 (b) |T (f, g; p)|

≤



sup
t∈[a,b]

|Ψ (t)|
b∨
a

(f) ,

L
∫ b
a
|Ψ (t)| dt, for f L-Lipschitzian,∫ b

a
|Ψ (t)| df (t) , for f monotonic nondecreasing.

(3.257)

where T (f, g; p) is as given by (3.240) and Ψ (t) = P (t)G (b) − P (b)G (t),
with P (t) =

∫ t
a
p (x) dx, G (t) =

∫ t
a
p (x) g (x) dx.

PROOF The proof uses results A through D and follows closely the proof
in procuring the bounds in (3.253).

Grüss type inequalities obtained from bounds on the Čebyšev functional
have been applied in a variety of areas including in obtaining perturbed rules
in numerical integration (see for example, Cerone and Dragomir [34]). In the
following, the above work will be applied to the approximation of moments.
For other related results, see also Cerone and Dragomir [31].

If f is differentiable, then the identity (3.247) would become

T (f, g) =
1

(b− a)2

∫ b

a

ψ (t) f ′ (t) dt (3.258)

and so

(b− a)2 |T (f, g)| ≤


‖ψ‖1 ‖f ′‖∞ , f ′ ∈ L∞ [a, b] ;

‖ψ‖q ‖f ′‖p , f ′ ∈ Lp [a, b] ,
p > 1, 1

p + 1
q = 1;

‖ψ‖∞ ‖f ′‖1 , f ′ ∈ L1 [a, b] ;
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where the Lebesgue norms ‖·‖ are defined in the usual way as

‖g‖p :=

(∫ b

a

|g (t)|p dt

) 1
p

, for g ∈ Lp [a, b] , p ≥ 1,
1
p

+
1
q

= 1

and
‖g‖∞ := ess sup

t∈[a,b]

|g (t)| , for g ∈ L∞ [a, b] .

We note from (3.248) and (3.259) that in order to obtain bounds on the
Čebyšev functional, norms of ψ (·) are required. To this end, since

ψ (t) = (t− a) (b− t)D (g; a, t, b) ,

where
D (g; a, t, b) :=M (g; t, b)−M (g; a, t) , (3.259)

then the following result provides bounds for D (g; a, t, b). We further note
that (3.259) is an expression for the means over the end intervals in [a, b] for
all t ∈ [a, b] (see Cerone [23, 28]).

Let g : [a, b] → R be absolutely continuous on [a, b], then for D (g; a, t, b)
given by (3.259):

|D (g; a, t, b)| ≤



(
b−a

2

)
‖g′‖∞ , g′ ∈ L∞ [a, b] ;

[
(t−a)q+(b−t)q

q+1

] 1
q ‖g′‖p , g′ ∈ Lp [a, b] ,

p > 1, 1
p + 1

q = 1;
‖g′‖1 , g′ ∈ L1 [a, b] ;∨b
a (g) , g of bounded variation;(
b− a

2

)
L, g is L-Lipschitzian.

(3.260)

PROOF Let the kernel r (t, u) be defined by

r (t, u) :=


u−a
t−a , u ∈ [a, t] ,

b−u
b−t , u ∈ (t, b],

(3.261)

then a straightforward integration by parts argument of the Riemann-Stieltjes
integral over each of the intervals [a, t] and (t, b] gives the identity∫ b

a

r (t, u) dg (u) = D (g; a, t, b) . (3.262)
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Now for g an absolutely continuous function, we have

D (g; a, t, b) =
∫ b

a

r (t, u) g′ (u) du, (3.263)

and so

|D (g; a, t, b)| ≤ ess sup
u∈[a,b]

|r (t, u)|
∫ b

a

|g′ (u)| du, for g′ ∈ L1 [a, b] ,

where from (3.261)
ess sup
u∈[a,b]

|r (t, u)| = 1; (3.264)

and so the third inequality in (3.260) results. Further, the Hölder inequality
gives

|D (g; a, t, b)| ≤

(∫ b

a

|r (t, u)|q du

) 1
q
(∫ b

a

|g′ (t)|p dt

) 1
p

(3.265)

for p > 1,
1
p

+
1
q

= 1;

where explicitly from (3.261), we get(∫ b

a

|r (t, u)|q du

) 1
q

=
[

(t− a)q + (b− t)q

q + 1

] 1
q

. (3.266)

Also

|D (g; a, t, b)| ≤ ess sup
u∈[a,b]

|g′ (u)|
∫ b

a

|r (t, u)| du, (3.267)

and so from (3.266) with q = 1 gives the first inequality in (3.260).
Now, for g (u) of bounded variation on [a, b], then from result (3.250), equa-

tion (3.250), and identity (3.262), we get

|D (g; a, t, b)| ≤ ess sup
u∈[a,b]

|r (t, u)|
b∨
a

(g)

producing the fourth inequality in (3.260) on using (3.264). From (3.251) and
(3.262) we have, by associating g with v and r (t, ·) with g (·),

|D (g; a, t, b)| ≤ L
∫ b

a

|r (t, u)| du

and so from (3.266) with q = 1 gives the final inequality in (3.260).
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Comments
(a) Results Involving Moments

Bounds on the nth moment about a point γ are investigated from the above
results. Define for n a nonnegative integer,

Mn (γ) :=
∫ b

a

(x− γ)n h (x) dx, γ ∈ R. (3.268)

If γ = 0 then Mn (0) are the moments about the origin, while taking γ =
M1 (0) gives the central moments. Further, the expectation of a continuous
random variable is given by

E (X) =
∫ b

a

h (x) dx, (3.269)

where h (x) is the probability density function of the random variable X and
so E (X) = M1 (0). Also, the variance of the random variable X, σ2 (X) is
given by

σ2 (X) = E
[
(X − E (X))2

]
=
∫ b

a

(x− E (X))2
h (x) dx, (3.270)

which may be seen to be the second moment about the mean, namely

σ2 (X) = M2 (M1 (0)) .

The following result obtained by Cerone [23] provides bounds on moments:

Let f : [a, b]→ R be integrable on [a, b], then∣∣∣∣Mn (γ)− Bn+1 −An+1

n+ 1
M (f)

∣∣∣∣

≤



sup
t∈[a,b]

|φ (t)| · 1
n+1

b∨
a

(f) , for f of bounded variation on [a, b] ,

L

n+ 1
∫ b
a
|φ (t)| dt, for f L-Lipschitzian,

1
n+ 1

∫ b
a
|φ (t)| df (t) , for f monotonic nondecreasing,

(3.271)

where Mn (γ) is as given by (3.268),M (f) is the integral mean of f as defined
in (3.239),

B = b− γ, A = a− γ,

and

φ (t) = (t− γ)n −
[(

t− a
b− a

)
(b− γ)n+1 +

(
b− t
b− a

)
(a− γ)n+1

]
. (3.272)
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PROOF Taking g (t) = (t− γ)n in (3.253), then using (3.238) and (3.239)
gives

(b− a) |T (f, (t− γ)n)| =
∣∣∣∣Mn (γ)− Bn+1 −An+1

n+ 1
M (f)

∣∣∣∣ .
The right-hand side is obtained on noting that for g (t) = (t− γ)n, φ (t) =
−ψ(t)
b−a .

(b) Approximations for the Moment Generating Function.
Let X be a random variable on [a, b] with probability density function h (x),

then the moment generating function MX (p) is given by

MX (p) = E
[
epX

]
=
∫ b

a

epxh (x) dx. (3.273)

The following result will prove useful later as it examines the behaviour of
the function θ (t):

(b− a) θ (t) = tAp (a, b)− [aAp (t, b) + bAp (a, t)] , (3.274)

where

Ap (a, b) =
ebp − eap

p
. (3.275)

The following result was obtained by Cerone [23]:

Let θ (t) be as defined by (3.274) and (3.275) then for any a, b ∈ R, θ (t) has
the following characteristics:

(i) θ (a) = θ (b) = 0,

(ii) θ (t) is convex for p < 0 and concave for p > 0,

(iii) there is one turning point at t∗ = 1
p ln

(
Ap(a,b)
b−a

)
and a ≤ t∗ ≤ b.

The following bounds were developed for approximants to the moment gen-
erating function (Cerone [23]) based on the above result.
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Let f : [a, b]→ R be of bounded variation on [a, b], then∣∣∣∣∣
∫ b

a

eptf (t) dt−Ap (a, b)M (f)

∣∣∣∣∣

≤



(
m (ln (m)− 1) + beap−aebp

b−a

) ∨b
a(f)

|p| ,

(b− a)m
[(

b− a
2

)
p− 1

]
L

|p|
for f L-Lipschitzian on [a, b] ,

p

|p|
(b− a)m [f (b)− f (a)] , f monotonic nondecreasing,

(3.276)

where

m =
Ap (a, b)
b− a

=
ebp − eap

p (b− a)
. (3.277)

3.15 Weighted Three Point Quadrature Rules

In this section, weighted (or product) inequalities are developed. The weight
function is assumed to be nonnegative and integrable over its entire domain.
In order to simplify the working, some notation needs to be presented.

Let w : (a, b) → [0,∞) be an integrable function so that
∫ b
a
w (t) dt < ∞.

Define the zeroth and first moments of w (·) by

m (a, b) =
∫ b

a

w (t) dt (3.278)

and

M (a, b) =
∫ b

a

tw (t) dt, (3.279)

respectively. Both are assumed to exist over the entire domain of w (·). The
weight function may be zero at the end points.

The following result involving the supremum norm of the first derivative
was developed by Cerone, Roumeliotis, and Hanna [42]:

Let f : [a, b] → R be a differentiable mapping on (a, b) whose derivative is
bounded on (a, b), and denote ‖f ′‖∞ = supt∈(a,b) |f ′ (t)| < ∞. Further, let a
nonnegative weight function w (·) have the properties as outlined above. Then
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for x ∈ [a, b], α ∈ [a, x], β ∈ (x, b], the following inequality holds:

∣∣∣∣∣
∫ b

a

w (t) f (t) dt− [m (α, β) f (x) +m (a, α) f (a) +m (β, b) f (b)]

∣∣∣∣∣
≤ I (α, x, β) ‖f ′‖∞ , (3.280)

where

I (α, x, β) =
∫ b

a

k (x, t)w (t) dt , (3.281)

k (x, t) =

 t− a, t ∈ [a, α]
|x− t| , t ∈ (α, β]
b− t, t ∈ (β, b] .

(3.282)

PROOF Define the mapping K (·, ·) : [a, b]2 → R by

K (x, t) =
{
m (α, t) , t ∈ [a, x]
m (β, t) , t ∈ (x, b] , (3.283)

where m (a, b) is the zeroth moment of w (·) over the interval [a, b] and is given
by (3.278).

It should be noted that m (c, d) is nonnegative for d ≥ c.
Integration by parts gives, on using (3.283),∫ b

a

K (x, t) f ′ (t) dt

=
∫ x

a

m (α, t) f ′ (t) dt+
∫ b

x

m (β, t) f ′ (t) dt

= m (α, t) f (t)
]x
t=a

−
∫ x

a

w (t) f (t) dt+m (β, t) f (t)
]b
t=x

−
∫ b

x

w (t) f (t) dt ,

producing the identity

∫ b

a

K (x, t) f ′ (t) dt

= m (α, β) f (x) +m (a, α) f (a) +m (β, b) f (b)−
∫ b

a

w (t) f (t) dt , (3.284)

which is valid for all x ∈ [a, b] .
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Taking the modulus of (3.284) gives∣∣∣∣∣
∫ b

a

w (t) f (t) dt− [m (α, β) f (x) +m (a, α) f (a) +m (β, b) f (b)]

∣∣∣∣∣
=

∣∣∣∣∣
∫ b

a

K (x, t) f ′ (t) dt

∣∣∣∣∣ ≤ ‖f ′‖∞
∫ b

a

|K (x, t)| dt . (3.285)

Now, we wish to determine
∫ b
a
|K (x, t)| dt. To this end notice that, from

(3.283), K (x, t) is a monotonically nondecreasing function of t over each of
its branches. Thus, there are points α ∈ [a, x] and β ∈ [x, b] such that

K (x, α) = K (x, β) = 0.

Thus,∫ b

a

|K (x, t)| dt = −
∫ α

a

m (α, t) dt+
∫ x

α

m (α, t) dt

+
∫ β

x

m (β, t) dt−
∫ b

β

m (β, t) dt . (3.286)

Integration by parts gives, for example,

−
∫ α

a

m (α, t) dt = − (t− a)m (α, t)
]α
t=a

+
∫ α

a

(t− a)w (t) dt

=
∫ α

a

(t− a)w (t) dt .

A similar development for the remainder of the three integrals on the right-
hand side of (3.286) produces the result∫ b

a

|K (x, t)| dt = I (α, x, β) , (3.287)

where I (α, x, β) is as given by (3.281) and (3.282). Combining (3.285) and
(3.287) produces the result (3.280); and hence the result is proved.

The following results were also proven by Cerone, Roumeliotis, and Hanna
[42]:

A. Inequality (3.280) is minimised at x = x∗ where x∗ satisfies

m (α∗, x∗) = m (x∗, β∗) (3.288)

and
α∗ =

a+ x∗

2
and β∗ =

x∗ + b

2
. (3.289)
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B. Let the conditions imposed on result (3.280) be maintained here. Then the
following inequalities hold:∣∣∣∣∣
∫ b

a

w (t) f (t) dt− [m (α, β) f (x) +m (a, α) f (a) +m (β, b) f (b)]

∣∣∣∣∣
≤ ‖f ′‖∞ ×

‖w‖∞ ·K1 (x)

‖w‖1 ·K∞ (x)
, (3.290)

where

K1 (x) =
1
2

[(
b− a

2

)2

+
(
x− a+ b

2

)2
]

+
(
α− a+ x

2

)2

+
(
β − x+ b

2

)2

(3.291)

and

K∞ (x) =
1
2

[
b− a

2
+
∣∣∣∣α− a+ x

2

∣∣∣∣+
∣∣∣∣β − x+ b

2

∣∣∣∣
+
∣∣∣∣x− a+ b

2
+
∣∣∣∣α− a+ x

2

∣∣∣∣− ∣∣∣∣β − x+ b

2

∣∣∣∣∣∣∣∣] (3.292)

with ‖g‖1 :=
∫ b
a
|g (s)| ds meaning g ∈ L1 [a, b] , the linear space of absolutely

integrable functions, and ‖g‖∞ := supt∈[a,b] |g (t)| <∞.

The following result involving the one-norm of the first derivative was ob-
tained by Cerone, Roumeliotis, and Hanna [42]:

Let f : I ⊆ R→ R be a differentiable mapping on I̊ (the interior of I) and
a, b ∈̊I are such that b > a. If f ′ ∈ L1 [a, b] , then ‖f ′‖1 =

∫ b
a
|f ′ (t)| dt < ∞.

In addition, let a nonnegative weight function w (·) have the properties as
outlined on 190. Then for x ∈ [a, b] , α ∈ [a, x], and β ∈ (x, b] the following
inequality holds:∣∣∣∣∣
∫ b

a

w (t) f (t) dt− [m (α, β) f (x) +m (a, α) f (a) +m (β, b) f (b)]

∣∣∣∣∣
≤ θ (α, x, β) ‖f ′‖1 , (3.293)

where

θ (α, x, β) (3.294)

=
1
4
{
m (a, b) + |m (α, x)−m (a, α)|+ |m (β, b)−m (x, β)|

+ |m (a, x)−m (x, b) + |m (α, x)−m (a, α)| − |m (β, b)−m (x, β)||
}

© 2011 by Taylor and Francis Group, LLC



194 Mathematical Inequalities: A Perspective

and m (a, b) is the zeroth moment of w (·) over [a, b] as defined by (3.278).

PROOF From identity (3.284) we obtain, from taking the modulus

θ (α, x, β) = sup
t∈[a,b]

|K (x, t)| ,

where K (x, t) is as given by (3.283). As discussed in the proof of (3.280),
K (x, t) is a monotonic nondecreasing function of t in each of its two branches
so that

θ (α, x, β) = max {m (a, α) ,m (α, x) ,m (x, β) ,m (β, b)} .

Now, by using the fact that

max {X,Y } =
X + Y

2
+
|Y −X|

2
,

we have

m1 = max {m (a, α) ,m (α, x)} =
1
2

[m (a, x) + |m (α, x)−m (a, α)|]

and m2 = max {m (x, β) ,m (β, b)} =
1
2

[m (x, b) + |m (β, b)−m (x, β)|] ,

to give

θ (α, x, β) = max {m1,m2} =
m1 +m2

2
+
∣∣∣∣m1 −m2

2

∣∣∣∣ .
The result (3.294) is obtained after some simplification. This completes the
proof.

It should be noted that the tightest bound in (3.294) is obtained when α, x,
and β are taken as their respective medians. Thus, the best quadrature rule
in the above sense is given by∣∣∣∣∣
∫ b

a

w (t) f (t) dt−
[
m (a, α̃) f (a) +m(α̃, β̃)f (x̃) +m(β̃, b)f (b)

]∣∣∣∣∣
≤ m (a, b)

4
‖f ′‖1 , (3.295)

where

m (a, x̃) = m (x̃, b) , m (a, α̃) = m (α̃, x̃) and m(β̃, b) = m(x̃, β̃).
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Chapter 4

Grüss Type Inequalities and Related
Results

A number of inequalities related to the famous Grüss result for approximating
the integral mean of the product of two functions by the product of the integral
means are investigated in this chapter. The Grüss-Čebyšev integral inequal-
ity and the multiplicative version of Karamata are provided. Various recent
generalisations of the Grüss inequality for Riemann-Stieltjes integrals with
Lipschitzian, monotonic, and of bounded variation integrators and integrands
are presented. The famous Steffensen and Young inequalities, complemented
by evocative new remarks and comments, are given as well. Generalisations
of Steffensen’s inequality over subintervals are also considered.

4.1 The Grüss Integral Inequality

Let f, g : [a, b]→ R be integrable on [a, b] and satisfy

φ ≤ f (x) ≤ Φ, γ ≤ g (x) ≤ Γ for all x ∈ [a, b] . (4.1)

Then we have the inequality

|T (f, g)| (4.2)

:=

∣∣∣∣∣ 1
b− a

∫ b

a

f (x) g (x) dx− 1
b− a

∫ b

a

f (x) dx · 1
b− a

∫ b

a

g (x) dx

∣∣∣∣∣
≤ 1

4
(Φ− φ) (Γ− γ) ,

where T (f, g) is known as the Čebyšev functional.

The constant 1
4 is the best possible.

195
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PROOF Start with the well-known Korkine identity:

(b− a)
∫ b

a

f (x) g (x) dx−
∫ b

a

f (x) dx
∫ b

a

g (x) dx

=
1
2

∫ b

a

∫ b

a

(f (x)− f (y)) (g (x)− g (y)) dxdy. (4.3)

Applying the Cauchy-Bunyakovsky-Schwarz integral inequality for double in-
tegrals, we have

∣∣∣∣∣
∫ b

a

∫ b

a

(f (x)− f (y)) (g (x)− g (y)) dxdy

∣∣∣∣∣
≤

[∫ b

a

∫ b

a

(f (x)− f (y))2
dxdy

] 1
2
[∫ b

a

∫ b

a

(g (x)− g (y))2
dxdy

] 1
2

. (4.4)

Now, observe from (4.3) that we have

1
2

∫ b

a

∫ b

a

(f (x)− f (y))2
dxdy

= (b− a)
∫ b

a

f2 (x) dx−

(∫ b

a

f (x) dx

)2

, (4.5)

and a similar identity for g.
A simple calculation shows that

1
b− a

∫ b

a

f2 (x) dx−

(
1

b− a

∫ b

a

f (x) dx

)2

=

(
Φ− 1

b− a

∫ b

a

f (x) dx

)(
1

b− a

∫ b

a

f (x) dx− φ

)

− 1
b− a

∫ b

a

(f (x)− φ) (Φ− f (x)) dx (4.6)

and a similar identity for g.
By the assumption (4.1) we have (f (x)− φ) (Φ− f (x)) ≥ 0 for all x ∈ [a, b],

and so ∫ b

a

(f (x)− φ) (Φ− f (x)) dx ≥ 0
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which, from (4.6), implies that

1
b− a

∫ b

a

f2 (x) dx−

(
1

b− a

∫ b

a

f (x) dx

)2

(4.7)

≤

(
Φ− 1

b− a

∫ b

a

f (x) dx

)(
1

b− a

∫ b

a

f (x) dx− φ

)

≤ 1
4

[(
Φ− 1

b− a

∫ b

a

f (x) dx

)
+

(
1

b− a

∫ b

a

f (x) dx− φ

)]2

=
1
4

(Φ− φ)2
,

where we have used the fact that
(
A+B

2

)2 ≥ AB.
A similar argument gives∫ b

a

∫ b

a

(g (x)− g (y))2
dxdy ≤ 1

4
(Γ− γ)2

. (4.8)

Using the inequality (4.4) via (4.5) and the estimations (4.7) and (4.8), we
get∣∣∣∣∣12

∫ b

a

∫ b

a

(f (x)− f (y)) (g (x)− g (y)) dxdy

∣∣∣∣∣ ≤ 1
4

(Φ− φ) (Γ− γ) (b− a)2

and then, by (4.3), we deduce the desired inequality (4.2).
To prove the sharpness of the constant 1

4 , let us choose f, g : [a, b] → R,
f (x) = sgn

(
x− a+b

2

)
, g (x) = sgn

(
x− a+b

2

)
. Then∫ b

a

f (x) g (x) dx = 1,
∫ b

a

f (x) dx =
∫ b

a

g (x) dx = 0

and
Φ− φ = Γ− γ = 2

and the equality is realised in (4.2).

Comments
(a) The condition (4.1) can be relaxed by assuming the weaker condition∫ b

a

(f (x)− φ) (Φ− f (x)) dx ≥ 0,
∫ b

a

(Γ− g (x)) (g (x)− γ) dx ≥ 0. (4.9)

(b) If we assume that f (x) = (x− a)p, p > 0, then we get the following
inequality for the moments of g:∣∣∣∣∣

∫ b

a

(x− a)p g (x) dx− (b− a)p

p+ 1

∫ b

a

g (x) dx

∣∣∣∣∣ ≤ 1
4

(b− a)p+1 (M −m) ,
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where we presume that m ≤ g (x) ≤M for x ∈ [a, b] .

(c) If g, for example, is known explicitly, then tighter bounds may be obtained

from (4.4) by calculating
[∫ b
a

∫ b
a

(g (x)− g (y))2
dxdy

] 1
2

rather than utilising

the bound Γ−γ
2 .

4.2 The Grüss-Čebyšev Integral Inequality

Let f, g : [a, b]→ R be L1, L2-Lipschitzian mappings on [a, b] , so that

|f (x)− f (y)| ≤ L1 |x− y| , |g (x)− g (y)| ≤ L2 |x− y| (4.10)

for all x, y ∈ [a, b] . We then have the inequality [83]:

∣∣∣∣∣ 1
b− a

∫ b

a

f (x) g (x) dx− 1
b− a

∫ b

a

f (x) dx · 1
b− a

∫ b

a

g (x) dx

∣∣∣∣∣
≤ 1

12
L1L2 (b− a)2

. (4.11)

The constant 1
12 is the best possible.

PROOF We have the Korkine identity

(b− a)
∫ b

a

f (x) g (x) dx−
∫ b

a

f (x) dx ·
∫ b

a

g (x) dx

=
1
2

∫ b

a

∫ b

a

(f (x)− f (y)) (g (x)− g (y)) dxdy. (4.12)

From condition (4.10), we have

|(f (x)− f (y)) (g (x)− g (y))| ≤ L1L2 (x− y)2 for all x, y ∈ [a, b] . (4.13)
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Integrating (4.13) on [a, b]2, we get

∫ b

a

∫ b

a

|(f (x)− f (y)) (g (x)− g (y))| dxdy

≤ L1L2

∫ b

a

∫ b

a

(x− y)2
dxdy

= L1L2

∫ b

a

∫ b

a

(
x2 − 2xy + y2

)
dxdy

= L1L2

2 (b− a)
∫ b

a

x2dx− 2

(∫ b

a

xdx

)2


= 2L1L2

[
(b− a)

b3 − a3

3
−
(
b2 − a2

2

)2
]

=
L1L2 (b− a)4

6
.

Using (4.12) we get (4.11).
Choose f (x) = g (x) = x. Then, L1 = L2 = 1 and

1
b− a

∫ b

a

f (x) g (x) dx− 1
b− a

∫ b

a

f (x) dx · 1
b− a

∫ b

a

g (x) dx =
(b− a)2

12

and the identity (4.11) is realised.

Comments
(a) If we assume that f and g are differentiable on (a, b) and whose derivatives
are bounded on (a, b) , so that ‖f ′‖∞ := sup

t∈(a,b)

|f ′ (t)| < ∞, then Čebyšev’s

result holds, that is,

∣∣∣∣∣ 1
b− a

∫ b

a

f (x) g (x) dx− 1
b− a

∫ b

a

f (x) dx · 1
b− a

∫ b

a

g (x) dx

∣∣∣∣∣
≤ 1

12
‖f ′‖∞ ‖g

′‖∞ (b− a)2
. (4.14)

The constant 1
12 is the best possible.

(b) The inequality (4.11) can be generalised for Hölder type mappings. As-
sume that f : [a, b]→ R is of s-Hölder type, that is,

|f (x)− f (y)| ≤ H1 |x− y|s , H1 > 0 (4.15)

for all x, y ∈ [a, b], where s ∈ (0, 1] is fixed. Further, let g : [a, b] → R be of
r-Hölder type, with r ∈ (0, 1] and the constant H2 > 0. Then, we have the
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inequality [57]:∣∣∣∣∣ 1
b− a

∫ b

a

f (x) g (x) dx− 1
b− a

∫ b

a

f (x) dx · 1
b− a

∫ b

a

g (x) dx

∣∣∣∣∣
≤ H1H2

(r + s+ 1) (r + s+ 2)
(b− a)r+s . (4.16)

Indeed, as above, we have∫ b

a

∫ b

a

|(f (x)− f (y)) (g (x)− g (y))| dxdy

≤ H1H2

∫ b

a

∫ b

a

|x− y|r+s dxdy = H1H2

∫ b

a

[
(b− y)r+s+1 + (y − a)r+s+1

r + s+ 1

]
dy

=
2 (b− a)r+s+2

H1H2

(r + s+ 1) (r + s+ 2)
.

Using the identity (4.12) we deduce (4.16).

4.3 Karamata’s Inequality

Let f, g : [0, 1]→ R be integrable and satisfy the conditions 0 < a ≤ f (t) ≤
A and 0 < b ≤ g (t) ≤ B for t ∈ [0, 1], then [125]

K−2 ≤
∫ 1

0
f (x) g (x) dx∫ 1

0
f (x) dx

∫ 1

0
g (x) dx

≤ K2, (4.17)

where

K =

√
ab+

√
AB√

aB +
√
Ab
≥ 1. (4.18)

PROOF Let F =
∫ 1

0
f (t) dt, G =

∫ 1

0
g (t) dt, and V =

∫ 1

0
f (t) g (t) dt.

Then, by the mean value theorem, there are a y1 and a y2 such that

V − bF =
∫ 1

0

f (t) (g (t)− b) dt = (G− b) y1, a ≤ y1 ≤ A

and

BF − V =
∫ 1

0

f (t) (B − g (t)) dt = (B −G) y2, a ≤ y2 ≤ A.
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Now,
a

A
≤ y1

y2
≤ A

a

and so (
G− b
B −G

)
a

A
≤ V − bF
BF − V

≤
(
G− b
B −G

)
A

a
. (4.19)

Some algebraic manipulation of (4.19) gives

h (G) ≤ V

F
≤ H (G) , (4.20)

where

H (x) =
ab (B − x) +AB (x− b)
a (B − x) +A (x− b)

and

h (x) =
Ab (B − x) + aB (x− b)
A (B − x) + a (x− b)

.

Comparing (4.17) with (4.20), it may be seen that H(x)
x and h(x)

x need to be
investigated. It may be further noticed that H (x) and h (x) are related by
an interchange of a and A so that only one needs to be analysed in detail.

Let

θ (x) :=
H (x)
x

= 1 +
(A− a) (B − x) (x− b)
x [a (B − x) +A (x− b)]

, x ∈ [b, B]

then θ (b) = θ (B) = 1. Further,

θ′ (x) =
(A− a)
x2

· ab (B − x)2 −AB (x− b)2

[a (B − x) +A (x− b)]2

and θ′ (b) = (A−a)
ab > 0, θ′ (B) = − (A−a)

AB < 0, so that a maximum exists at
x∗ where

θ′ (x∗) = 0 and x∗ =
√
aB +

√
Ab√

ab+
√
AB
·
√
bB

with b < x∗ <
√
bB < B.

Here θ (x∗) = K as given by (4.18).
Similarly, h(x)

x attains its minimum at x∗ =
√
AB+

√
ab√

Ab+
√
aB
·
√
bB = bB

x∗ , with

b <
√
bB < x∗ < B. Also, h(x∗)

x∗
= 1

θ(x∗) = 1
K < 1.

Comments
(a) The inequality (4.17) may easily be transferred to a general interval [α, β]
to give

K−2 ≤
∫ β
α
f (x) dx

∫ β
α
g (x) dx

(β − α)
∫ β
α
f (x) g (x) dx

≤ K2, (4.21)
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where 0 < a ≤ f (t) ≤ A and 0 < b ≤ g (t) ≤ B for t ∈ [α, β].
Lupaş [134] extends Karamata’s inequality for positive linear functionals.

See Cerone [21] for applications to approximating and bounding the Gini mean
difference used as a measure in business and social sciences.
(b) If we let g (t) = 1

f(t) , then we obtain

0 < k−2 (β − α)2 ≤
∫ β

α

f (x) dx
∫ β

α

dx

f (x)
≤ k2 (β − α)2 (4.22)

where

k2 =

√ a
A +

√
A
a

2

2

=
(a+A)2

4aA
≥ 1.

The right inequality is due to Schweitzer [159], and it may also be obtained
from the Grüss inequality (4.2). Using Karamata’s inequality (4.21) gives a
tighter lower bound rather than zero.

4.4 Steffensen’s Inequality

Let f, g : [a, b] → R be integrable mappings on [a, b] such that f is nonin-
creasing and 0 ≤ g (t) ≤ 1 for t ∈ [a, b]. Then∫ b

b−λ
f (t) dt ≤

∫ b

a

f (t) g (t) dt ≤
∫ a+λ

a

f (t) dt, (4.23)

where λ =
∫ b
a
g (t) dt.

PROOF First, notice that λ ≤ b−a so that a+λ, b−λ ∈ [a, b]. By direct
calculation the identity∫ a+λ

a

f (t) dt−
∫ b

a

f (t) g (t) dt

=
∫ a+λ

a

(f (t)− f (a+ λ)) (1− g (t)) dt

+
∫ b

a+λ

(f (a+ λ)− f (t)) g (t) dt (4.24)

may be shown to hold. Now, since f is nonincreasing and 0 ≤ g (t) ≤ 1, then∫ a+λ

a

f (t) dt−
∫ b

a

f (t) g (t) dt ≥ 0
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and thus the second inequality in (4.23) is valid.
Replacing g (t) by 1− g (t) in (4.24) gives

∫ b

a

f (t) g (t) dt−
∫ b

b−λ
f (t) dt

=
∫ b−λ

a

(f (t)− f (b− λ)) g (t) dt

+
∫ b

b−λ
(f (b− λ)− f (t)) (1− g (t)) dt (4.25)

which is again nonnegative by the postulates and thus proves the first inequal-
ity in (4.23).

Comments
(a) The assumption that 0 ≤ g (t) ≤ 1 may be relaxed in a number of ways.
Hayashi showed a similar result to (4.23) for 0 ≤ g (t) ≤ A, which may be
obtained by replacing g (t) by g(t)

A in (4.23).
In his original paper, Steffensen [162] obtains a generalisation of the better

known (4.23), which includes Hayashi’s result as a special case. He shows that
for φ ≤ g (x) ≤ Φ, x ∈ [a, b] then

φ

∫ b−λ

a

f (t) dt+ Φ
∫ b

b−λ
f (t) dt ≤

∫ b

a

f (t) g (t) dt

≤ Φ
∫ a+λ

a

f (t) dt+ φ

∫ b

a+λ

f (t) dt,

where λ =
∫ b
a
G (t) dt, G (t) = g(t)−φ

Φ−φ , Φ 6= φ.

Vasić and Pečarić [164] show that (4.23) holds if and only if

0 ≤
∫ b

x

g (t) dt ≤ b− x and 0 ≤
∫ x

a

g (t) dt ≤ x− a for all x ∈ [a, b] .

(b) For m ≤ h′ (t) ≤ M , Cerone and Dragomir [30] obtained the trapezoid
inequality∣∣∣∣∣

∫ b

a

h (x) dx− b− a
2

[h (a) + h (b)]

∣∣∣∣∣ ≤ (b− a)2

2 (M −m)
(S −m) (M − S) ,

where S = h(b)−h(a)
b−a by taking f (x) = θ − x, θ ∈ [a, b] and (M −m) g (x) =

h′ (x)−m in (4.23). An inequality due to Iyengar [124] is recaptured by taking
−m = M.
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(c) For [c, d] ⊆ [a, b] and λ = d− c =
∫ b
a
g (t) dt the identity∫ d

c

f (t) dt−
∫ b

a

f (t) g (t) dt

=
∫ c

a

(f (d)− f (t)) g (t) dt+
∫ d

c

(f (t)− f (d)) (1− g (t)) dt

+
∫ b

d

(f (d)− f (t)) g (t) dt (4.26)

holds. Taking c = a and d = a+ λ reproduces (4.24). A comparable identity
to (4.25) may be obtained from (4.26) by replacing g (t) by 1− g (t).

These identities were used by Cerone [26] to obtain∫ d2

c2

f (t) dt− r (c2, d2) ≤
∫ b

a

f (t) g (t) dt ≤
∫ d1

c1

f (t) dt−R (c1, d1)

where

r (c2, d2) =
∫ b

d2

(f (c2)− f (t)) g (t) dt ≥ 0

and
R (c1, d1) =

∫ c1

a

(f (t)− f (d1)) g (t) dt ≥ 0,

with [ci, di] ⊂ [a, b], d1 < d2 and λ = di − ci, i = 1, 2.
Taking c1 = a and d2 = b recaptures the Steffensen inequality (4.23).

(d) Steffensen’s inequality was first derived for actuarial applications but has
since found application in many directions, including in special functions,
bounding the Gini mean difference which arises in business and social sciences
(see Cerone [21, 27]).

4.5 Young’s Inequality

Let f be a continuous and increasing function on [0, c] with c > 0. If f (0) =
0, a ∈ [0, c] and b ∈ [0, f (c)] , then for f−1, the inverse function of f , we have
[141] ∫ a

0

f (x) dx+
∫ b

0

f−1 (x) dx ≥ ab. (4.27)

Equality holds if and only if b = f (a).

PROOF We start with the expression

g (a) = ba−
∫ a

0

f (x) dx (4.28)
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with a parameter b > 0. Then, g (a) is an increasing function. Further, since
g′ (a) = b− f (a) , we have

g′ (a)


> 0, 0 < a < f−1 (b)

= 0, a = f−1 (b)

< 0, a > f−1 (b) .

Thus, g (a) is the maximum value of g attained at a = f−1 (b), that is,

g (a) ≤ max g (x) = g
(
f−1 (b)

)
. (4.29)

Integration by parts shows that, from (4.28),

g (a) = ba− xf (x)
]a
0

+
∫ a

0

xf ′ (x) dx

and so
g (a) = ba− af (a) +

∫ a

0

xf ′ (x) dx.

The substitution y = f (x) produces

g (a) = ba− af (a) +
∫ f(a)

0

f−1 (y) dy (4.30)

and so

g
(
f−1 (b)

)
=
∫ b

0

f−1 (y) dy. (4.31)

Substitution of (4.31) into (4.29) and using (4.28) gives (4.27).
It may readily be seen from (4.30) that equality is obtained in (4.27) if and

only if b = f (a) .

Comments
(a) If f (x) = xp−1, p > 1 then f−1 (x) = xq−1 where p ≥ 1, 1

p + 1
q = 1. Now

from (4.27) we have
ap

p
+
bq

q
≥ ab for a, b ≥ 0,

which is the inequality between the arithmetic and geometric means (see Equa-
tion 1.13).
(b) If f (x) = ln (x+ 1) and a is replaced by a− 1, then we obtain

ab ≤ a (ln a− 1) + eb.

(c) If f : R+ → R+ is an increasing and continuous function on R+, then
f−1 exists. Let f (0) = 0 and f (x) → +∞ as x → +∞. Further, let these
properties hold for f−1. The functions

F (x) =
∫ x

0

f (s) ds and F∗ (y) =
∫ y

0

f−1 (t) dt

are then convex on R+ and the following statements hold:
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(i) xy ≤ F (x) + F∗ (y), x ≥ 0, y ≥ 0 (Young’s inequality 4.27);

(ii) xy = F (x) + F∗ (y), y = f (x) = F ′ (x) ;

(iii) F ′∗ (y) = (F ′ (x))−1 ;

(iv) F∗∗ = F ;

(v) F∗ (y) = sup
x≥0

(xy − f (x)) .

If f∗ : I∗ → R and f is convex on I, then the conjugate function

f∗ (y) = sup
x∈I

(xy − f (x))

is important in optimisation theory (see Mitrinović, Pečarić, and Fink [141,
Chapter XIV]).

(d) Witkowski [166] gave a reverse for Young’s inequality in 2007. Namely,

∫ a

0

f(x)dx+
∫ b

0

f−1(x)dx ≤ ab+ (f−1(b)− a)(b− f(a)).

4.6 Grüss Type Inequalities for the Stieltjes Integral of
Bounded Integrands

Consider the weighted Čebyšev functional

Tw (f, g) :=
1∫ b

a
w (t) dt

∫ b

a

w (t) f (t) g (t) dt

− 1∫ b
a
w (t) dt

∫ b

a

w (t) f (t) dt · 1∫ b
a
w (t) dt

∫ b

a

w (t) g (t) dt (4.32)

where f, g, w : [a, b] → R and w (t) ≥ 0 for almost every (a.e.) t ∈ [a, b] are
measurable functions such that the involved integrals exist and

∫ b
a
w (t) dt > 0.
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Cerone and Dragomir [29] obtained, among others, the following inequali-
ties:

|Tw (f, g)| (4.33)

≤ 1
2

(M −m)
1∫ b

a
w (t) dt

∫ b

a

w (t)

∣∣∣∣∣g (t)− 1∫ b
a
w (s) ds

∫ b

a

w (s) g (s) ds

∣∣∣∣∣ dt
≤ 1

2
(M −m)

[
1∫ b

a
w (t) dt

∫ b

a

w (t)

×

∣∣∣∣∣g (t)− 1∫ b
a
w (s) ds

∫ b

a

w (s) g (s) ds

∣∣∣∣∣
p

dt

] 1
p

(p > 1)

≤ 1
2

(M −m) ess sup
t∈[a,b]

∣∣∣∣∣g (t)− 1∫ b
a
w (s) ds

∫ b

a

w (s) g (s) ds

∣∣∣∣∣
provided

−∞ < m ≤ f (t) ≤M <∞ for a.e. t ∈ [a, b] (4.34)

and the corresponding integrals are finite. The constant 1
2 is sharp in all

the inequalities in (4.33) in the sense that it cannot be replaced by a smaller
constant.

In addition, if

−∞ < n ≤ g (t) ≤ N <∞ for a.e. t ∈ [a, b] , (4.35)

then the following refinement of the celebrated Grüss inequality is obtained:

|Tw (f, g)| (4.36)

≤ 1
2

(M −m)
1∫ b

a
w (t) dt

∫ b

a

w (t)

∣∣∣∣∣g (t)− 1∫ b
a
w (s) ds

∫ b

a

w (s) g (s) ds

∣∣∣∣∣ dt
≤ 1

2
(M −m)

[
1∫ b

a
w (t) dt

∫ b

a

w (t)

×

∣∣∣∣∣g (t)− 1∫ b
a
w (s) ds

∫ b

a

w (s) g (s) ds

∣∣∣∣∣
2

dt

 1
2

≤ 1
4

(M −m) (N − n) .

Here, the constants 1
2 and 1

4 are also sharp in the sense mentioned above.
Before stating the next result, let us denote C[a, b] to be the set of all

continuous functions on [a, b], and BV [a, b] to be the set of all functions of
bounded variation on [a, b].
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In this section, we extend the above results for Riemann-Stieltjes integrals.
For this purpose, we introduce the following Čebyšev functional for the

Stieltjes integral:

T (f, g;u) :=
1

u (b)− u (a)

∫ b

a

f (t) g (t) du (t)

− 1
u (b)− u (a)

∫ b

a

f (t) du (t) · 1
u (b)− u (a)

∫ b

a

g (t) du (t) , (4.37)

where f, g ∈ C [a, b] and u ∈ BV [a, b] with u (b) 6= u (a) .
For some recent inequalities for the Stieltjes integral, see Dragomir [68, 69].
The following result holds [78]:

Let f, g : [a, b] → R be continuous on [a, b] and u : [a, b] → R with u (a) 6=
u (b) . Assume also that there exist the real constants m,M such that

m ≤ f (t) ≤M for each t ∈ [a, b] . (4.38)

If u is of bounded variation on [a, b] , then we have the inequality

|T (f, g;u)| ≤ 1
2

(M −m)
1

|u (b)− u (a)|

×

∥∥∥∥∥g − 1
u (b)− u (a)

∫ b

a

g (s) du (s)

∥∥∥∥∥
∞

b∨
a

(u) , (4.39)

where
∨b
a (u) denotes the total variation of u in [a, b] . The constant 1

2 is
sharp, in the sense that it cannot be replaced by a smaller constant.

PROOF It is easy to see, by simple computation from (4.37) with the
Stieltjes integral, that the following identity,

T (f, g;u) =
1

u (b)− u (a)

∫ b

a

[
f (t)− m+M

2

]
×

[
g (t)− 1

u (b)− u (a)

∫ b

a

g (s) du (s)

]
du (t) , (4.40)

holds.
Using the known inequality∣∣∣∣∣

∫ b

a

p (t) dv (t)

∣∣∣∣∣ ≤ sup
t∈[a,b]

|p (t)|
b∨
a

(v) , (4.41)
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provided p ∈ C [a, b] and v ∈ BV [a, b] , we have, by (4.40), that

|T (f, g;u)|

≤ sup
t∈[a,b]

∣∣∣∣∣
[
f (t)− m+M

2

][
g (t)− 1

u (b)− u (a)

∫ b

a

g (s) du (s)

]∣∣∣∣∣
· 1
|u (b)− u (a)|

b∨
a

(u)(
since

∣∣∣∣f (t)− m+M

2

∣∣∣∣ ≤ M −m
2

for any t ∈ [a, b]
)

≤ M −m
2

∥∥∥∥∥g − 1
u (b)− u (a)

∫ b

a

g (s) du (s)

∥∥∥∥∥
∞

· 1
|u (b)− u (a)|

b∨
a

(u)

and the inequality (4.39) is proved.
To prove the sharpness of the constant 1

2 in the inequality (4.39), we assume
that it holds with a constant C > 0, namely,

|T (f, g;u)| ≤ C (M −m)
1

|u (b)− u (a)|

×

∥∥∥∥∥g − 1
u (b)− u (a)

∫ b

a

g (s) du (s)

∥∥∥∥∥
∞

b∨
a

(u) . (4.42)

Let us consider the functions f = g, f : [a, b] → R, f (t) = t, t ∈ [a, b], and
u : [a, b]→ R given by

u (t) =


−1 if t = a,

0 if t ∈ (a, b) ,

1 if t = b.

(4.43)

Then f, g are continuous on [a, b] , u is of bounded variation on [a, b], and

1
u (b)− u (a)

∫ b

a

f (t) g (t) du (t) =
b2 + a2

2
,

1
u (b)− u (a)

∫ b

a

f (t) du (t) =
b+ a

2
,∥∥∥∥∥g − 1

u (b)− u (a)

∫ b

a

g (s) du (s)

∥∥∥∥∥
∞

= sup
t∈[a,b]

∣∣∣∣t− a+ b

2

∣∣∣∣ =
b− a

2
,

and
b∨
a

(u) = 2, M = b, m = a.
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Substituting these values in (4.42), we get∣∣∣∣∣a2 + b2

2
− (a+ b)2

4

∣∣∣∣∣ ≤ C (b− a) · 1
2
· (b− a)

2
· 2,

giving C ≥ 1
2 . This completes the proof.

The corresponding result for monotonic function u is incorporated in the
following [78]:

Assume that f and g are as above. If u : [a, b] → R is monotonic nonde-
creasing on [a, b] , then one has the inequality:

|T (f, g;u)| ≤ 1
2

(M −m)
1

u (b)− u (a)

×
∫ b

a

∣∣∣∣∣g (t)− 1
u (b)− u (a)

∫ b

a

g (s) du (s)

∣∣∣∣∣ du (t) . (4.44)

The constant 1
2 is sharp in the sense that it cannot be replaced by a smaller

constant.

PROOF Using the known inequality (4.41), we have (from the identity in
Equation 4.40) that

|T (f, g;u)|

≤ 1
u (b)− u (a)

∫ b

a

∣∣∣∣f (t)− m+M

2

∣∣∣∣
×

∣∣∣∣∣g (t)− 1
u (b)− u (a)

∫ b

a

g (s) du (s)

∣∣∣∣∣ du (t)

≤ 1
2

(M −m)
1

u (b)− u (a)

∫ b

a

∣∣∣∣∣g (t)− 1
u (b)− u (a)

∫ b

a

g (s) du (s)

∣∣∣∣∣ du (t) .

Now, assume that the inequality (4.44) holds with a constant D > 0, instead
of 1

2 , so that,

|T (f, g;u)| ≤ D · (M −m)
1

u (b)− u (a)

×
∫ b

a

∣∣∣∣∣g (t)− 1
u (b)− u (a)

∫ b

a

g (s) du (s)

∣∣∣∣∣ du (t) . (4.45)

If we choose the same function as above, we observe that f, g are continuous
and u is monotonic nondecreasing on [a, b] . Then, for these functions, we have

T (f, g;u) =
a2 + b2

2
− (a+ b)2

4
=

(b− a)2

4
,
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a

∣∣∣∣∣g (t)− 1
u (b)− u (a)

∫ b

a

g (s) du (s)

∣∣∣∣∣ du (t) =
∫ b

a

∣∣∣∣t− a+ b

2

∣∣∣∣ du (t)

= b− a,

so that by (4.45) we get

(b− a)2

4
≤ D (b− a)

1
2

(b− a) ,

giving D ≥ 1
2 . This completes the proof.

The case when u is a Lipschitzian function is embodied in the following
[78]:

Assume that f, g : [a, b]→ R are Riemann integrable functions on [a, b] and
f satisfies the condition (4.38). If u : (a, b)→ R (u (b) 6= u (a)) is Lipschitzian
with the constant L, then we have the inequality

|T (f, g;u)| ≤ 1
2
L (M −m)

1
|u (b)− u (a)|

×
∫ b

a

∣∣∣∣∣g (t)− 1
u (b)− u (a)

∫ b

a

g (s) du (s)

∣∣∣∣∣ dt. (4.46)

The constant 1
2 cannot be replaced by a smaller constant.

PROOF It is well known that if p : [a, b] → R is Riemann integrable
on [a, b] and v : [a, b] → R is Lipschitzian with the constant L, then the
Riemann-Stieltjes integral

∫ b
a
p (t) dv (t) exists and∣∣∣∣∣

∫ b

a

p (t) dv (t)

∣∣∣∣∣ ≤ L
∫ b

a

|p (t)| dt. (4.47)

Using this fact and the identity (4.40), we deduce the following:

|T (f, g;u)|

≤ L

|u (b)− u (a)|

∫ b

a

∣∣∣∣f (t)− m+M

2

∣∣∣∣
×

∣∣∣∣∣g (t)− 1
u (b)− u (a)

∫ b

a

g (s) du (s)

∣∣∣∣∣ dt
≤ 1

2
(M −m)

L

|u (b)− u (a)|

∫ b

a

∣∣∣∣∣g (t)− 1
u (b)− u (a)

∫ b

a

g (s) du (s)

∣∣∣∣∣ dt
and the inequality (4.46) is proved.
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Now, assume that (4.46) holds with a constant E > 0 instead of 1
2 , i.e.,

|T (f, g;u)| ≤ EL (M −m)
1

|u (b)− u (a)|

×
∫ b

a

∣∣∣∣∣g (t)− 1
u (b)− u (a)

∫ b

a

g (s) du (s)

∣∣∣∣∣ dt. (4.48)

Consider the function f = g, f : [a, b]→ R with

f (t) =

−1 if t ∈
[
a, a+b

2

]
1 if t ∈

(
a+b

2 , b
]

and u : [a, b]→ R, u (t) = t. Then, obviously, f and g are Riemann integrable
on [a, b] and u is Lipschitzian with the constant L = 1.

Since

1
u (b)− u (a)

∫ b

a

f (t) g (t) du (t) =
1

b− a

∫ b

a

dt = 1,

1
u (b)− u (a)

∫ b

a

f (t) du (t) =
1

u (b)− u (a)

∫ b

a

g (t) du (t) = 0,∫ b

a

∣∣∣∣∣g (t)− 1
u (b)− u (a)

∫ b

a

g (s) du (s)

∣∣∣∣∣ dt =
∫ b

a

dt = b− a

and
M = 1, m = 1,

then, by (4.48), we deduce that E ≥ 1
2 , and the result is completely proved.

Comments
For f, g, w : [a, b]→ R, integrable and with the property that

∫ b
a
w (t) dt 6= 0,

consider the weighted Čebyšev functional

Tw (f, g) :=
1∫ b

a
w (t) dt

∫ b

a

w (t) f (t) g (t) dt

− 1∫ b
a
w (t) dt

∫ b

a

w (t) f (t) dt · 1∫ b
a
w (t) dt

∫ b

a

w (t) g (t) dt. (4.49)

(a) If f, g, w : [a, b] → R are continuous and there exist the real constants
m,M such that

m ≤ f (t) ≤M for each t ∈ [a, b] , (4.50)

© 2011 by Taylor and Francis Group, LLC



Grüss Type Inequalities and Related Results 213

then one has the inequality

|Tw (f, g)| ≤ 1
2

(M −m)
1∣∣∣∫ ba w (s) ds

∣∣∣
×

∥∥∥∥∥g − 1∫ b
a
w (s) ds

∫ b

a

g (s)w (s) ds

∥∥∥∥∥
[a,b],∞

∫ b

a

|w (s)| ds. (4.51)

The proof follows by (4.39) on choosing u (t) =
∫ t
a
w (s) ds.

(b) If f, g, w are as in (a) and w (s) ≥ 0 for s ∈ [a, b] , then one has the
inequality

|Tw (f, g)| ≤ 1
2

(M −m)
1∫ b

a
w (s) ds

×
∫ b

a

∣∣∣∣∣g (t)− 1∫ b
a
w (s) ds

∫ b

a

g (s)w (s) ds

∣∣∣∣∣w (s) ds. (4.52)

(c) If f, g are Riemann integrable on [a, b] and f satisfies (4.50), and w is
continuous on [a, b] , then one has the inequality

|Tw (f, g)| ≤ 1
2
‖w‖[a,b],∞ (M −m)

1∣∣∣∫ ba w (s) ds
∣∣∣

×
∫ b

a

∣∣∣∣∣g (t)− 1∫ b
a
w (s) ds

∫ b

a

g (s)w (s) ds

∣∣∣∣∣ ds. (4.53)

4.7 Grüss Type Inequalities for the Stieltjes Integral of
Lipschitzian Integrands

In the following, some Grüss type inequalities for the Stieltjes integral of
Hölder and Lipshitz continuous integrands are presented [60]:

Let f, g : [a, b]→ R be such that f is of r-H-Hölder type on [a, b] , i.e.,

|f (t)− f (s)| ≤ H |t− s|r for any t, s ∈ [a, b] , (4.54)

and g is continuous on [a, b] . If u : [a, b] → R is of bounded variation on
[a, b] with u (a) 6= u (b) , then we have the inequality

|T (f, g;u)| ≤ H (b− a)r

2r
· 1
|u (b)− u (a)|

×

∥∥∥∥∥g − 1
u (b)− u (a)

∫ b

a

g (s) du (s)

∥∥∥∥∥
∞

b∨
a

(u) , (4.55)
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where
∨b
a (u) denotes the total variation of u on [a, b] .

PROOF It is easy to see, by simple computation with the Stieltjes integral,
that the following identity

T (f, g;u) =
1

u (b)− u (a)

∫ b

a

[
f (t)− f

(
a+ b

2

)]
×

[
g (t)− 1

u (b)− u (a)

∫ b

a

g (s) du (s)

]
du (t) (4.56)

holds.
Using the known inequality (4.41), we have from (4.56) that

|T (f, g;u)| ≤ sup
t∈[a,b]

∣∣∣∣∣
[
f (t)− f

(
a+ b

2

)][
g (t)− 1

u (b)− u (a)

∫ b

a

g (s) du (s)

]∣∣∣∣∣
× 1
|u (b)− u (a)|

b∨
a

(u)

≤ sup
t∈[a,b]

∣∣∣∣f (t)− f
(
a+ b

2

)∣∣∣∣
∥∥∥∥∥g − 1

u (b)− u (a)

∫ b

a

g (s) du (s)

∥∥∥∥∥
∞

× 1
|u (b)− u (a)|

b∨
a

(u)

≤ L
(
b− a

2

)r ∥∥∥∥∥g − 1
u (b)− u (a)

∫ b

a

g (s) du (s)

∥∥∥∥∥
∞

× 1
|u (b)− u (a)|

b∨
a

(u) .

This completes the proof.

The following particular case is a Grüss type inequality for Lipschitz con-
tinuous integrands, and may be useful in applications [60]:

Let f be Lipschitzian with the constant L > 0, that is,

|f (t)− f (s)| ≤ L |t− s| for any t, s ∈ [a, b] , (4.57)

and u, g are as above. Then we have the inequality

|T (f, g;u)| ≤ 1
2

L (b− a)
|u (b)− u (a)|

×

∥∥∥∥∥g − 1
u (b)− u (a)

∫ b

a

g (s) du (s)

∥∥∥∥∥
∞

b∨
a

(u) . (4.58)
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The constant 1
2 cannot be replaced by a smaller constant.

PROOF Inequality (4.58) follows by (4.55) for r = 1. It remains to prove
only the sharpness of the constant 1

2 .

Consider the functions f = g, where f : [a, b] → R, f (t) = t, and u :
[a, b]→ R, given by

u (t) =


−1 if t = a,

0 if t ∈ (a, b) ,

1 if t = b.

(4.59)

Then, f is Lipschitzian with the constant L = 1, g is continuous, and u is of
bounded variation.

If we assume that the inequality (4.58) holds with a constant C > 0, namely,

|T (f, g;u)| ≤ CL (b− a)

∥∥∥∥∥g − 1
u (b)− u (a)

∫ b

a

g (s) du (s)

∥∥∥∥∥
∞

b∨
a

(u) , (4.60)

and since
1

u (b)− u (a)

∫ b

a

f (t) g (t) du (t) =
b2 + a2

2
,

1
u (b)− u (a)

∫ b

a

f (t) du (t) =
1

u (b)− u (a)

∫ b

a

g (t) du (t) =
b+ a,

2

∥∥∥∥∥g − 1
u (b)− u (a)

∫ b

a

g (s) du (s)

∥∥∥∥∥
∞

= sup
t∈[a,b]

∣∣∣∣t− a+ b

2

∣∣∣∣ =
b− a

2

and
∨b
a (u) = 2, then, by (4.60), we have∣∣∣∣∣b2 + a2

2
−
(
a+ b

2

)2
∣∣∣∣∣ ≤ C (b− a)

2
b− a

2
· 2,

giving C ≥ 1
2 .

The following result concerning monotonic function u : [a, b]→ R also holds
[60]:

Assume that f and g are as above. If u : [a, b] → R is monotonic nonde-
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creasing on [a, b] with u (b) > u (a) , then we have the inequalities:

|T (f, g;u)| ≤ H

u (b)− u (a)

∫ b

a

∣∣∣∣t− a+ b

2

∣∣∣∣r (4.61)

×

∣∣∣∣∣g (t)− 1
u (b)− u (a)

∫ b

a

g (s) du (s)

∣∣∣∣∣ du (t)

≤ H (b− a)r

2r [u (b)− u (a)]

×
∫ b

a

∣∣∣∣∣g (t)− 1
u (b)− u (a)

∫ b

a

g (s) du (s)

∣∣∣∣∣ du (t) .

PROOF Using the known inequality∣∣∣∣∣
∫ b

a

p (t) dv (t)

∣∣∣∣∣ ≤
∫ b

a

|p (t)| dv (t) , (4.62)

provided p ∈ C [a, b] and v is monotonic nondecreasing on [a, b] , we have, by
(4.56), the following estimate:

|T (f, g;u)| ≤ 1
u (b)− u (a)

∫ b

a

∣∣∣∣(f (t)− f
(
a+ b

2

))
×

(
g (t)− 1

u (b)− u (a)

∫ b

a

g (s) du (s)

)∣∣∣∣∣ du (t)

≤ H

u (b)− u (a)

∫ b

a

∣∣∣∣t− a+ b

2

∣∣∣∣r
×

∣∣∣∣∣g (t)− 1
u (b)− u (a)

∫ b

a

g (s) du (s)

∣∣∣∣∣ du (t)

≤ H

u (b)− u (a)
sup
t∈[a,b]

∣∣∣∣t− a+ b

2

∣∣∣∣r
×
∫ b

a

∣∣∣∣∣g (t)− 1
u (b)− u (a)

∫ b

a

g (s) du (s)

∣∣∣∣∣ du (t)

which simply provides (4.61).

The particular case of Lipschitzian functions that is relevant for applications
is embodied in the following result [60]:

Assume that f is L-Lipschitzian, g is continuous, and u is monotonic non-
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decreasing on [a, b] with u (b) > u (a) . Then we have the inequalities

|T (f, g;u)| ≤ L

u (b)− u (a)

∫ b

a

∣∣∣∣t− a+ b

2

∣∣∣∣ (4.63)

×

∣∣∣∣∣g (t)− 1
u (b)− u (a)

∫ b

a

g (s) du (s)

∣∣∣∣∣ du (t)

≤ 1
2
· L (b− a)
u (b)− u (a)

×
∫ b

a

∣∣∣∣∣g (t)− 1
u (b)− u (a)

∫ b

a

g (s) du (s)

∣∣∣∣∣ du (t) .

The first inequality is sharp. The constant 1
2 in the second inequality cannot

be replaced by a smaller constant.

PROOF The inequality (4.63) follows by (4.61) on choosing r = 1 and
H ≡ L. Assume that (4.63) holds with the constants D,E > 0, so that

|T (f, g;u)| (4.64)

≤ L ·D
u (b)− u (a)

∫ b

a

∣∣∣∣t− a+ b

2

∣∣∣∣
×

∣∣∣∣∣g (t)− 1
u (b)− u (a)

∫ b

a

g (s) du (s)

∣∣∣∣∣ du (t)

≤ L · E (b− a)
u (b)− u (a)

∫ b

a

∣∣∣∣∣g (t)− 1
u (b)− u (a)

∫ b

a

g (s) du (s)

∣∣∣∣∣ du (t) .

Consider the functions f = g, where f : [a, b]→ R, f (t) = t, and u is as given
by (4.59). Then, f is Lipschitzian with the constant L = 1, g is continuous,
and u is monotonic nondecreasing on [a, b] .

Since

T (f, g;u) =
(b− a)2

4
and ∫ b

a

∣∣∣∣t− a+ b

2

∣∣∣∣
∣∣∣∣∣g (t)− 1

u (b)− u (a)

∫ b

a

g (s) du (s)

∣∣∣∣∣ du (t) =
(b− a)2

2
,

∫ b

a

∣∣∣∣∣g (t)− 1
u (b)− u (a)

∫ b

a

g (s) du (s)

∣∣∣∣∣ du (t) = b− a,

then by (4.64) we deduce

(b− a)2

4
≤ D

2
· (b− a)2

2
≤ E (b− a)2

2
,
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giving D ≥ 1 and E ≥ 1
2 .

Another natural possibility to obtain bounds for the functional T (f, g;u) ,
where u is Lipschitzian with the constant K > 0, is embodied in the following
result [60]:

Assume that f : [a, b]→ R is of r-H-Hölder type on [a, b] . If g : [a, b]→ R
is Riemann integrable on [a, b] and u : [a, b] → R is Lipschitzian with the
constant K > 0 and u (a) 6= u (b) , then one has the inequalities:

|T (f, g;u)| (4.65)

≤ HK

|u (b)− u (a)|

∫ b

a

∣∣∣∣t− a+ b

2

∣∣∣∣r
×

∣∣∣∣∣g (t)− 1
u (b)− u (a)

∫ b

a

g (s) du (s)

∣∣∣∣∣ dt

≤



HK(b−a)r+1

2r(r+1)|u(b)−u(a)|

∥∥∥g − 1
u(b)−u(a)

∫ b
a
g (s) du (s)

∥∥∥
∞

;

HK(b−a)
r+ 1

q

2r(qr+1)
1
q |u(b)−u(a)|

∥∥∥g − 1
u(b)−u(a)

∫ b
a
g (s) du (s)

∥∥∥
p

if p > 1, 1
p + 1

q = 1;

HK(b−a)r

2r|u(b)−u(a)|

∥∥∥g − 1
u(b)−u(a)

∫ b
a
g (s) du (s)

∥∥∥
1
.

PROOF Using the identity (4.56), we have successively

|T (f, g;u)| ≤ K

|u (b)− u (a)|

∫ b

a

∣∣∣∣f (t)− f
(
a+ b

2

)∣∣∣∣ (4.66)

×

∣∣∣∣∣g (t)− 1
u (b)− u (a)

∫ b

a

g (s) du (s)

∣∣∣∣∣ dt
≤ KH

|u (b)− u (a)|

∫ b

a

∣∣∣∣t− a+ b

2

∣∣∣∣r
×

∣∣∣∣∣g (t)− 1
u (b)− u (a)

∫ b

a

g (s) du (s)

∣∣∣∣∣ dt,
which proves the first inequality in (4.65).
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Since ∫ b

a

∣∣∣∣t− a+ b

2

∣∣∣∣r
∣∣∣∣∣g (t)− 1

u (b)− u (a)

∫ b

a

g (s) du (s)

∣∣∣∣∣ dt
≤

∥∥∥∥∥g − 1
u (b)− u (a)

∫ b

a

g (s) du (s)

∥∥∥∥∥
∞

∫ b

a

∣∣∣∣t− a+ b

2

∣∣∣∣r dt
=

(b− a)r+1

2r (r + 1)

∥∥∥∥∥g − 1
u (b)− u (a)

∫ b

a

g (s) du (s)

∥∥∥∥∥
∞

,

then by (4.66) we deduce the first part in the second inequality in (4.65).
By Hölder’s integral inequality we have

∫ b

a

∣∣∣∣t− a+ b

2

∣∣∣∣r
∣∣∣∣∣g (t)− 1

u (b)− u (a)

∫ b

a

g (s) du (s)

∣∣∣∣∣ dt
≤

(∫ b

a

∣∣∣∣t− a+ b

2

∣∣∣∣qr dt
) 1
q
(∫ b

a

∣∣∣∣∣g (t)− 1
u (b)− u (a)

∫ b

a

g (s) du (s)

∣∣∣∣∣
p

dt

) 1
p

=

[
(b− a)qr+1

2qr (qr + 1)

] 1
q
∥∥∥∥∥g − 1

u (b)− u (a)

∫ b

a

g (s) du (s)

∥∥∥∥∥
p

=
(b− a)r+

1
q

2r (qr + 1)
1
q

∥∥∥∥∥g − 1
u (b)− u (a)

∫ b

a

g (s) du (s)

∥∥∥∥∥
p

.

Using (4.66), we deduce the second part of the second inequality in (4.65).
Finally, since ∣∣∣∣t− a+ b

2

∣∣∣∣r ≤ (b− a2

)r
, t ∈ [a, b] ,

we deduce

∫ b

a

∣∣∣∣t− a+ b

2

∣∣∣∣r
∣∣∣∣∣g (t)− 1

u (b)− u (a)

∫ b

a

g (s) du (s)

∣∣∣∣∣ dt
≤ (b− a)r

2r

∥∥∥∥∥g − 1
u (b)− u (a)

∫ b

a

g (s) du (s)

∥∥∥∥∥
1

.

This completes the proof.

The following particular cases are useful in applications [60].
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If f is Lipschitzian with the constant L and g and u are as above, then we
have the inequalities:

|T (f, g;u)| ≤ LK

|u (b)− u (a)|

∫ b

a

∣∣∣∣t− a+ b

2

∣∣∣∣
×

∣∣∣∣∣g (t)− 1
u (b)− u (a)

∫ b

a

g (s) du (s)

∣∣∣∣∣ dt (4.67)

≤



LK (b− a)2

4 |u (b)− u (a)|

∥∥∥∥g − 1
u (b)− u (a)

∫ b
a
g (s) du (s)

∥∥∥∥
∞

;

LK (b− a)1+ 1
q

2 (q + 1)
1
q |u (b)− u (a)|

∥∥∥∥g − 1
u (b)− u (a)

∫ b
a
g (s) du (s)

∥∥∥∥
p

if p > 1, 1
p + 1

q = 1;

LK (b− a)
2 |u (b)− u (a)|

∥∥∥∥g − 1
u (b)− u (a)

∫ b
a
g (s) du (s)

∥∥∥∥
1

.

The first inequality in (4.67) is sharp.
The constants 1

4 and 1
2 in the first and second branches of the second in-

equality cannot be replaced by smaller constants.

PROOF The inequality (4.67) follows readily from (4.65) on choosing
r = 1.

Now, assume that the following inequalities hold:

|T (f, g;u)| (4.68)

≤ CLK

|u (b)− u (a)|

∫ b

a

∣∣∣∣t− a+ b

2

∣∣∣∣
×

∣∣∣∣∣g (t)− 1
u (b)− u (a)

∫ b

a

g (s) du (s)

∣∣∣∣∣ dt

≤



DLK (b− a)2

|u (b)− u (a)|

∥∥∥∥∥g − 1
u (b)− u (a)

∫ b

a

g (s) du (s)

∥∥∥∥∥
∞

;

ELK (b− a)1+ 1
q

(q + 1)
1
q |u (b)− u (a)|

∥∥∥∥∥g − 1
u (b)− u (a)

∫ b

a

g (s) du (s)

∥∥∥∥∥
p

if p > 1, 1
p + 1

q = 1;

with C,D,E > 0.
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Consider the functions f, g, u : [a, b] → R, defined by f (t) = t − a+b
2 ,

u (t) = t and

g (t) =

−1 if t ∈
[
a, a+b

2

]
,

1 if t ∈
(
a+b

2 , b
]
.

Then both f and u are Lipschitzian with the constant L = K = 1 and g is
Riemann integrable on [a, b] .

We obviously have

|T (f, g;u)| = 1
b− a

∫ b

a

f (t) g (t) dt− 1
b− a

∫ b

a

f (t) dt · 1
b− a

∫ b

a

g (t) dt

=
b− a

4
,

∫ b

a

∣∣∣∣t− a+ b

2

∣∣∣∣
∣∣∣∣∣g (t)− 1

u (b)− u (a)

∫ b

a

g (s) du (s)

∣∣∣∣∣ dt =
(b− a)2

4

∥∥∥∥∥g − 1
u (b)− u (a)

∫ b

a

g (s) du (s)

∥∥∥∥∥
∞

= ‖g‖∞ = 1

and ∥∥∥∥∥g − 1
u (b)− u (a)

∫ b

a

g (s) du (s)

∥∥∥∥∥
p

= ‖g‖p = (b− a)
1
p .

Consequently, by (4.68), one has

b− a
4
≤ C

b− a
(b− a)2

4
≤


D(b−a)2

b−a · 1

E(b−a)2

(q+1)
1
q (b−a)

giving

1
4
≤ C

4
≤

D

E

(q+1)
1
q
, q > 1,

from which we conclude that C ≥ 1, D ≥ 1
4 and E ≥ (q+1)

1
q

4 . Letting q → 1+,
we deduce E ≥ 1

2 and the result is proved.
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Comments
(a) If f, g, w : [a, b]→ R are continuous and f is of r-H-Hölder type, then one
has the identity

|Tw (f, g)| ≤ H |b− a|r

2r
· 1∣∣∣∫ ba w (s) ds

∣∣∣
×

∥∥∥∥∥g − 1∫ b
a
w (s) ds

∫ b

a

g (s)w (s) ds

∥∥∥∥∥
[a,b],∞

∫ b

a

|w (s)| ds.

The proof follows from (4.55) on choosing u (t) =
∫ t
a
w (s) ds.

(b) If f, g, w are as in (a) and w (s) ≥ 0 for s ∈ [a, b] , then one has the
inequality

|Tw (f, g)| (4.69)

≤ H∫ b
a
w (s) ds

∫ b

a

∣∣∣∣t− a+ b

2

∣∣∣∣r
×

∣∣∣∣∣g (t)− 1∫ b
a
w (s) ds

∫ b

a

g (s)w (s) ds

∣∣∣∣∣w (s) ds

≤ H (b− a)r

2r
∫ b
a
w (s) ds

∫ b

a

∣∣∣∣∣g (t)− 1∫ b
a
w (s) ds

∫ b

a

g (s)w (s) ds

∣∣∣∣∣w (s) ds.

The proof follows from (4.61) on choosing u (t) =
∫ t
a
w (s) ds.

(c) If f is of r-H-Hölder type, g is Riemann integrable on [a, b], and w is
continuous on [a, b] , then one has the inequality

|Tw (f, g)| (4.70)

≤
H ‖w‖[a,b],∞∣∣∣∫ ba w (s) ds

∣∣∣
∫ b

a

∣∣∣∣t− a+ b

2

∣∣∣∣r
∣∣∣∣∣g (t)− 1∫ b

a
w (s) ds

∫ b

a

g (s)w (s) ds

∣∣∣∣∣ dt

≤



H ‖w‖[a,b],∞ (b− a)r+1

2r (r + 1)
∣∣∣∫ ba w (s) ds

∣∣∣
∥∥∥∥∥g − 1∫ b

a
w (s) ds

∫ b
a
g (s)w (s) ds

∥∥∥∥∥
[a,b],∞

;

H ‖w‖[a,b],∞ (b− a)r+
1
q

2r (qr + 1)
1
q

∣∣∣∫ ba w (s) ds
∣∣∣
∥∥∥∥∥g − 1∫ b

a
w (s) ds

∫ b
a
g (s)w (s) ds

∥∥∥∥∥
[a,b],p

,

p > 1, 1
p + 1

q = 1;

H ‖w‖[a,b],∞ (b− a)r

2r
∣∣∣∫ ba w (s) ds

∣∣∣
∥∥∥∥∥g − 1∫ b

a
w (s) ds

∫ b
a
g (s)w (s) ds

∥∥∥∥∥
[a,b],1

.
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The proof follows from (4.65) on choosing u (t) =
∫ t
a
w (s) ds.

4.8 Other Grüss Type Inequalities for the
Riemann-Stieltjes Integral

Dragomir and Fedotov [90] considered the following functional,

D (f ;u) :=
∫ b

a

f (x) du (x)− [u (b)− u (a)] · 1
b− a

∫ b

a

f (t) dt, (4.71)

with the provision that the involved integrals exist.
In the same article [90], the following result, in estimating the above func-

tional, was obtained:

Let f, u : [a, b]→ R be such that u is L-Lipschitzian on [a, b] so that

|u (x)− u (y)| ≤ L |x− y| for any x, y ∈ [a, b] (L > 0) (4.72)

and f is Riemann integrable on [a, b] . If m,M ∈ R are such that

m ≤ f (x) ≤M for any x, y ∈ [a, b] , (4.73)

then we have the inequality

|D (f ;u)| ≤ 1
2
L (M −m) (b− a) . (4.74)

The constant 1
2 is sharp in the sense that it cannot be replaced by a smaller

constant.
In Dragomir and Fedotov [91], the following result complementing the above

was obtained.

Let f, u : [a, b] → R be such that u : [a, b] → R is of bounded variation
in [a, b] and f : [a, b] → R is K-Lipschitzian (K > 0) . Then we have the
inequality

|D (f ;u)| ≤ 1
2
K (b− a)

b∨
a

(u) . (4.75)

The constant 1
2 is sharp in the above sense.

The proofs are left to the reader.
In this section, we consider some Grüss type inequalities for the Riemann-

Stieltjes integral. Before stating the results, we introduce the following iden-
tity (cf. Dragomir [59]).
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Let f, u : [a, b]→ R be such that the Stieltjes integral
∫ b
a
f (t) du (t) and the

Riemann integral
∫ b
a
f (t) dt exist. Then we have the identity

D (f ;u) =
∫ b

a

Φ (t) df (t) =
1

b− a

∫ b

a

Γ (t) df (t) (4.76)

=
1

b− a

∫ b

a

(t− a) (b− t) ∆ (t) df (t) ,

where

Φ (t) :=
(t− a)u (b) + (b− t)u (a)

b− a
− u (t) , t ∈ [a, b],

Γ (t) := (t− a) [u (b)− u (t)]− (b− t) [u (t)− u (a)] , t ∈ [a, b] ,

and
∆ (t) := [u; b, t]− [u; t, a] , t ∈ (a, b) ,

where [u;α, β] is the divided difference, that is, we recall,

[u;α, β] :=
u (α)− u (β)

α− β
.

PROOF We observe that∫ b

a

Φ (t) df (t) =
∫ b

a

[
(t− a)u (b) + (b− t)u (a)

b− a
− u (t)

]
df (t)

=
[

(t− a)u (b) + (b− t)u (a)
b− a

− u (t)
]
f (t)

∣∣∣∣b
a

−
∫ b

a

f (t) d
[

(t− a)u (b) + (b− t)u (a)
b− a

− u (t)
]

= −
∫ b

a

f (t)
[
u (b)− u (a)

b− a
dt− du (t)

]
=
∫ b

a

f (t) du (t)− u (b)− u (a)
b− a

∫ b

a

f (t) dt

and the first identity in (4.76) is proved.
The second and third identities are obvious.

If u is an integral, so that u (t) =
∫ t
a
g (s) ds, then from (4.76) we deduce

Cerone’s result [23] in

T (f, g) =
1

(b− a)

∫ b

a

Ψ (t) df (t) , (4.77)
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where

Ψ (t) =
t− a
b− a

∫ b

a

g (s) ds−
∫ t

a

g (s) ds (t ∈ [a, b])

=
1

b− a

[
(t− a)

∫ b

t

g (s) ds− (b− t)
∫ t

a

g (s) ds

]
(t ∈ [a, b])

=
(t− a) (b− t)

b− a

[∫ b
t
g (s) ds
b− t

−
∫ t
a
g (s) ds
t− a

]
(t ∈ (a, b)) .

If w : [a, b]→ R is integrable and
∫ b
a
w (t) dt 6= 0, then the choice of

u (t) :=

∫ t
a
w (s) g (s) ds∫ t
a
w (s) ds

, t ∈ [a, b] (4.78)

produces

Dw (f ;u) =

∫ b
a
w (s) f (s) g (s) ds∫ b

a
w (s) ds

−
∫ b
a
w (s) g (s) ds∫ b
a
w (s) ds

· 1
b− a

∫ b

a

f (t) dt

=: E (f, g;w) .

The following weighted integral inequality is thus a natural application of
the above result (4.76).

If w, f, g are Riemann integrable on [a, b] and
∫ b
a
w (t) dt 6= 0, then

E (f, g;w) =
∫ b

a

Φw (t) df (t) =
1

b− a

∫ b

a

Γw (t) df (t) (4.79)

=
1

b− a

∫ b

a

(t− a) (b− t) ∆w (t) df (t) ,

where

Φw (t) =
(
t− a
b− a

)
·
∫ b
a
w (s) g (s) ds∫ b
a
w (s) ds

−
∫ t
a
w (s) g (s) ds∫ b
a
w (s) ds

,

Γw (t) = (t− a)

∫ b
t
w (s) g (s) ds∫ b
a
w (s) ds

− (b− t)
∫ t
a
w (s) g (s) ds∫ b
a
w (s) ds

,

∆w (t) =

∫ b
t
w (s) g (s) ds

(b− t)
∫ b
a
w (s) ds

−
∫ t
a
w (s) g (s) ds

(t− a)
∫ b
a
w (s) ds

.

The following general result in bounding the functional D (f ;u) may be
stated [59].
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Let f, u : [a, b]→ R.
(i) If f is of bounded variation and u is continuous on [a, b] , then

|D (f ;u)| ≤



sup
t∈[a,b)

|Φ (t)|
∨b
a (f) ,

1
b−a sup

t∈[a,b]

|Γ (t)|
∨b
a (f) ,

1
b−a sup

t∈(a,b)

[(t− a) (b− t) |∆ (t)|]
∨b
a (f) .

(4.80)

(ii) If f is L-Lipschitzian and u is Riemann integrable on [a, b] , then

|D (f ;u)| ≤



L
∫ b
a
|Φ (t)| dt,

L
b−a

∫ b
a
|Γ (t)| dt,

L
b−a

∫ b
a

(t− a) (b− t) |∆ (t)| dt.

(4.81)

(iii) If f is monotonic nondecreasing on [a, b] and u is continuous on [a, b] ,
then

|D (f ;u)| ≤



∫ b
a
|Φ (t)| df (t) ,

1
b−a

∫ b
a
|Γ (t)| df (t) ,

1
b−a

∫ b
a

(t− a) (b− t) |∆ (t)| df (t) .

(4.82)

The proof follows by the identity (4.76), and further details are omitted.

Comments
It is natural to consider the following particular cases, since they provide
simpler bounds for the functional D (f ;u) in terms of ∆ defined above [59].

If f is of bounded variation and u is continuous on [a, b] , then

|D (f ;u)| ≤ 1
b− a

sup
t∈[a,b]

[(t− a) (b− t) ∆ (t)]
b∨
a

(f) (4.83)

≤ b− a
4
‖∆‖∞

b∨
a

(f) ,

where
∨b
a (f) denotes the total variation of f on [a, b].
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If f is L-Lipschitzian and u is Riemann integrable on [a, b] , then

|D (f ;u)| (4.84)

≤ L

b− a

∫ b

a

(t− a) (b− t) |∆ (t)| dt

≤



1
6L (b− a)2 ‖∆‖∞ ,

L (b− a)1+ 1
q [B (q + 1, q + 1)]

1
q ‖∆‖p , p > 1, 1

p + 1
q = 1;

1
4L (b− a) ‖∆‖1 ,

where B (·, ·) is Euler’s beta function (see Equation 3.33).
If f is monotonic nondecreasing and g is continuous, then

|D (f ;u)| (4.85)

≤ 1
b− a

∫ b

a

(t− a) (b− t) |∆ (t)| dt

≤



1
4 (b− a)

∫ b
a
|∆ (t)| df (t) ,

1
b−a

(∫ b
a

[(b− t) (t− a)]q df (t)
) 1
q
(∫ b

a
|∆ (t)|p df (t)

) 1
p

,

p > 1, 1
p + 1

q = 1;
1
b−a ‖∆‖∞

∫ b
a

(t− a) (b− t) df (t) .

If one chooses u (t) =
∫ t
a
g (s) ds above, then the result incorporated in

Theorems 4–6 of Cerone [23] are recaptured.
Finally, the following result on the positivity of the functional D (f ;u) holds

[59]:

Let f be a monotonic nondecreasing function on [a, b] . If u is such that

∆ (t) = ∆ (u; a, t, b) := [u; b, t]− [u; t, a] ≥ 0 (4.86)

for any t ∈ (a, b) , then we have the inequality

D (f ;u) ≥ 1
b− a

∣∣∣∣∣
∫ b

a

(t− a) (b− t) [|[u; b, t]| − |[u; t, a]|] df (t)

∣∣∣∣∣ ≥ 0. (4.87)

The proof is similar to the case in Theorem 3 by Cerone and Dragomir [36];
and the details are left to the interested reader.

It is easy to see that a sufficient condition for (4.86) to hold is that u :
[a, b]→ R is a convex function on [a, b] .
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4.9 Inequalities for Monotonic Integrators

The following result holds [59]:

Let f : [a, b]→ R be L-Lipschitzian on [a, b] and u monotonic nondecreas-
ing on [a, b] . Then we have the inequality

|D (f ;u)| ≤ 1
2
L (b− a) [u (b)− u (a)− P (u)] (4.88)

≤ 1
2
L (b− a) [u (b)− u (a)] ,

where D (f ;u) is as defined in (4.71) and

P (u) :=
4

(b− a)2

∫ b

a

u (x)
(
x− a+ b

2

)
dx (4.89)

=
4

(b− a)2

∫ b

a

[
u (x)− u

(
a+ b

2

)](
x− a+ b

2

)
dx ≥ 0.

The constant 1
2 in both inequalities is sharp in the sense that it cannot be

replaced by a smaller constant.

PROOF Since u is monotonic nondecreasing on [a, b] , then from (4.71)

|D(f, u)| =

∣∣∣∣∣
∫ b

a

f (x) du (x)− u (b)− u (a)
b− a

∫ b

a

f (t) dt

∣∣∣∣∣ (4.90)

=

∣∣∣∣∣
∫ b

a

(
f (x)− 1

b− a

∫ b

a

f (t) dt

)
du (x)

∣∣∣∣∣
≤
∫ b

a

∣∣∣∣∣f (x)− 1
b− a

∫ b

a

f (t) dt

∣∣∣∣∣ du (x) .

Taking into account that f is L-Lipschitzian, we have the following Ostrowski
type inequality (see for example, Dragomir [87]),

∣∣∣∣∣f (x)− 1
b− a

∫ b

a

f (t) dt

∣∣∣∣∣ ≤ L
1

4
+

(
x− a+b

2

b− a

)2
 (b− a) , (4.91)
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for all x ∈ [a, b] , from which we deduce

∫ b

a

∣∣∣∣∣f (x)− 1
b− a

∫ b

a

f (t) dt

∣∣∣∣∣ du (x)

≤ L (b− a)
∫ b

a

1
4

+

(
x− a+b

2

b− a

)2
 du (x) . (4.92)

Now, observe that, by the integration by parts formula for the Riemann-
Stieltjes integral, we have∫ b

a

(
x− a+ b

2

)2

du (x) = u (x)
(
x− a+ b

2

)2
∣∣∣∣∣
b

a

− 2
∫ b

a

u (x)
(
x− a+ b

2

)
dx

=
(b− a)2

4
[u (b)− u (a)]− 2

∫ b

a

u (x)
(
x− a+ b

2

)
dx

and then

∫ b

a

1
4

+

(
x− a+b

2

b− a

)2
 du (x)

=
1
2

[u (b)− u (a)]− 2
(b− a)2

∫ b

a

u (x)
(
x− a+ b

2

)
dx. (4.93)

Using (4.90)–(4.93) we deduce the first part of (4.88).
The second part is obvious by (4.89) which follows by the monotonicity of

u on [a, b] .
To prove the sharpness of the constant 1

2 , assume that (4.94) holds with
the constants C,D > 0, so that

|D (f ;u)| ≤ CL (b− a) [u (b)− u (a)− P (u)] (4.94)
≤ DL (b− a) [u (b)− u (a)] .

Consider the functions f, u : [a, b]→ R given by f (x) = x− a+b
2 and

u (x) =

0 if x ∈ [a, b)

1 if x = b.

Thus f is L-Lipschitzian with the constant L = 1 and u is monotonic nonde-
creasing.

We observe that for these particular choices of f and u,

D (f ;u) =
∫ b

a

f (x) du (x) = f (x)u (x)
∣∣∣∣b
a

−
∫ b

a

u (x) dx =
b− a

2
,
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K (u) = 0, and u (b)− u (a) = 1, giving in (4.94)

b− a
2
≤ C (b− a) ≤ D (b− a) .

Thus, C,D ≥ 1
2 , proving the sharpness of the constant 1

2 in (4.88).

Another result of this type is the following one [59].

Let u : [a, b] → R be monotonic nondecreasing on [a, b] and f : [a, b] → R
be of bounded variation such that the Stieltjes integral

∫ b
a
f (x) du (x) exists.

Then we have the inequality

|D (f ;u)| ≤ [u (b)− u (a)−Q (u)]
b∨
a

(f) (4.95)

≤ [u (b)− u (a)]
b∨
a

(f) ,

where

Q (u) :=
1

b− a

∫ b

a

sgn
(
x− a+ b

2

)
u (x) dx (4.96)

=
1

b− a

∫ b

a

sgn
(
x− a+ b

2

)[
u (x)− u

(
a+ b

2

)]
dx ≥ 0.

The first inequality in (4.95) is sharp in the sense that the constant 1 cannot
be replaced by a smaller constant.

PROOF Since u is monotonic nondecreasing, we have (see Equation 4.90)
that

|D (f ;u)| ≤
∫ b

a

∣∣∣∣∣f (x)− 1
b− a

∫ b

a

f (t) dt

∣∣∣∣∣ du (x) . (4.97)

Using the following Ostrowski type inequality obtained by Dragomir [70],∣∣∣∣∣f (x)− 1
b− a

∫ b

a

f (t) dt

∣∣∣∣∣ ≤
[

1
2

+

∣∣∣∣∣x− a+b
2

b− a

∣∣∣∣∣
]

b∨
a

(f) , (4.98)

for any x ∈ [a, b] , we have∫ b

a

∣∣∣∣∣f (x)− 1
b− a

∫ b

a

f (t) dt

∣∣∣∣∣ du (x)

≤
b∨
a

(f)
∫ b

a

[
1
2

+

∣∣∣∣∣x− a+b
2

b− a

∣∣∣∣∣
]
du (x) . (4.99)
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A simple calculation with the Riemann-Stieltjes integral gives that

∫ b

a

∣∣∣∣x− a+ b

2

∣∣∣∣ du (x) (4.100)

=
∫ a+b

2

a

(
a+ b

2
− x
)
du (x) +

∫ b

a+b
2

(
x− a+ b

2

)
du (x)

= u (x)
(
a+ b

2
− x
)∣∣∣∣ a+b2

a

+
∫ a+b

2

a

u (x) dx

+
(
x− a+ b

2

)
u (x)

∣∣∣∣b
a+b
2

−
∫ b

a+b
2

u (x) dx

=
1
2

(b− a) [u (b)− u (a)]−
∫ b

a

sgn
(
x− a+ b

2

)
u (x) dx

and then by (4.97)–(4.100) we deduce the first inequality in (4.95).

The second part of (4.95) follows by (4.96) which holds by the monotonicity
property of u.

Now, assume that the first inequality in (4.95) holds with a constant E > 0,
so that

|D (f ;u)| ≤ E
b∨
a

(f) [u (b)− u (a)−Q (u)] . (4.101)

Consider the mappings f, u : [a, b]→ R, f (x) = x− a+b
2 , and

u (x) =

0 if x ∈
[
a, a+b

2

]
,

1 if x ∈
(
a+b

2 , b
]
.

Then we have

D (f ;u) =
∫ b

a

f (x) du (x)− u (b)− u (a)
b− a

∫ b

a

f (t) dt

=
∫ b

a

(
x− a+ b

2

)
du (x) =

(
x− a+ b

2

)
u (x)

∣∣∣∣b
a

−
∫ b

a

u (x) dx

=
b− a

2
[u (b) + u (a)] =

b− a
2
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and

b∨
a

(f) [u (b)− u (a)−Q (u)]

= (b− a)

[
u (b)− u (a)−

(
1

b− a

∫ a+b
2

a

sgn
(
x− a+ b

2

)
u (x) dx

+
1

b− a

∫ b

a+b
2

sgn
(
x− a+ b

2

)
u (x) dx

)]

=
b− a

2
.

Thus, by (4.101) we obtain

b− a
2
≤ E · b− a

2
,

showing that E ≥ 1, and the result is proved.

Comments
Similar results for composite rules in approximating the Riemann-Stieltjes
integral may be stated, but we omit the details (see Dragomir [59]).

4.10 Generalisations of Steffensen’s Inequality over
Subintervals

The following inequality is due to Steffensen [162] (see also Mitrinović,
Pečarić, and Fink [141, p. 181]).

Let f, g : [a, b] → R be integrable mappings on [a, b] such that f is nonin-
creasing and 0 ≤ g (t) ≤ 1 for t ∈ [a, b]. Then∫ b

b−λ
f (t) dt ≤

∫ b

a

f (t) g (t) dt ≤
∫ a+λ

a

f (t) dt, (4.102)

where

λ =
∫ b

a

g (t) dt. (4.103)

Hayashi obtains a similar result (see Mitrinović, Pečarić, and Fink [141, p.
182]), which may ostensibly be achieved from (4.102) by replacing g (t) with
g(t)
A , where A is some positive constant.
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For Steffensen type inequalities with integrals over a measure space, see the
work of Gauchman [118].

It may be noted that Steffensen’s inequality (4.102) and (4.103) involve
integrals of functions and of products of functions.

The following result [26] will be useful for the subsequent work:

Let f, g : [a, b] → R be integrable mappings on [a, b]. Further, let [c, d] ⊆
[a, b] with λ = d− c =

∫ b
a
g (t) dt. Then the following identities hold. Namely,

∫ d

c

f (t) dt−
∫ b

a

f (t) g (t) dt =
∫ c

a

(f (d)− f (t)) g (t) dt

+
∫ d

c

(f (t)− f (d)) (1− g (t)) dt+
∫ b

d

(f (d)− f (t)) g (t) dt (4.104)

and∫ b

a

f (t) g (t) dt−
∫ d

c

f (t) dt =
∫ c

a

(f (t)− f (c)) g (t) dt

+
∫ d

c

(f (c)− f (t)) (1− g (t)) dt+
∫ b

d

(f (t)− f (c)) g (t) dt. (4.105)

PROOF We follow the proof by Cerone [26]. Let

S (c, d; a, b) =
∫ d

c

f (t) dt−
∫ b

a

f (t) g (t) dt, a ≤ c < d ≤ b, (4.106)

then

S (c, d; a, b) =
∫ d

c

(1− g (t)) f (t) dt−

[∫ c

a

f (t) g (t) dt+
∫ b

d

f (t) g (t) dt

]

=
∫ d

c

(1− g (t)) (f (t)− f (d)) dt+ f (d)
∫ d

c

(1− g (t)) dt

+
∫ c

a

(f (d)− f (t)) g (t) dt− f (d)
∫ c

a

g (t) dt

+
∫ b

d

(f (d)− f (t)) g (t) dt− f (d)
∫ b

d

g (t) dt.

The identity (4.104) is readily obtained on noting that

f (d)

[∫ d

c

dt−
∫ b

a

g (t) dt

]
= 0.
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Identity (4.105) follows immediately from (4.104) and (4.106) on realising that
(4.105) is S (d, c; b, a) or, equivalently, −S (c, d; a, b).

If c = a in (4.104) and d = b in (4.105), then the identities obtained by
Mitrinović [139] are recaptured.

The following result was developed by Cerone [26].

Let f, g : [a, b] → R be integrable mappings on [a, b] and let f be nonin-
creasing. Further, let 0 ≤ g (t) ≤ 1 and λ =

∫ b
a
g (t) dt = di − ci, where

[ci, di] ⊂ [a, b] for i = 1, 2 and d1 ≤ d2.
Then the result∫ d2

c2

f (t) dt− r (c2, d2) ≤
∫ b

a

f (t) g (t) dt ≤
∫ d1

c1

f (t) dt+R (c1, d1) (4.107)

holds, where

r (c2, d2) =
∫ b

d2

(f (c2)− f (t)) g (t) dt ≥ 0

and

R (c1, d1) =
∫ c1

a

(f (t)− f (d1)) g (t) dt ≥ 0.

PROOF From (4.104) and (4.106)

S (c1, d1; a, b) +
∫ c1

a

(f (t)− f (d1)) g (t) dt

=
∫ d1

c1

(f (t)− f (d1)) (1− g (t)) dt+
∫ b

d1

(f (d1)− f (t)) g (t) dt ≥ 0

by the stated assumptions.
Hence, from (4.106)∫ d1

c1

f (t) dt+
∫ c1

a

(f (t)− f (d1)) g (t) dt−
∫ b

a

f (t) g (t) dt ≥ 0.

Thus, the right inequality is valid.
Now, from (4.105) and (4.106), we have

− S (c2, d2; a, b) +
∫ b

d2

(f (c2)− f (t)) g (t) dt

=
∫ c2

a

(f (t)− f (c2)) g (t) dt+
∫ d2

c2

(f (c2)− f (t)) (1− g (t)) dt ≥ 0
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from the assumptions.
Thus, from (4.106) we obtain∫ b

a

f (t) g (t) dt−

[∫ d2

c2

f (t) dt−
∫ b

d2

(f (c2)− f (t)) g (t) dt

]
≥ 0,

giving the left inequality.
Both r (c2, d2) and R (c1, d1) are nonnegative since f is nonincreasing and

g is nonnegative. The result is now completely proved.

If in (4.107) we take c1 = a and so d1 = a + λ, then R (a, a+ λ) = 0.
Further, taking d2 = b so that c2 = b−λ gives r (b− λ, b) = 0. The Steffensen
inequality (4.102) is thus recaptured. Since (4.103) holds, then c2 ≥ a and
d1 ≤ b, giving [ci, di] ⊂ [a, b]. The result (4.107) may thus be viewed as a
generalisation of the Steffensen inequality as given in (4.102), which allows
for two equal length subintervals that are not necessarily at the ends of [a, b].

It may be advantageous at times to gain coarser bounds that may be more
easily evaluated. The following bounds were obtained by Cerone [26].

Let the conditions leading to the result (4.107) hold. Then∫ b

c2

f (t) dt− (b− d2) f (c2) ≤
∫ b

a

f (t) g (t) dt (4.108)

≤
∫ d1

a

f (t) dt− (c1 − a) f (d1) .

PROOF From result (4.107) on using the fact that 0 ≤ g (t) ≤ 1, we get

0 ≤ r (c2, d2) =
∫ b

d2

(f (c2)− f (t)) g (t) dt

≤
∫ b

d2

(f (c2)− f (t)) dt = (b− d2) f (c2)−
∫ b

d2

f (t) dt.

This implies that∫ d2

c2

f (t) dt− r (c2, d2) ≥
∫ d2

c2

f (t) dt− (b− d2) f (c2) +
∫ b

d2

f (t) dt.

Combining the two integrals produces the left inequality of (4.108). The proof
for the right inequality is similar.

If we take c1 = a and so d1 = a+ λ and d2 = b such that c2 = b− λ, then
(4.108) again recaptures Steffensen’s inequality.
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The following results produce alternative identities to those given by (4.104)
and (4.105). The current identities involve the integral mean of f (·) over the
subinterval [c, d] (see Cerone [26]).

Let f, g : [a, b]→ R be integrable mappings on [a, b]. Define

G (x) =
∫ x

a

g (t) dt

and
λ = G (b) = d− c

where [c, d] ⊂ [a, b].
The following identities hold:∫ b

a

f (x) g (x) dx−
∫ d

c

f (y) dy

= λ [f (b)−M (f ; c, d)]−
∫ b

a

G (x) df (x) (4.109)

and ∫ d

c

f (y) dy −
∫ b

a

f (x) g (x) dx

= λ [M (f ; c, d)− f (a)]−
∫ b

a

[λ−G (x)] df (x) , (4.110)

where M (f ; c, d) is the integral mean of f (·) over [c, d].

PROOF Consider

L :=
∫ b

a

f (x) g (x) dx−
∫ d

c

f (y) dy.

Then from the postulates G(b)
d−c = 1, giving

L =
∫ b

a

f (x) g (x) dx− 1
d− c

∫ b

a

g (x) dx
∫ d

c

f (y) dy.

Combining the integrals gives

L =
∫ b

a

g (x) [f (x)−M (f ; c, d)] dx, (4.111)

where M (f ; c, d) is the integral mean of f over [c, d].
Integration by parts from (4.111) gives
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L = G (x) [f (x)−M (f ; c, d)]
]b
a

−
∫ b

a

G (x) df (x)

and so

L = λ [f (b)−M (f ; c, d)]−
∫ b

a

G (x) df (x)

since G (b) = λ and G (a) = 0.
The second identity follows along similar lines.

The identities (4.109) and (4.110) were used to procure the following results
(see Cerone [26]):

Let f, g : [a, b]→ R be integrable mappings on [a, b] and f be nonincreasing.
Further, let g (t) ≥ 0 and G (x) =

∫ x
a
g (t) dt with λ = G (b) = di − ci where

[ci,di] ⊂ [a, b] for i = 1, 2 and d1 < d2. Then∫ d2

c2

f (y) dy − λ [M (f ; c2, d2)− f (b)]

≤
∫ b

a

f (x) g (x) dx ≤
∫ d1

c1

f (y) dy + λ [f (a)−M (f ; c1, d1)] (4.112)

where d2 > d1.

PROOF From (4.109), and using the facts that f is nonincreasing and
g (t) ≥ 0, we get [26]

−
∫ b

a

G (x) df (x) ≥ 0.

This implies that∫ b

a

f (x) g (x) dx−

[∫ d2

c2

f (y) dy + λ [f (b)−M (f ; c2, d2)]

]
≥ 0;

and so the left inequality is obtained.
Similarly, from (4.110) and the postulates we have

−
∫ b

a

[λ−G (x)] df (x) ≥ 0,

which gives∫ d1

c1

f (y) dy + λ [M (f ; c1, d1)− f (a)]−
∫ b

a

f (x) g (x) dx ≥ 0.
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Comments
(a) The lower and upper inequalities in (4.112) may be simplified to λf (b)
and λf (a), respectively, since∫ d

c

f (y) dy = λM (f ; c, d) .

That is,

λf (b) ≤
∫ b

a

f (x) g (x) dx ≤ λf (a) . (4.113)

The result should not be overly surprising, since it may be obtained directly
from the postulates since

inf
x∈[a,b]

f (x)
∫ b

a

g (x) dx ≤
∫ b

a

f (x) g (x) dx ≤ sup
x∈[a,b]

f (x)
∫ b

a

g (x) dx.

The result (4.113) readily follows on noting that∫ b

a

g (x) [f (x)− f (b)] dx ≥ 0

and ∫ b

a

f (x) [f (a)− f (x)] dx ≥ 0.

(b) The following result expresses S as a double integral over a rectangular
region to obtain bounds for the Steffensen functional.

Let f, g : [a, b] → R be integrable mappings on [a, b] such that f is non-
increasing and 0 ≤ g (t) ≤ 1 for t ∈ [a, b]. Further, let [c, d] ⊆ [a, b] with
λ = d− c =

∫ b
a
g (t) dt, then the following inequality holds,

|S| :=

∣∣∣∣∣
∫ b

a

f (x) g (x) dx−
∫ d

c

f (y) dy

∣∣∣∣∣ (4.114)

≤ (a+ b+ c+ d)M (f ; c, d)− 4
d− c

µ (f ; c, d)

+
∫ c

a

f (x) dx−
∫ b

d

f (x) dx

≤ (c− a) f (a)− (b− d) f (b) + (a+ b+ c+ d) f (c)
− 2 (d+ c) f (d) ,

where M (f ; c, d) is the integral mean and

µ (f ; c, d) =
∫ d

c

xf (x) dx. (4.115)

© 2011 by Taylor and Francis Group, LLC



Grüss Type Inequalities and Related Results 239

PROOF The following identity may easily be shown to hold:

S =
1

d− c

∫ b

a

∫ d

c

g (x) (f (x)− f (y)) dydx. (4.116)

Then

|S| ≤
‖g‖∞
d− c

∫ b

a

∫ d

c

|f (x)− f (y)| dydx,

where ‖g‖∞ := ess sup
x∈[a,b]

|g (x)| = 1, from the postulates.

Thus,

|S| ≤ 1
d− c

∫ b

a

∫ d

c

|f (x)− f (y)| dydx := I. (4.117)

Now, using the fact that f is nonincreasing and that [c, d] ⊆ [a, b], we have

(d− c) I =
∫ c

a

∫ d

c

(f (x)− f (y)) dydx+
∫ d

c

∫ x

c

(f (y)− f (x)) dydx

+
∫ d

c

∫ d

x

(f (x)− f (y)) dydx+
∫ b

d

∫ d

c

(f (y)− f (x)) dydx.

Using the facts that∫ d

c

∫ x

c

f (y) dydx =
∫ d

c

(d− x) f (x) dx and∫ d

c

∫ d

x

f (y) dydx =
∫ d

c

(x− c) f (x) dx,

then

(d− c) I = (d− c)

[∫ c

a

f (x) dx−
∫ b

d

f (x) dx

]

+
∫ d

c

[a+ b+ c+ d− 4x] f (x) dx, (4.118)

from which the first inequality results.
The coarser inequality is obtained using the fact that f is nonincreasing,

giving, from (4.118),

I ≤ (c− a) f (a)− (b− d) f (b) + (a+ b+ c+ d) f (c)− 4
d− c

f (d)
∫ d

c

xdx,

which upon simplification gives the second inequality in (4.114).
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(c) The following result was obtained by Cerone [26]:

Let the conditions pertaining to the result (4.114) hold. Then

−2cM (f ; c, d)− φ (c, d) ≤
∫ b

a

f (x) g (x) dx (4.119)

≤ 2dM (f ; c, d) + φ (c, d) ,

where

φ (c, d) = (a+ b)M (f ; c, d) +
∫ c

a

f (x) dx

−
∫ b

d

f (x) dx− 4
d− c

µ (f ; c, d) (4.120)

with M (f ; c, d) being the integral mean and µ (f ; c, d) the mean of f over the
subinterval [c, d] given by (4.115).

When these results are specialised to refer to end intervals, then it is an open
problem as to whether the bounds are better or worse than those provided by
the Steffensen bounds (4.102).
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Chapter 5

Inequalities in Inner Product Spaces

In Modern Functional Analysis the concept of a Hilbert space plays a funda-
mental role. It creates a natural background for solving numerous problems
in mathematics, physics, engineering, and science.

The purpose of this chapter is to present some of the fundamental inequali-
ties that involve inner products and norms. Various inequalities related to the
Schwarz, triangle, and Bessel inequalities are surveyed. More recent results
due to Boas-Bellman’s and Bombieri’s generalisations of the Bessel inequality
are presented. The generalisations due to Kurepa, Buzano, and Precupanu
of the Schwarz inequality as well as the Dunkl-Williams inequality are also
given. Last but not least, an account on recent advancement of the Grüss
inequality in inner product spaces is provided as well. These, as usual, have
been complemented by numerous remarks and comments that engender fur-
ther research and application of the results.

5.1 Schwarz’s Inequality in Inner Product Spaces

Let (H; 〈·, ·〉) be an inner product space over K, where K = R or C. Then

‖x‖ ‖y‖ ≥ |〈x, y〉| (5.1)

for all x, y ∈ H. Equality holds in (5.1) iff x and y are linearly dependent,
that is, x = λy for some λ ∈ K.

PROOF Observe that

0 ≤
∥∥∥‖y‖2 x− 〈x, y〉y∥∥∥2

(5.2)

= ‖y‖4 ‖x‖2 − 2 ‖y‖2 〈x, y〉 〈x, y〉+ |〈x, y〉|2 ‖y‖2

= ‖y‖2
(
‖x‖2 ‖y‖2 − |〈x, y〉|2

)
.

If ‖y‖ = 0, that is, y = 0, then the inequality (5.1) is obviously satisfied.
Assume that ‖y‖ 6= 0. Then by (5.2) we get

‖x‖2 ‖y‖2 ≥ |〈x, y〉|2 (5.3)
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which is clearly equivalent to (5.1).
If x = λy (λ ∈ K), then ‖x‖ ‖y‖ = |λ| ‖y‖2 and |〈x, y〉| = |λ| ‖y‖2, and we

have equality in (5.1).
Now, if in (5.1) we have equality, then by (5.2)∥∥∥‖y‖2 x− 〈x, y〉y∥∥∥ = 0

and thus, x and y are linearly dependent. This completes the proof.

Comments
Assume that H is the class of all inner products which can be defined on H.
Let the mapping µ : H×H2 → [0,∞] be defined by

µ (〈·, ·〉 , x, y) := ‖x‖ ‖y‖ − |〈x, y〉| .

Then µ (·, x, y) is superadditive in H [98], that is,

µ (〈·, ·〉1 + 〈·, ·〉2 , x, y) ≥ µ (〈·, ·〉1 , x, y) + µ (〈·, ·〉2 , x, y) ≥ 0 (5.4)

for all 〈·, ·〉i ∈ H (i = 1, 2) .
The proof may be demonstrated as follows:

µ (〈·, ·〉1 + 〈·, ·〉2 , x, y) (5.5)

=
(
‖x‖21 + ‖x‖22

) 1
2
(
‖y‖21 + ‖y‖22

) 1
2 − |〈x, y〉1 + 〈x, y〉2|

≥ ‖x‖1 ‖y‖1 + ‖x‖2 ‖y‖2 − |〈x, y〉1| − |〈x, y〉2|
= µ (〈·, ·〉1 , x, y) + µ (〈·, ·〉2 , x, y) .

Note the use of the following elementary inequality for real numbers:(
a2 + b2

) (
c2 + d2

)
≥ (ac+ bd)2

for a, b, c, d ≥ 0.
We say that the inner product 〈·, ·〉2 is greater than 〈·, ·〉1 and denote it by

〈·, ·〉2 > 〈·, ·〉1 if 〈x, x〉2 > 〈x, x〉1 for all x ∈ H\ {0}. If 〈·, ·〉2 > 〈·, ·〉1, then the
mapping 〈·, ·〉2,1 := 〈·, ·〉2 − 〈·, ·〉1 is an inner product on H.

Consequently, we have the following monotonicity property for µ (·, x, y):

If 〈·, ·〉2 > 〈·, ·〉1, then µ (〈·, ·〉2 , x, y) ≥ µ (〈·, ·〉1 , x, y) for all x, y ∈ H [98].
The proof is shown below:

µ (〈·, ·〉2 , x, y) = µ
(
〈·, ·〉2,1 + 〈·, ·〉1 , x, y

)
(by 5.4)

≥ µ
(
〈·, ·〉2,1 , x, y

)
+ µ (〈·, ·〉1 , x, y) ≥ µ (〈·, ·〉1 , x, y) .

Note the use of the fact that µ
(
〈·, ·〉2,1 , x, y

)
≥ 0, which is Schwarz’s inequal-

ity for the inner product 〈·, ·〉2,1 .
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5.2 A Conditional Refinement of the Schwarz Inequality

Let (H; 〈·, ·〉) be an inner product space over the real or complex number
field K and r1, r2 > 0. If x, y ∈ H such that

‖x− y‖ ≥ r2 ≥ r1 ≥ |‖x‖ − ‖y‖| , (5.6)

then we have the following refinement of Schwarz’s inequality:

‖x‖ ‖y‖ − Re 〈x, y〉 ≥ 1
2
(
r2
2 − r2

1

)
(≥ 0) . (5.7)

The constant 1
2 is best possible in the sense that it cannot be replaced by a

larger quantity.

PROOF We follow the proof by Dragomir [73].
From the first inequality in (5.6) we have

‖x‖2 + ‖y‖2 ≥ r2
2 + 2 Re 〈x, y〉 . (5.8)

Subtracting in (5.8) the quantity 2 ‖x‖ ‖y‖ , we get

(‖x‖ − ‖y‖)2 ≥ r2
2 − 2 (‖x‖ ‖y‖ − Re 〈x, y〉) . (5.9)

By the second inequality in (5.6) we have

r2
1 ≥ (‖x‖ − ‖y‖)2

. (5.10)

Hence, from (5.9) and (5.10) we deduce the desired inequality (5.7).
To prove the sharpness of the constant 1

2 in (5.7), let us assume that there
is a constant C > 0 such that

‖x‖ ‖y‖ − Re 〈x, y〉 ≥ C
(
r2
2 − r2

1

)
, (5.11)

provided that x and y satisfy (5.6).
Let e ∈ H with ‖e‖ = 1 and for r2 > r1 > 0, define

x =
r2 + r1

2
· e and y =

r1 − r2

2
· e. (5.12)

Then

x− y = r2e, ‖x− y‖ = r2,

‖x‖ − ‖y‖ = r1, and |‖x‖ − ‖y‖| = r1.

If we replace x and y as defined in (5.12) into inequality (5.11), we get

(r2 + r1) (r2 − r1)
4

− (r2 + r1) (r1 − r2)
4

≥ C
(
r2
2 − r2

1

)
.
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Simplifying the above inequality gives

r2
2 − r2

1

2
≥ C

(
r2
2 − r2

1

)
,

which implies that C ≤ 1
2 . This completes the proof.

The following triangle type inequality may be stated [73]:

With the assumptions of (5.6), we have the inequality:

‖x‖+ ‖y‖ −
√

2
2
‖x+ y‖ ≥

√
2

2

√
r2
2 − r2

1. (5.13)

PROOF We have, by (5.7), that

(‖x‖+ ‖y‖)2 − ‖x+ y‖2 = 2 (‖x‖ ‖y‖ − Re 〈x, y〉) ≥ r2
2 − r2

1 ≥ 0,

which gives

(‖x‖+ ‖y‖)2 ≥ ‖x+ y‖2 +
(√

r2
2 − r2

1

)2

. (5.14)

By employing the following elementary inequality

2
(
α2 + β2

)
≥ (α+ β)2

, α, β ≥ 0,

we get

‖x+ y‖2 +
(√

r2
2 − r2

1

)2

≥ 1
2

(
‖x+ y‖+

√
r2
2 − r2

1

)2

. (5.15)

Utilising (5.14) and (5.15), we deduce the desired inequality (5.13).

Comments
Assume that (H; 〈·, ·〉) is a Hilbert space over the real or complex number
field. Suppose that pi ≥ 0, i ∈ N with

∑∞
i=1 pi = 1 and define

`2p (H) :=

{
x := (xi)i∈N

∣∣xi ∈ H, i ∈ N and
∞∑
i=1

pi ‖xi‖2 <∞

}
.

It is well known that `2p (H) is endowed with the inner product 〈·, ·〉p defined
by

〈x,y〉p :=
∞∑
i=1

pi 〈xi, yi〉

which induces the norm

‖x‖p :=

( ∞∑
i=1

pi ‖xi‖2
) 1

2

.
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Furthermore, `2 (H) is a Hilbert space over K.
We may state the following discrete inequality improving the Cauchy-Bunyakovsky-

Schwarz classical result [73]:

Let (H; 〈·, ·〉) be a Hilbert space and pi ≥ 0 (i ∈ N) with
∑∞
i=1 pi = 1.

Assume that x, y ∈ `2p (H) and r1, r2 > 0 satisfy the condition

‖xi − yi‖ ≥ r2 ≥ r1 ≥ |‖xi‖ − ‖yi‖| (5.16)

for each i ∈ N. Then we have the following refinement of the Cauchy-
Bunyakovsky-Schwarz inequality:( ∞∑

i=1

pi ‖xi‖2
∞∑
i=1

pi ‖yi‖2
) 1

2

−
∞∑
i=1

pi Re 〈xi, yi〉 ≥
1
2
(
r2
2 − r2

1

)
≥ 0. (5.17)

The constant 1
2 is best possible.

PROOF From the condition (5.16) we simply deduce

∞∑
i=1

pi ‖xi − yi‖2 ≥ r2
2 ≥ r2

1 ≥
∞∑
i=1

pi (‖xi‖ − ‖yi‖)2 (5.18)

≥

( ∞∑
i=1

pi ‖xi‖2
) 1

2

−

( ∞∑
i=1

pi ‖yi‖2
) 1

2
2

.

Note the use of the Cauchy-Bunyakovsky-Schwarz inequality,( ∞∑
i=1

pi ‖xi‖2
∞∑
i=1

pi ‖yi‖2
) 1

2

≥
∞∑
i=1

pi ‖xi‖ ‖yi‖ ,

in inequality (5.18).
In terms of the norm ‖·‖p , the inequality (5.18) may be written as

‖x− y‖p ≥ r2 ≥ r1 ≥
∣∣∣‖x‖p − ‖y‖p∣∣∣ . (5.19)

Utilising (5.7) for the Hilbert space
(
`2p (H) , 〈·, ·〉p

)
, we deduce the desired

inequality (5.17).
For n = 1 (p1 = 1) , the inequality (5.17) reduces to (5.7), for which we

have shown that 1
2 is the best possible constant.

By the use of (5.13), we may state the following result as well:
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With the assumptions of (5.16), we have the inequality

( ∞∑
i=1

pi ‖xi‖2
) 1

2

+

( ∞∑
i=1

pi ‖yi‖2
) 1

2

−
√

2
2

( ∞∑
i=1

pi ‖xi + yi‖2
) 1

2

≥
√

2
2

√
r2
2 − r2

1. (5.20)

5.3 The Duality Schwarz-Triangle Inequalities

Let (H; 〈·, ·〉) be an inner product space and R ≥ 1. For x, y ∈ H, the
subsequent statements are equivalent:

(i) The following refinement of the triangle inequality holds:

‖x‖+ ‖y‖ ≥ R ‖x+ y‖ ; (5.21)

(ii) The following refinement of the Schwarz inequality holds:

‖x‖ ‖y‖ − Re 〈x, y〉 ≥ 1
2
(
R2 − 1

)
‖x+ y‖2 . (5.22)

PROOF We follow the proof by Dragomir [73].
Taking the square in (5.21), we have

2 ‖x‖ ‖y‖ ≥
(
R2 − 1

)
‖x‖2 + 2R2 Re 〈x, y〉+

(
R2 − 1

)
‖y‖2 . (5.23)

Subtracting from both sides of (5.23) the quantity 2 Re 〈x, y〉 , we obtain

2 (‖x‖ ‖y‖ − Re 〈x, y〉) ≥
(
R2 − 1

) [
‖x‖2 + 2 Re 〈x, y〉+ ‖y‖2

]
=
(
R2 − 1

)
‖x+ y‖2 ,

which is clearly equivalent to (5.22).

By the use of the above equivalence, we may now state the following result
concerning a refinement of the Schwarz inequality [73]:

Let (H; 〈·, ·〉) be an inner product space over the real or complex number
field and R ≥ 1, r ≥ 0. If x, y ∈ H are such that

1
R

(‖x‖+ ‖y‖) ≥ ‖x+ y‖ ≥ r, (5.24)

then we have the following refinement of the Schwarz inequality:

‖x‖ ‖y‖ − Re 〈x, y〉 ≥ 1
2
(
R2 − 1

)
r2. (5.25)
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The constant 1
2 is best possible.

PROOF The inequality (5.25) follows readily from (5.21). We only need
to prove that 1

2 is the best possible constant in (5.25).
Assume that there exists a C > 0 such that

‖x‖ ‖y‖ − Re 〈x, y〉 ≥ C
(
R2 − 1

)
r2, (5.26)

provided x, y, R, and r satisfy (5.24).
Consider r = 1, R > 1 and choose x = 1−R

2 e, y = 1+R
2 e with e ∈ H,

‖e‖ = 1. Then

x+ y = e,
‖x‖+ ‖y‖

R
=

R−1
2 + R+1

2

R
= 1,

giving equality in (5.24).
From (5.26), for the above choices of x and y, we have

R2 − 1
4

− 1−R2

4
≥ C

(
R2 − 1

)
,

giving 1
2

(
R2 − 1

)
≥ C

(
R2 − 1

)
, which shows that C ≤ 1

2 .

The following result also holds [73]:

Let (H; 〈·, ·〉) be an inner product space over the real or complex number
field K and r ∈ (0, 1]. For x, y ∈ H, the following statements are equivalent:

(i) We have the inequality

|‖x‖ − ‖y‖| ≤ r ‖x− y‖ ; (5.27)

(ii) We have the following refinement of the Schwarz inequality:

‖x‖ ‖y‖ − Re 〈x, y〉 ≥ 1
2
(
1− r2

)
‖x− y‖2 . (5.28)

The constant 1
2 in (5.28) is best possible.

PROOF By taking the square in (5.27), we have

‖x‖2 − 2 ‖x‖ ‖y‖+ ‖y‖2 ≤ r2
(
‖x‖2 − 2 Re 〈x, y〉+ ‖y‖2

)
,

which is clearly equivalent to(
1− r2

) [
‖x‖2 − 2 Re 〈x, y〉+ ‖y‖2

]
≤ 2 (‖x‖ ‖y‖ − Re 〈x, y〉)

or with (5.28).
Now, assume that (5.28) holds with a constant E > 0, i.e.,

‖x‖ ‖y‖ − Re 〈x, y〉 ≥ E
(
1− r2

)
‖x− y‖2 , (5.29)
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provided (5.27) holds.
Define x = r+1

2 e, y = r−1
2 e with e ∈ H, ‖e‖ = 1. Then

|‖x‖ − ‖y‖| = r, ‖x− y‖ = ‖e‖ = 1,

showing that (5.27) holds with equality.
If we replace x and y in (5.29), then we get E

(
1− r2

)
≤ 1

2

(
1− r2

)
, which

shows that E ≤ 1
2 .

Comments
The following result holds [73]:

Let (H; 〈·, ·〉) be a Hilbert space and pi ≥ 0 (i ∈ N) with
∑∞
i=1 pi = 1.

Assume that x,y ∈ `2p (H) and R ≥ 1, r ≥ 0 satisfy the condition

1
R

(‖xi‖+ ‖yi‖) ≥ ‖xi + yi‖ ≥ r (5.30)

for each i ∈ N. Then we have the following refinement of the Schwarz in-
equality:( ∞∑

i=1

pi ‖xi‖2
∞∑
i=1

pi ‖yi‖2
) 1

2

−
∞∑
i=1

pi Re 〈xi, yi〉 ≥
1
2
(
R2 − 1

)
r2. (5.31)

The constant 1
2 is best possible in the sense that it cannot be replaced by a

larger quantity.

PROOF By (5.30) we deduce

1
R

[ ∞∑
i=1

pi (‖xi‖ − ‖yi‖)2

] 1
2

≥

( ∞∑
i=1

pi ‖xi + yi‖2
) 1

2

≥ r. (5.32)

By the classical Minkowski inequality for nonnegative numbers, we have( ∞∑
i=1

pi ‖xi‖2
) 1

2

+

( ∞∑
i=1

pi ‖yi‖2
) 1

2

≥

[ ∞∑
i=1

pi (‖xi‖+ ‖yi‖)2

] 1
2

. (5.33)

By utilising (5.32) and (5.33), we may state the following inequality in terms
of ‖·‖p:

1
R

(
‖x‖p + ‖y‖p

)
≥ ‖x + y‖p ≥ r. (5.34)

By employing the inequality (5.25) for the Hilbert space `2p (H) and the in-
equality (5.34), we deduce the desired result (5.31).

Since, for p = 1, n = 1, (5.31) reduces to (5.25), for which we have shown
that 1

2 is the best constant, we conclude that 1
2 is the best constant in (5.31)

as well.
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Finally, we may state and prove the following result incorporated by Dragomir
[73]:

Let (H; 〈·, ·〉) be a Hilbert space and pi ≥ 0 (i ∈ N) with
∑∞
i=1 pi = 1.

Assume that x, y ∈ `2p (H) and r ∈ (0, 1] such that

|‖xi‖ − ‖yi‖| ≤ r ‖xi − yi‖ for each i ∈ N (5.35)

holds true. Then we have the following refinement of the Schwarz inequality:

( ∞∑
i=1

pi ‖xi‖2
∞∑
i=1

pi ‖yi‖2
) 1

2

−
∞∑
i=1

pi Re 〈xi, yi〉

≥ 1
2
(
1− r2

) ∞∑
i=1

pi ‖xi − yi‖2 . (5.36)

The constant 1
2 is best possible in (5.36).

PROOF From (5.35) we have[ ∞∑
i=1

pi (‖xi‖+ ‖yi‖)2

] 1
2

≤ r

[ ∞∑
i=1

pi ‖xi − yi‖2
] 1

2

.

Utilising the following known result,∣∣∣∣∣∣
( ∞∑
i=1

pi ‖xi‖2
) 1

2

−

( ∞∑
i=1

pi ‖yi‖2
) 1

2

∣∣∣∣∣∣ ≤
( ∞∑
i=1

pi (‖xi‖+ ‖yi‖)2

) 1
2

,

derived from the Minkowski inequality, we may state that∣∣∣‖x‖p − ‖y‖p∣∣∣ ≤ r ‖x− y‖p .

Now, by making use of (5.28), we deduce the desired inequality (5.36) and the
fact that 1

2 is the best possible constant. We omit the details.

5.4 A Quadratic Reverse for the Schwarz Inequality

Let (H; 〈·, ·〉) be an inner product space over the real or complex number
field K (K = R, K = C) and x, a ∈ H, r > 0 are such that

x ∈ B (a, r) := {z ∈ H| ‖z − a‖ ≤ r} .
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If ‖a‖ > r, then we have the inequalities

0 ≤ ‖x‖2 ‖a‖2 − |〈x, a〉|2 ≤ ‖x‖2 ‖a‖2 − [Re 〈x, a〉]2 ≤ r2 ‖x‖2 . (5.37)

The constant C = 1 in front of r2 is best possible in the sense that it cannot
be replaced by a smaller one.

If ‖a‖ = r, then
‖x‖2 ≤ 2 Re 〈x, a〉 ≤ 2 |〈x, a〉| . (5.38)

The constant 2 is best possible in both inequalities.
If ‖a‖ < r, then

‖x‖2 ≤ r2 − ‖a‖2 + 2 Re 〈x, a〉 ≤ r2 − ‖a‖2 + 2 |〈x, a〉| . (5.39)

Here the constant 2 is also best possible.

PROOF We follow the proof by Dragomir [74].
Since x ∈ B (a, r) , it follows that ‖x− a‖2 ≤ r2, which is equivalent to

‖x‖2 + ‖a‖2 − r2 ≤ 2 Re 〈x, a〉 . (5.40)

If ‖a‖ > r, then we may divide (5.40) by
√
‖a‖2 − r2 > 0 to get

‖x‖2√
‖a‖2 − r2

+
√
‖a‖2 − r2 ≤ 2 Re 〈x, a〉√

‖a‖2 − r2

. (5.41)

By using the elementary inequality

αp+
1
α
q ≥ 2

√
pq, α > 0, p, q ≥ 0,

we may state that

2 ‖x‖ ≤ ‖x‖2√
‖a‖2 − r2

+
√
‖a‖2 − r2. (5.42)

Making use of (5.41) and (5.42), we deduce that

‖x‖
√
‖a‖2 − r2 ≤ Re 〈x, a〉 . (5.43)

Taking the square in (5.43) and re-arranging the terms, we deduce the third
inequality in (5.37). The others are straightforward.

To prove the sharpness of the constant, assume, under the stated hypothe-
ses, that there exists a constant c > 0 such that

‖x‖2 ‖a‖2 − [Re 〈x, a〉]2 ≤ cr2 ‖x‖2 , (5.44)
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provided x ∈ B (a, r) and ‖a‖ > r.
Let r =

√
ε > 0, ε ∈ (0, 1) , a, e ∈ H with ‖a‖ = ‖e‖ = 1 and a ⊥ e. Put

x = a+
√
εe. Then obviously x ∈ B (a, r) , ‖a‖ > r and ‖x‖2 = ‖a‖2 +ε ‖e‖2 =

1 + ε, Re 〈x, a〉 = ‖a‖2 = 1, and thus ‖x‖2 ‖a‖2 − [Re 〈x, a〉]2 = ε. By using
(5.44), we may write that

ε ≤ cε (1 + ε) , ε > 0,

giving
c+ cε ≥ 1 for any ε > 0. (5.45)

Letting ε → 0+, we get from (5.45) that c ≥ 1, and the sharpness of the
constant is proved.

The inequality (5.38) is obvious by (5.40) since ‖a‖ = r. The best constant
follows in a similar way to the above.

The inequality (5.39) is obvious. The best constant may be proved in a
similar way to the above. We omit the details.

The following reverse of Schwarz’s inequality holds [74]:

Let (H; 〈·, ·〉) be an inner product space over K and x, y ∈ H, γ,Γ ∈ K such
that either

Re 〈Γy − x, x− γy〉 ≥ 0, (5.46)

or, equivalently, ∥∥∥∥x− Γ + γ

2
y

∥∥∥∥ ≤ 1
2
|Γ− γ| ‖y‖ , (5.47)

holds.
If Re (Γγ) > 0, then we have the inequalities

‖x‖2 ‖y‖2 ≤ 1
4
·
{

Re
[(

Γ + γ
)
〈x, y〉

]}2

Re (Γγ)
(5.48)

≤ 1
4
· |Γ + γ|2

Re (Γγ)
|〈x, y〉|2 .

The constant 1
4 is best possible in both inequalities.

If Re (Γγ) = 0, then

‖x‖2 ≤ Re
[(

Γ + γ
)
〈x, y〉

]
≤ |Γ + γ| |〈x, y〉| .

If Re (Γγ) < 0, then

‖x‖2 ≤ −Re (Γγ) ‖y‖2 + Re
[(

Γ + γ
)
〈x, y〉

]
≤ −Re (Γγ) ‖y‖2 + |Γ + γ| |〈x, y〉| .
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PROOF The proof of the equivalence between the inequalities (5.46) and
(5.47) follows by the fact that in an inner product space, Re 〈Z − x, x− z〉 ≥ 0
(for x, z, Z ∈ H) is equivalent to

∥∥x− z+Z
2

∥∥ ≤ 1
2 ‖Z − z‖.

Consider for y 6= 0, a = γ+Γ
2 y, and r = 1

2 |Γ− γ| ‖y‖ . Then

‖a‖2 − r2 =
|Γ + γ|2 − |Γ− γ|2

4
‖y‖2 = Re (Γγ) ‖y‖2 .

If Re (Γγ) > 0, then by the second inequality in (5.37) we have

‖x‖2 |Γ + γ|2

4
‖y‖2 − 1

4
{

Re
[(

Γ + γ
)
〈x, y〉

]}2 ≤ 1
4
|Γ− γ|2 ‖x‖2 ‖y‖2

from which we derive

|Γ + γ|2 − |Γ− γ|2

4
‖x‖2 ‖y‖2 ≤ 1

4
{

Re
[(

Γ + γ
)
〈x, y〉

]}2
,

giving the first inequality in (5.48). The second inequality is obvious.
To prove the sharpness of the constant 1

4 , assume that the first inequality
in (5.48) holds with a constant c > 0, i.e.,

‖x‖2 ‖y‖2 ≤ c ·
{

Re
[(

Γ + γ
)
〈x, y〉

]}2

Re (Γγ)
, (5.49)

provided Re (Γγ) > 0 and either (5.46) or (5.47) holds. Assume that Γ, γ > 0,
and let x = γy. Then (5.46) holds and by (5.49) we deduce

γ2 ‖y‖4 ≤ c · (Γ + γ)2
γ2 ‖y‖4

Γγ
,

giving
Γγ ≤ c (Γ + γ)2 for any Γ, γ > 0. (5.50)

Let ε ∈ (0, 1) and choose in (5.50), Γ = 1 + ε, γ = 1− ε > 0 to get 1− ε2 ≤ 4c
for any ε ∈ (0, 1) . Letting ε→ 0+, we deduce c ≥ 1

4 , and the sharpness of the
constant is proved.

The other inequalities are obvious and we omit the details.

The following result provides a reverse inequality for the additive version
of Schwarz’s inequality [74]:

With the above assumptions for x, y, γ,Γ and if Re (Γγ) > 0, then we have
the inequality:

0 ≤ ‖x‖2 ‖y‖2 − |〈x, y〉|2 ≤ 1
4
· |Γ− γ|

2

Re (Γγ)
|〈x, y〉|2 . (5.51)

The constant 1
4 is best possible in (5.51).
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The proof is obvious from (5.48) on subtracting in both sides the same
quantity |〈x, y〉|2 . The sharpness of the constant may be proven in a similar
manner to the one incorporated in the proof of (5.48). We omit the details.

Comments
Let (Ω,Σ, µ) be a measurable space consisting of a set Ω, a σ-algebra Σ of
parts, and a countably additive and positive measure µ on Σ with values in
R∪{∞} . Let ρ ≥ 0 be a g-measurable function on Ω with

∫
Ω
ρ (s) dµ (s) = 1.

Denote by L2
ρ (Ω,K) the Hilbert space of all real or complex valued functions

defined on Ω and 2− ρ-integrable on Ω, that is,∫
Ω

ρ (s) |f (s)|2 dµ (s) <∞.

It is obvious that the following inner product,

〈f, g〉ρ :=
∫

Ω

ρ (s) f (s) g (s)dµ (s) ,

generates the norm ‖f‖ρ :=
(∫

Ω
ρ (s) |f (s)|2 dµ (s)

) 1
2

of L2
ρ (Ω,K) , and all

the above results may be stated for integrals.
It is important to observe that, if

Re
[
f (s) g (s)

]
≥ 0, for µ− a.e. s ∈ Ω,

then, obviously,

Re 〈f, g〉ρ = Re
[∫

Ω

ρ (s) f (s) g (s)dµ (s)
]

(5.52)

=
∫

Ω

ρ (s) Re
[
f (s) g (s)

]
dµ (s) ≥ 0.

In general, the reverse is evidently not true.
Moreover, if the space is real, i.e., K = R, then a sufficient condition for

(5.52) to hold is

f (s) ≥ 0, g (s) ≥ 0, for µ− a.e. s ∈ Ω.

We now provide, by the use of certain results obtained above, some integral
inequalities that may be used in practical applications.

Let f, g ∈ L2
ρ (Ω,K) and r > 0 with the properties that

|f (s)− g (s)| ≤ r ≤ |g (s)| , for µ− a.e. s ∈ Ω. (5.53)

Then we have the inequalities

0 ≤
∫

Ω

ρ (s) |f (s)|2 dµ (s)
∫

Ω

ρ (s) |g (s)|2 dµ (s) (5.54)

−
∣∣∣∣∫

Ω

ρ (s) f (s) g (s)dµ (s)
∣∣∣∣2
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≤
∫

Ω

ρ (s) |f (s)|2 dµ (s)
∫

Ω

ρ (s) |g (s)|2 dµ (s)

−
[∫

Ω

ρ (s) Re
(
f (s) g (s)

)
dµ (s)

]2

≤ r2

∫
Ω

ρ (s) |g (s)|2 dµ (s) .

The constant c = 1 in front of r2 is best possible.
The proof follows by (5.37); and we omit the details [74].

Let f, g ∈ L2
ρ (Ω,K) and γ,Γ ∈ K such that Re (Γγ) > 0 and

Re
[
(Γg (s)− f (s))

(
f (s)− γg (s)

)]
≥ 0, for µ− a.e. s ∈ Ω.

Then we have the inequalities∫
Ω

ρ (s) |f (s)|2 dµ (s)
∫

Ω

ρ (s) |g (s)|2 dµ (s) (5.55)

≤ 1
4
·

{
Re
[(

Γ + γ
) ∫

Ω
ρ (s) f (s) g (s)dµ (s)

]}2

Re (Γγ)

≤ 1
4
· |Γ + γ|2

Re (Γγ)

∣∣∣∣∫
Ω

ρ (s) f (s) g (s)dµ (s)
∣∣∣∣2 .

The constant 1
4 is best possible in both inequalities.

The following result may be stated as well:

With the previous assumptions, we have the inequality

0 ≤
∫

Ω

ρ (s) |f (s)|2 dµ (s)
∫

Ω

ρ (s) |g (s)|2 dµ (s) (5.56)

−
∣∣∣∣∫

Ω

ρ (s) f (s) g (s)dµ (s)
∣∣∣∣2

≤ 1
4
· |Γ− γ|

2

Re (Γγ)

∣∣∣∣∫
Ω

ρ (s) f (s) g (s)dµ (s)
∣∣∣∣2 .

The constant 1
4 is best possible.

If the space is real (K = R) and we assume, for M > m > 0, that

mg (s) ≤ f (s) ≤Mg (s) , for µ− a.e. s ∈ Ω,

then, by (5.55) and (5.56), we deduce the inequalities∫
Ω

ρ (s) [f (s)]2 dµ (s)
∫

Ω

ρ (s) [g (s)]2 dµ (s)

≤ 1
4
· (M +m)2

mM

[∫
Ω

ρ (s) f (s) g (s) dµ (s)
]2

(5.57)
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and

0 ≤
∫

Ω

ρ (s) [f (s)]2 dµ (s)
∫

Ω

ρ (s) [g (s)]2 dµ (s) (5.58)

−
[∫

Ω

ρ (s) f (s) g (s) dµ (s)
]2

≤ 1
4
· (M −m)2

mM

[∫
Ω

ρ (s) f (s) g (s) dµ (s)
]2

.

The inequality (5.57) is known in the literature as Cassels’ inequality.

5.5 A Reverse of the Simple Schwarz Inequality

Let (H; 〈·, ·〉) be an inner product space over the real or complex number
field K, x, a ∈ H and r > 0. If

x ∈ B̄ (a, r) := {z ∈ H| ‖z − a‖ ≤ r} , (5.59)

then we have the inequalities:

0 ≤ ‖x‖ ‖a‖ − |〈x, a〉| ≤ ‖x‖ ‖a‖ − |Re 〈x, a〉| (5.60)

≤ ‖x‖ ‖a‖ − Re 〈x, a〉 ≤ 1
2
r2.

The constant 1
2 is best possible in (5.60) in the sense that it cannot be replaced

by a smaller constant.

PROOF We follow the proof by Dragomir [61].
The condition (5.59) is equivalent to

‖x‖2 + ‖a‖2 ≤ 2 Re 〈x, a〉+ r2. (5.61)

Using the elementary inequality

2 ‖x‖ ‖a‖ ≤ ‖x‖2 + ‖a‖2 , a, x ∈ H

and (5.61), we deduce

2 ‖x‖ ‖a‖ ≤ 2 Re 〈x, a〉+ r2,

giving the last inequality in (5.60). The other inequalities are obvious.
To prove the sharpness of the constant 1

2 , assume that

0 ≤ ‖x‖ ‖a‖ − Re 〈x, a〉 ≤ cr2 (5.62)
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for any x, a ∈ H and r > 0 satisfying (5.59).
Assume that a, e ∈ H, ‖a‖ = ‖e‖ = 1, and e ⊥ a. If r =

√
ε, ε > 0, and

x = a +
√
εe, then ‖x− a‖ =

√
ε = r, showing that the condition (5.59) is

fulfilled.
On the other hand,

‖x‖ ‖a‖ − Re 〈x, a〉 =
√∥∥a+

√
εe
∥∥2 − Re

〈
a+
√
εe, a

〉
=
√
‖a‖2 + ε ‖e‖2 − ‖a‖2

=
√

1 + ε− 1.

Utilising (5.62), we conclude that

√
1 + ε− 1 ≤ cε for any ε > 0. (5.63)

Multiplying (5.63) by
√

1 + ε+ 1 > 0 and then dividing by ε > 0, we get(√
1 + ε+ 1

)
c ≥ 1 for any ε > 0. (5.64)

Letting ε→ 0+ in (5.64), we deduce c ≥ 1
2 , and the result is proved.

The following result also holds [61]:

Let (H; 〈·, ·〉) be an inner product space over H and x, y ∈ H, γ,Γ ∈ K
(Γ 6= −γ) so that either

Re 〈Γy − x, x− γy〉 ≥ 0 (5.65)

or, equivalently, ∥∥∥∥x− γ + Γ
2

y

∥∥∥∥ ≤ 1
2
|Γ− γ| ‖y‖ (5.66)

holds. Then we have the inequalities

0 ≤ ‖x‖ ‖y‖ − |〈x, y〉| (5.67)

≤ ‖x‖ ‖y‖ −
∣∣∣∣Re

[
Γ̄ + γ̄

|Γ + γ|
〈x, y〉

]∣∣∣∣
≤ ‖x‖ ‖y‖ − Re

[
Γ̄ + γ̄

|Γ + γ|
〈x, y〉

]
≤ 1

4
· |Γ− γ|

2

|Γ + γ|
‖y‖2 .

The constant 1
4 in the last inequality is the best possible.
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PROOF Consider for a, y 6= 0, a = Γ+γ
2 · y, and r = 1

2 |Γ− γ| ‖y‖ . Thus
from (5.60), we get

0 ≤ ‖x‖
∣∣∣∣Γ + γ

2

∣∣∣∣ ‖y‖ − ∣∣∣∣Γ + γ

2

∣∣∣∣ |〈x, y〉|
≤ ‖x‖

∣∣∣∣Γ + γ

2

∣∣∣∣ ‖y‖ − ∣∣∣∣Re
[

Γ̄ + γ̄

2
〈x, y〉

]∣∣∣∣
≤ ‖x‖

∣∣∣∣Γ + γ

2

∣∣∣∣ ‖y‖ − Re
[

Γ̄ + γ̄

2
〈x, y〉

]
≤ 1

8
· |Γ− γ|2 ‖y‖2 .

Dividing by 1
2 |Γ + γ| > 0, we deduce the desired inequality (5.67).

To prove the sharpness of the constant 1
4 , assume that there exists a c > 0

such that:

‖x‖ ‖y‖ − Re
[

Γ̄ + γ̄

|Γ + γ|
〈x, y〉

]
≤ c · |Γ− γ|

2

|Γ + γ|
‖y‖2 , (5.68)

provided either (5.65) or (5.66) holds.
Consider the real inner product space

(
R2, 〈·, ·〉

)
with 〈x̄, ȳ〉 = x1y1 +x2y2,

x̄ = (x1, x2) , ȳ = (y1, y2) ∈ R2. Let ȳ = (1, 1) and Γ, γ > 0 with Γ > γ. Then,
by (5.68), we deduce

√
2
√
x2

1 + x2
2 − (x1 + x2) ≤ 2c · (Γ− γ)2

Γ + γ
. (5.69)

If x1 = Γ, x2 = γ, then

〈Γȳ − x̄, x̄− γȳ〉 = (Γ− x1) (x1 − γ) + (Γ− x2) (x2 − γ) = 0,

showing that the condition (5.65) is valid. By replacing x1 and x2 in (5.69),
we deduce

√
2
√

Γ2 + γ2 − (Γ + γ) ≤ 2c
(Γ− γ)2

Γ + γ
. (5.70)

If in (5.70) we choose Γ = 1 + ε, γ = 1− ε with ε ∈ (0, 1) , then we have

2
√

1 + ε2 − 2 ≤ 2c
4ε2

2
,

giving √
1 + ε2 − 1 ≤ 2cε2. (5.71)

Finally, by multiplying (5.71) with
√

1 + ε2 + 1 > 0 and then dividing by ε2,
we deduce

1 ≤ 2c
(√

1 + ε2 + 1
)

for any ε ∈ (0, 1) . (5.72)
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Letting ε → 0+ in (5.72) we get c ≥ 1
4 , and the sharpness of the constant is

proved.

Comments
We now provide, by using certain results obtained above, some integral in-
equalities that may be used in practical applications.

Let f, g ∈ L2
ρ (Ω,K) and r > 0 with the property that

|f (s)− g (s)| ≤ r for µ− a.e. s ∈ Ω.

Then we have the inequalities

0 ≤
[∫

Ω

ρ (s) |f (s)|2 dµ (s)
∫

Ω

ρ (s) |g (s)|2 dµ (s)
] 1

2

(5.73)

−
∣∣∣∣∫

Ω

ρ (s) f (s) g (s)dµ (s)
∣∣∣∣

≤
[∫

Ω

ρ (s) |f (s)|2 dµ (s)
∫

Ω

ρ (s) |g (s)|2 dµ (s)
] 1

2

−
∣∣∣∣∫

Ω

ρ (s) Re
[
f (s) g (s)

]
dµ (s)

∣∣∣∣
≤
[∫

Ω

ρ (s) |f (s)|2 dµ (s)
∫

Ω

ρ (s) |g (s)|2 dµ (s)
] 1

2

−
∫

Ω

ρ (s) Re
[
f (s) g (s)

]
dµ (s)

≤ 1
2
r2.

The constant 1
2 is best possible in (5.73).

The proof follows by (5.60), and we omit the details.

Let f, g ∈ L2
ρ (Ω,K) and γ,Γ ∈ K so that Γ 6= −γ, and

Re
[
(Γg (s)− f (s))

(
f (s)− γg (s)

)]
≥ 0, for µ− a.e. s ∈ Ω.

Then we have the inequalities

0 ≤
[∫

Ω

ρ (s) |f (s)|2 dµ (s)
∫

Ω

ρ (s) |g (s)|2 dµ (s)
] 1

2

(5.74)

−
∣∣∣∣∫

Ω

ρ (s) f (s) g (s)dµ (s)
∣∣∣∣

≤
[∫

Ω

ρ (s) |f (s)|2 dµ (s)
∫

Ω

ρ (s) |g (s)|2 dµ (s)
] 1

2

−
∣∣∣∣Re

[
Γ̄ + γ̄

|Γ + γ|

∫
Ω

ρ (s) f (s) g (s)dµ (s)
]∣∣∣∣
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≤
[∫

Ω

ρ (s) |f (s)|2 dµ (s)
∫

Ω

ρ (s) |g (s)|2 dµ (s)
] 1

2

− Re
[

Γ̄ + γ̄

|Γ + γ|

∫
Ω

ρ (s) f (s) g (s)dµ (s)
]

≤ 1
4
· |Γ− γ|

2

|Γ + γ|

∫
Ω

ρ (s) |g (s)|2 dµ (s) .

The constant 1
4 is best possible.

If the space is real and we assume, for M > m > 0, that

mg (s) ≤ f (s) ≤Mg (s) , for µ− a.e. s ∈ Ω, (5.75)

then, by (5.74), we deduce the inequality

0 ≤
[∫

Ω

ρ (s) |f (s)|2 dµ (s)
∫

Ω

ρ (s) |g (s)|2 dµ (s)
] 1

2

−
∣∣∣∣∫

Ω

ρ (s) f (s) g (s)dµ (s)
∣∣∣∣

≤ 1
4
· (M −m)2

M +m

∫
Ω

ρ (s) |g (s)|2 dµ (s) .

The constant 1
4 is best possible.

5.6 A Reverse of Bessel’s Inequality

Let {ei}i∈I be a family of orthonormal vectors in H, F a finite part of I,
and φi,Φi (i ∈ F ) , real or complex numbers. The following statements are
equivalent for x ∈ H:

(i) Re
〈∑

i∈F Φiei − x, x−
∑
i∈F φiei

〉
≥ 0,

(ii)
∥∥∥x−∑i∈F

φi+Φi
2 ei

∥∥∥ ≤ 1
2

(∑
i∈F |Φi − φi|

2
) 1

2
.

PROOF It is easy to see that for y, a,A ∈ H, the following are equivalent:

(i) Re 〈A− y, y − a〉 ≥ 0 and

(ii)
∥∥y − a+A

2

∥∥ ≤ 1
2 ‖A− a‖ .
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Now, for a =
∑
i∈F φiei and A =

∑
i∈F Φiei, we have

‖A− a‖ =

∥∥∥∥∥∑
i∈F

(Φi − φi) ei

∥∥∥∥∥ =

∥∥∥∥∥∑
i∈F

(Φi − φi) ei

∥∥∥∥∥
2
 1

2

=

(∑
i∈F

|Φi − φi|2 ‖ei‖2
) 1

2

=

(∑
i∈F

|Φi − φi|2
) 1

2

,

giving, for y = x, the desired equivalence.

The following reverse of Bessel’s inequality holds [46]:

Let {ei}i∈I , F, φi,Φi, i ∈ F and x ∈ H such that either (i) or (ii) holds.
Then we have the inequality

0 ≤ ‖x‖2 −
∑
i∈F
|〈x, ei〉|2 (Bessel’s inequality) (5.76)

≤ 1
4

∑
i∈F

|Φi − φi|2 − Re

〈∑
i∈F

Φiei − x, x−
∑
i∈F

φiei

〉

≤ 1
4

∑
i∈F
|Φi − φi|2 .

The constant 1
4 is best in both inequalities.

PROOF Define

I1 :=
∑
i∈H

Re
[
(Φi − 〈x, ei〉)

(
〈x, ei〉 − φi

)]
and

I2 := Re

[〈∑
i∈H

Φiei − x, x−
∑
i∈H

φiei

〉]
.

Observe that

I1 =
∑
i∈H

Re
[
Φi〈x, ei〉

]
+
∑
i∈H

Re
[
φi 〈x, ei〉

]
−
∑
i∈H

Re
[
Φiφi

]
−
∑
i∈H

|〈x, ei〉|2

and

I2 = Re

∑
i∈H

Φi〈x, ei〉+
∑
i∈H

φi 〈x, ei〉 − ‖x‖2 −
∑
i∈H

∑
j∈H

Φiφi 〈ei, ej〉


=
∑
i∈H

Re
[
Φi〈x, ei〉

]
+
∑
i∈H

Re
[
φi 〈x, ei〉

]
− ‖x‖2 −

∑
i∈H

Re
[
Φiφi

]
.
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Consequently, by subtracting I2 from I1, we deduce the following identity:

‖x‖2 −
∑
i∈F
|〈x, ei〉|2 =

∑
i∈H

Re
[
(Φi − 〈x, ei〉)

(
〈x, ei〉 − φi

)]
− Re

[〈∑
i∈H

Φiei − x, x−
∑
i∈H

φiei

〉]
. (5.77)

Using the following elementary inequality for complex numbers,

Re
[
ab
]
≤ 1

4
|a+ b|2 , a, b ∈ K,

for the choices a = Φi − 〈x, ei〉 , b = 〈x, ei〉 − φi (i ∈ F ) , we deduce∑
i∈H

Re
[
(Φi − 〈x, ei〉)

(
〈x, ei〉 − φi

)]
≤ 1

4

∑
i∈H
|Φi − φi|2 . (5.78)

Making use of (5.77), (5.78), and the assumption (i), we deduce (5.76).
The sharpness of the constant 1

4 was proved for a single element e, ‖e‖ = 1
by Dragomir [47], and for the real case by Ujević [163].

We provide the following simple proof:
Assume that there is a c > 0 such that

0 ≤ ‖x‖2 −
∑
i∈F

|〈x, ei〉|2 (5.79)

≤ c
∑
i∈F

|Φi − φi|2 − Re

〈∑
i∈F

Φiei − x, x−
∑
i∈F

φiei

〉
,

provided φi,Φi, x, and F satisfy (i) or (ii).
We choose F = {1} , e1 = e2 =

(
1√
2
, 1√

2

)
∈ R2, x = (x1, x2) ∈ R2, Φ1 =

Φ = m > 0, φ1 = φ = −m, H = R2 to get from (5.79) that

0 ≤ x2
1 + x2

2 −
(x1 + x2)2

2
(5.80)

≤ 4cm2 −
(
m√

2
− x1

)(
x1 +

m√
2

)
−
(
m√

2
− x2

)(
x2 +

m√
2

)
,

provided

0 ≤ 〈me− x, x+me〉 (5.81)

=
(
m√

2
− x1

)(
x1 +

m√
2

)
+
(
m√

2
− x2

)(
x2 +

m√
2

)
.

If we choose x1 = m√
2
, x2 = − m√

2
, then (5.81) is fulfilled and by (5.80) we get

m2 ≤ 4cm2, giving c ≥ 1
4 .
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Comments
Consider the family {fi}i∈I of functions in L2

ρ (Ω,K) with the properties that∫
Ω

ρ (s) fi (s) fj (s) dµ (s) = δij , i, j ∈ I,

where δij is zero if i 6= j and δij = 1 if i = j. {fi}i∈I is an orthonormal family
in L2

ρ (Ω,K) .
The following proposition holds [46]:

Let {fi}i∈I be an orthonormal family of functions in L2
ρ (Ω,K) , F a finite

subset of I, φi,Φi ∈ K (i ∈ F ), and f ∈ L2
ρ (Ω,K) , such that either∫

Ω

ρ (s) Re

[(∑
i∈F

Φifi (s)−f (s)

)(
f (s)−

∑
i∈F

φi fi (s)

)]
dµ (s)≥0 (5.82)

or, equivalently,∫
Ω

ρ (s)

∣∣∣∣∣f (s)−
∑
i∈F

Φi + φi
2

fi (s)

∣∣∣∣∣
2

dµ (s) ≤ 1
4

∑
i∈F
|Φi − φi|2 .

We then have the inequality

0 ≤
∫

Ω

ρ (s) |f (s)|2 dµ (s)−
∑
i∈F

∣∣∣∣∫
Ω

ρ (s) f (s) fi (s) dµ (s)
∣∣∣∣2 (5.83)

≤ 1
4

∑
i∈F
|Φi − φi|2

−
∫

Ω

ρ (s) Re

[(∑
i∈F

Φifi (s)− f (s)

)(
f (s)−

∑
i∈F

φi fi (s)

)]
dµ (s)

≤ 1
4

∑
i∈F
|Φi − φi|2 .

The constant 1
4 is the best possible in both inequalities.

5.7 Reverses for the Triangle Inequality in Inner
Product Spaces

The following inequality, ∥∥∥∥∥
n∑
k=1

xk

∥∥∥∥∥ ≤
n∑
k=1

‖xk‖ ,
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is well known in the literature as the triangle inequality.

Let (H; 〈·, ·〉) be a complex inner product space. Suppose that the vectors
xk ∈ H, k ∈ {1, . . . , n} satisfy the condition

0 ≤ r1 ‖xk‖ ≤ Re 〈xk, e〉 , 0 ≤ r2 ‖xk‖ ≤ Im 〈xk, e〉 (5.84)

for each k ∈ {1, . . . , n} , where e ∈ H is such that ‖e‖ = 1 and r1, r2 ≥ 0.
Then we have the inequality√

r2
1 + r2

2

n∑
k=1

‖xk‖ ≤

∥∥∥∥∥
n∑
k=1

xk

∥∥∥∥∥ , (5.85)

where equality holds if and only if

n∑
k=1

xk = (r1 + ir2)

(
n∑
k=1

‖xk‖

)
e. (5.86)

PROOF We follow the proof from Dragomir [86].
In view of the Schwarz inequality in the complex inner product space

(H; 〈·, ·〉) , we have∥∥∥∥∥
n∑
k=1

xk

∥∥∥∥∥
2

=

∥∥∥∥∥
n∑
k=1

xk

∥∥∥∥∥
2

‖e‖2 ≥

∣∣∣∣∣
〈

n∑
k=1

xk, e

〉∣∣∣∣∣
2

(5.87)

=

∣∣∣∣∣
〈

n∑
k=1

xk, e

〉∣∣∣∣∣
2

=

∣∣∣∣∣
n∑
k=1

Re 〈xk, e〉+ i

(
n∑
k=1

Im 〈xk, e〉

)∣∣∣∣∣
2

=

(
n∑
k=1

Re 〈xk, e〉

)2

+

(
n∑
k=1

Im 〈xk, e〉

)2

.

Now, by hypothesis (5.84),(
n∑
k=1

Re 〈xk, e〉

)2

≥ r2
1

(
n∑
k=1

‖xk‖

)2

(5.88)

and (
n∑
k=1

Im 〈xk, e〉

)2

≥ r2
2

(
n∑
k=1

‖xk‖

)2

. (5.89)

If we add (5.88) and (5.89) and use (5.87), then we deduce the desired in-
equality (5.85).
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Now, if (5.86) holds, then∥∥∥∥∥
n∑
k=1

xk

∥∥∥∥∥ = |r1 + ir2|

(
n∑
k=1

‖xk‖

)
‖e‖ =

√
r2
1 + r2

2

n∑
k=1

‖xk‖ .

The case of equality is valid in (5.85).
Before we prove the reverse implication, let us observe that for x ∈ H and

e ∈ H, ‖e‖ = 1, the following identity is true:

‖x− 〈x, e〉 e‖2 = ‖x‖2 − |〈x, e〉|2 ,

so that ‖x‖ = |〈x, e〉| if and only if x = 〈x, e〉 e.
If we assume that equality holds in (5.85), then the case of equality must

hold in all the inequalities required in the argument used to prove the inequal-
ity (5.85). Thus, we may state that∥∥∥∥∥

n∑
k=1

xk

∥∥∥∥∥ =

∣∣∣∣∣
〈

n∑
k=1

xk, e

〉∣∣∣∣∣ , (5.90)

and
r1 ‖xk‖ = Re 〈xk, e〉 , r2 ‖xk‖ = Im 〈xk, e〉 (5.91)

for each k ∈ {1, . . . , n} .
From (5.90) we deduce

n∑
k=1

xk =

〈
n∑
k=1

xk, e

〉
e. (5.92)

Further, from (5.91), by multiplying the second equation by i and summing
both equations over k from 1 to n, we deduce

(r1 + ir2)
n∑
k=1

‖xk‖ =

〈
n∑
k=1

xk, e

〉
. (5.93)

Finally, by (5.93) and (5.92), we get the desired equality (5.86).

The following result is of interest [86]:

Let e be a unit vector in the complex inner product space (H; 〈·, ·〉) and
ρ1, ρ2 ∈ (0, 1) . If xk ∈ H, k ∈ {1, . . . , n} are such that

‖xk − e‖ ≤ ρ1, ‖xk − ie‖ ≤ ρ2 for each k ∈ {1, . . . , n} , (5.94)

then we have the inequality√
2− ρ2

1 − ρ2
2

n∑
k=1

‖xk‖ ≤

∥∥∥∥∥
n∑
k=1

xk

∥∥∥∥∥ , (5.95)
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with equality if and only if

n∑
k=1

xk =
(√

1− ρ2
1 + i

√
1− ρ2

2

)( n∑
k=1

‖xk‖

)
e. (5.96)

PROOF From the first inequality in (5.94) we deduce

0 ≤
√

1− ρ2
1 ‖xk‖ ≤ Re 〈xk, e〉 (5.97)

for each k ∈ {1, . . . , n} .
From the second inequality in (5.94) we deduce

0 ≤
√

1− ρ2
2 ‖xk‖ ≤ Re 〈xk, ie〉

for each k ∈ {1, . . . , n} . Since

Re 〈xk, ie〉 = Im 〈xk, e〉 ,

we get

0 ≤
√

1− ρ2
2 ‖xk‖ ≤ Im 〈xk, e〉 (5.98)

for each k ∈ {1, . . . , n} .
Now, observe from (5.97) and (5.98) that the condition (5.84) is satisfied

for r1 =
√

1− ρ2
1, r2 =

√
1− ρ2

2 ∈ (0, 1) . Thus the result is proved.

The following more practical result may be stated as well [86]:

Let e be a unit vector in the complex inner product space (H; 〈·, ·〉) and
M1 ≥ m1 > 0, M2 ≥ m2 > 0. If xk ∈ H, k ∈ {1, . . . , n} are such that either

Re 〈M1e− xk, xk −m1e〉 ≥ 0, (5.99)
Re 〈M2ie− xk, xk −m2ie〉 ≥ 0

or, equivalently, ∥∥∥∥xk − M1 +m1

2
e

∥∥∥∥ ≤ 1
2

(M1 −m1) , (5.100)∥∥∥∥xk − M2 +m2

2
ie

∥∥∥∥ ≤ 1
2

(M2 −m2) ,

for each k ∈ {1, . . . , n} , then we have the inequality

2

[
m1M1

(M1 +m1)2 +
m2M2

(M2 +m2)2

] 1
2 n∑
k=1

‖xk‖ ≤

∥∥∥∥∥
n∑
k=1

xk

∥∥∥∥∥ . (5.101)
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The equality holds in (5.101) if and only if

n∑
k=1

xk = 2
( √

m1M1

M1 +m1
+ i

√
m2M2

M2 +m2

)( n∑
k=1

‖xk‖

)
e. (5.102)

PROOF From the first inequality in (5.99),

0 ≤ 2
√
m1M1

M1 +m1
‖xk‖ ≤ Re 〈xk, e〉 (5.103)

for each k ∈ {1, . . . , n} .
The proof follows the same path as the one above. We omit the details.

Comments
The following reverse of the generalised triangle inequality with a clear geo-
metric meaning may be stated [86]:

Let z1, . . . , zn be complex numbers with the property that

0 ≤ ϕ1 ≤ arg (zk) ≤ ϕ2 <
π

2
(5.104)

for each k ∈ {1, . . . , n} . We then have the inequality√
sin2 ϕ1 + cos2 ϕ2

n∑
k=1

|zk| ≤

∣∣∣∣∣
n∑
k=1

zk

∣∣∣∣∣ . (5.105)

Equality holds in (5.105) if and only if

n∑
k=1

zk = (cosϕ2 + i sinϕ1)
n∑
k=1

|zk| . (5.106)

PROOF Let zk = ak + ibk. We may assume that bk ≥ 0, ak > 0, k ∈
{1, . . . , n} , since, by (5.104), bk

ak
= tan [arg (zk)] ∈

[
0, π2

)
, k ∈ {1, . . . , n} . By

(5.104) we have

0 ≤ tan2 ϕ1 ≤
b2k
a2
k

≤ tan2 ϕ2, k ∈ {1, . . . , n}

from which we get

b2k + a2
k

a2
k

≤ 1
cos2 ϕ2

, k ∈ {1, . . . , n} , ϕ2 ∈
(

0,
π

2

)
and

a2
k + b2k
a2
k

≤ 1 + tan2 ϕ1

tan2 ϕ1
=

1
sin2 ϕ1

, k ∈ {1, . . . , n} , ϕ1 ∈
(

0,
π

2

)
,
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giving the inequalities

|zk| cosϕ2 ≤ Re (zk) and |zk| sinϕ1 ≤ Im (zk)

for each k ∈ {1, . . . , n} .
Now, by applying (5.85) for the complex inner product C endowed with the

inner product 〈z, w〉 = z · w̄ for xk = zk, r1 = cosϕ2, r2 = sinϕ1 and e = 1,
we deduce the desired inequality (5.105). The case of equality is also obvious.
We omit the details.

Another result that has an obvious geometrical interpretation is stated in
the following:

Let c ∈ C with |z| = 1 and ρ1, ρ2 ∈ (0, 1) . If zk ∈ C, k ∈ {1, . . . , n} are
such that

|zk − c| ≤ ρ1, |zk − ic| ≤ ρ2 for each k ∈ {1, . . . , n} , (5.107)

then we have the inequality

√
2− ρ2

1 − ρ2
2

n∑
k=1

|zk| ≤

∣∣∣∣∣
n∑
k=1

zk

∣∣∣∣∣ , (5.108)

with equality if and only if

n∑
k=1

zk =
(√

1− ρ2
1 + i

√
1− ρ2

2

)( n∑
k=1

|zk|

)
c. (5.109)

If we choose c = 1, and for ρ1, ρ2 ∈ (0, 1) we define

D̄ (1, ρ1) := {z ∈ C| |z − 1| ≤ ρ1} ,
D̄ (i, ρ2) := {z ∈ C| |z − i| ≤ ρ2} ,

then obviously the intersection

Sρ1,ρ2 := D̄ (1, ρ1) ∩ D̄ (i, ρ2)

is nonempty if and only if ρ1 + ρ2 >
√

2.
If zk ∈ Sρ1,ρ2 for k ∈ {1, . . . , n} , then (5.108) holds true. The equality

holds in (5.108) if and only if

n∑
k=1

zk =
(√

1− ρ2
1 + i

√
1− ρ2

2

) n∑
k=1

|zk| .
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5.8 The Boas-Bellman Inequality

Boas in 1941 [11] and Bellman in 1944 [7] independently proved the following
generalisation of Bessel’s inequality (see also Mitrinović, Pečarić, and Fink
[141, p. 392]):

If x, y1, . . . , yn are vectors in an inner product space (H; 〈·, ·〉) , then the
following inequality,

n∑
i=1

|〈x, yi〉|2 ≤ ‖x‖2

 max
1≤i≤n

‖yi‖2 +

 ∑
1≤i6=j≤n

|〈yi, yj〉|2
 1

2
 , (5.110)

holds.

A recent generalisation of the Boas-Bellman result was given in Mitrinović,
Pečarić, and Fink [141, p. 392] where they proved the following:

If x, y1, . . . , yn are as above and c1, . . . , cn ∈ K, then one has the inequality:

∣∣∣∣∣
n∑
i=1

ci 〈x, yi〉

∣∣∣∣∣
2

≤ ‖x‖2
n∑
i=1

|ci|2

 max
1≤i≤n

‖yi‖2 +

 ∑
1≤i6=j≤n

|〈yi, yj〉|2
 1

2
 . (5.111)

They also noted that if in (5.111) one chooses ci = 〈x, yi〉, then this in-
equality becomes (5.110).

In the following [64], we point out some results that may be related to both
the Mitrinović-Pečarić-Fink and Boas-Bellman inequalities:

Let z1, . . . , zn ∈ H and α1, . . . , αn ∈ K. Then one has the inequality:

∥∥∥∥∥
n∑
i=1

αizi

∥∥∥∥∥
2

≤



max
1≤i≤n

|αi|2
∑n
i=1 ‖zi‖

2 ;(∑n
i=1 |αi|

2α
) 1
α
(∑n

i=1 ‖zi‖
2β
) 1
β

, where α > 1,
1
α + 1

β = 1;∑n
i=1 |αi|

2 max
1≤i≤n

‖zi‖2 ,
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+



max
1≤i6=j≤n

{|αiαj |}
∑

1≤i6=j≤n |〈zi, zj〉| ;[
(
∑n
i=1 |αi|

γ)2 −
(∑n

i=1 |αi|
2γ
)] 1

γ
(∑

1≤i6=j≤n |〈zi, zj〉|
δ
) 1
δ

,

where γ > 1, 1
γ + 1

δ = 1;[
(
∑n
i=1 |αi|)

2 −
∑n
i=1 |αi|

2
]

max
1≤i6=j≤n

|〈zi, zj〉| .

(5.112)

PROOF We follow the proof from Dragomir [64].

Observe that

∥∥∥∥∥
n∑
i=1

αizi

∥∥∥∥∥
2

=

 n∑
i=1

αizi,
n∑
j=1

αjzj

 (5.113)

=
n∑
i=1

n∑
j=1

αiαj 〈zi, zj〉 =

∣∣∣∣∣∣
n∑
i=1

n∑
j=1

αiαj 〈zi, zj〉

∣∣∣∣∣∣
≤

n∑
i=1

n∑
j=1

|αi| |αj | |〈zi, zj〉|

=
n∑
i=1

|αi|2 ‖zi‖2 +
∑

1≤i6=j≤n

|αi| |αj | |〈zi, zj〉| .

Using Hölder’s inequality, we may write that

n∑
i=1

|αi|2 ‖zi‖2

≤



max
1≤i≤n

|αi|2
n∑
i=1

‖zi‖2 ;

(
n∑
i=1

|αi|2α
) 1
α
(

n∑
i=1

‖zi‖2β
) 1
β

, where α > 1, 1
α + 1

β = 1;

n∑
i=1

|αi|2 max
1≤i≤n

‖zi‖2 .

(5.114)

By Hölder’s inequality for double sums we also have

∑
1≤i6=j≤n

|αi| |αj | |〈zi, zj〉| (5.115)
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≤



max
1≤i6=j≤n

|αiαj |
∑

1≤i6=j≤n
|〈zi, zj〉| ;( ∑

1≤i6=j≤n
|αi|γ |αj |γ

) 1
γ
( ∑

1≤i6=j≤n
|〈zi, zj〉|δ

) 1
δ

,

where γ > 1, 1
γ + 1

δ = 1;∑
1≤i6=j≤n

|αi| |αj | max
1≤i6=j≤n

|〈zi, zj〉| ,

=



max
1≤i6=j≤n

{|αiαj |}
∑

1≤i6=j≤n
|〈zi, zj〉| ;[(

n∑
i=1

|αi|γ
)2

−
(

n∑
i=1

|αi|2γ
)] 1

γ
( ∑

1≤i6=j≤n
|〈zi, zj〉|δ

) 1
δ

,

where γ > 1, 1
γ + 1

δ = 1;[(
n∑
i=1

|αi|
)2

−
n∑
i=1

|αi|2
]

max
1≤i6=j≤n

|〈zi, zj〉| .

Utilising (5.114) and (5.115) in (5.113), we may deduce the desired result
(5.112).

Inequality (5.112) in fact contains nine different inequalities which may be
obtained by combining the first three inequalities with the last three.

A particular case that may be related to the Boas-Bellman result is embod-
ied in the following inequality [64]:

With the above assumptions we have∥∥∥∥∥
n∑
i=1

αizi

∥∥∥∥∥
2

(5.116)

≤
n∑
i=1

|αi|2

·

 max
1≤i≤n

‖zi‖2 +

[(∑n
i=1 |αi|

2
)2

−
∑n
i=1 |αi|

4

] 1
2

∑n
i=1 |αi|

2

 ∑
1≤i6=j≤n

|〈zi, zj〉|2
 1

2


≤

n∑
i=1

|αi|2

 max
1≤i≤n

‖zi‖2 +

 ∑
1≤i6=j≤n

|〈zi, zj〉|2
 1

2

 .

The first inequality follows by taking the third branch in the first curly
bracket with the second branch in the second curly bracket for γ = δ = 2.
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The second inequality in (5.116) follows by the fact that( n∑
i=1

|αi|2
)2

−
n∑
i=1

|αi|4
 1

2

≤
n∑
i=1

|αi|2 .

Applying the following Cauchy-Bunyakovsky-Schwarz type inequality,(
n∑
i=1

ai

)2

≤ n
n∑
i=1

a2
i , ai ∈ R+, 1 ≤ i ≤ n,

we may write that(
n∑
i=1

|αi|γ
)2

−
n∑
i=1

|αi|2γ ≤ (n− 1)
n∑
i=1

|αi|2γ (n ≥ 1) (5.117)

and (
n∑
i=1

|αi|

)2

−
n∑
i=1

|αi|2 ≤ (n− 1)
n∑
i=1

|αi|2 (n ≥ 1) . (5.118)

Also, it is obvious that:

max
1≤i6=j≤n

{|αiαj |} ≤ max
1≤i≤n

|αi|2 . (5.119)

Consequently, we may state the following coarser upper bounds for ‖
∑n
i=1 αizi‖

2

that may be useful in applications [64]:

With the above assumptions we have the inequalities:∥∥∥∥∥
n∑
i=1

αizi

∥∥∥∥∥
2

≤



max
1≤i≤n

|αi|2
∑n
i=1 ‖zi‖

2 ;

(∑n
i=1 |αi|

2α
) 1
α
(∑n

i=1 ‖zi‖
2β
) 1
β

, where α > 1, 1
α + 1

β = 1;∑n
i=1 |αi|

2 max
1≤i≤n

‖zi‖2 ,

+



max
1≤i≤n

|αi|2
∑

1≤i6=j≤n |〈zi, zj〉| ;

(n− 1)
1
γ

(∑n
i=1 |αi|

2γ
) 1
γ
(∑

1≤i6=j≤n |〈zi, zj〉|
δ
) 1
δ

,

where γ > 1, 1
γ + 1

δ = 1;

(n− 1)
∑n
i=1 |αi|

2 max
1≤i6=j≤n

|〈zi, zj〉| .

(5.120)
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The following inequalities which are incorporated in (5.120) are special cases
of the more complicated results above:∥∥∥∥∥

n∑
i=1

αizi

∥∥∥∥∥
2

≤ max
1≤i≤n

|αi|2
 n∑
i=1

‖zi‖2 +
∑

1≤i6=j≤n

|〈zi, zj〉|

 ; (5.121)

∥∥∥∥∥
n∑
i=1

αizi

∥∥∥∥∥
2

≤

(
n∑
i=1

|αi|2p
) 1
p

( n∑
i=1

‖zi‖2q
) 1
q

+ (n− 1)
1
p

 ∑
1≤i6=j≤n

|〈zi, zj〉|q
 1

q

 , (5.122)

where p > 1, 1
p + 1

q = 1; and∥∥∥∥∥
n∑
i=1

αizi

∥∥∥∥∥
2

≤
n∑
i=1

|αi|2
[

max
1≤i≤n

‖zi‖2 + (n− 1) max
1≤i6=j≤n

|〈zi, zj〉|
]
. (5.123)

We are now able to present the following result obtained by Dragomir [64],
which complements the inequality (5.111) due to Mitrinović, Pečarić, and
Fink [141, p. 392]:

Let x, y1, . . . , yn be vectors of an inner product space (H; 〈·, ·〉) and c1, . . . , cn ∈
K (K = C,R) . Then one has the inequalities:∣∣∣∣∣

n∑
i=1

ci 〈x, yi〉

∣∣∣∣∣
2

≤ ‖x‖2 ×



max
1≤i≤n

|ci|2
∑n
i=1 ‖yi‖

2 ;(∑n
i=1 |ci|

2α
) 1
α
(∑n

i=1 ‖yi‖
2β
) 1
β

, where α > 1,
1
α + 1

β = 1;∑n
i=1 |ci|

2 max
1≤i≤n

‖yi‖2 ,

+ ‖x‖2 ×



max
1≤i6=j≤n

{|cicj |}
∑

1≤i6=j≤n |〈yi, yj〉| ;[
(
∑n
i=1 |ci|

γ)2 −
(∑n

i=1 |ci|
2γ
)] 1

γ

×
(∑

1≤i6=j≤n |〈yi, yj〉|
δ
) 1
δ

,

where γ > 1, 1
γ + 1

δ = 1;[
(
∑n
i=1 |ci|)

2 −
∑n
i=1 |ci|

2
]

max
1≤i6=j≤n

|〈yi, yj〉| .

(5.124)
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PROOF We note that
n∑
i=1

ci 〈x, yi〉 =

(
x,

n∑
i=1

ciyi

)
.

Using Schwarz’s inequality in inner product spaces, we have:∣∣∣∣∣
n∑
i=1

ci 〈x, yi〉

∣∣∣∣∣
2

≤ ‖x‖2
∥∥∥∥∥
n∑
i=1

ciyi

∥∥∥∥∥
2

.

Now, by using (5.120) with αi = ci, zi = yi (i = 1, . . . , n) , we deduce the
desired inequality (5.124).

The following particular inequalities may be obtained from the above results
[64].

With the above assumptions one has the inequalities:∣∣∣∣∣
n∑
i=1

ci 〈x, yi〉

∣∣∣∣∣
2

≤ ‖x‖2 ×



∑n
i=1 |ci|

2

{
max

1≤i≤n
‖yi‖2 +

(∑
1≤i6=j≤n |〈yi, yj〉|

2
) 1

2
}

;

max
1≤i≤n

|ci|2
{∑n

i=1 ‖yi‖
2 +

∑
1≤i6=j≤n |〈yi, yj〉|

}
;

(∑n
i=1 |ci|

2p
) 1
p

{(∑n
i=1 ‖yi‖

2q
) 1
q

+ (n− 1)
1
p

(∑
1≤i6=j≤n |〈yi, yj〉|

q
) 1
q

}
,

where p > 1, 1
p + 1

q = 1;∑n
i=1 |ci|

2

{
max

1≤i≤n
‖yi‖2 + (n− 1) max

1≤i6=j≤n
|〈yi, yj〉|

}
.

(5.125)

Note that the first inequality in (5.125) is the result obtained by Mitrinović,
Pečarić, and Fink [141]. The other three provide similar bounds in terms of
the p-norms of the vector

(
|c1|2 , . . . , |cn|2

)
.

If one chooses ci = 〈x, yi〉 (i = 1, . . . , n) in (5.124), then it is possible to
obtain nine different inequalities between the Fourier coefficients 〈x, yi〉 and
the norms and inner products of the vectors yi (i = 1, . . . , n) . We restrict
ourselves only to those inequalities that may be obtained from (5.125).

Comments
As Mitrinović, Pečarić, and Fink noted [141, p. 392], the first inequality in
(5.125) for the above selection of ci will produce the Boas-Bellman inequality
(5.110).

© 2011 by Taylor and Francis Group, LLC



274 Mathematical Inequalities: A Perspective

From the second inequality in (5.125) for ci = 〈x, yi〉, we get(
n∑
i=1

|〈x, yi〉|2
)2

≤ ‖x‖2 max
1≤i≤n

|〈x, yi〉|2


n∑
i=1

‖yi‖2 +
∑

1≤i6=j≤n

|〈yi, yj〉|

 .

By taking the square root in this inequality we obtain:

n∑
i=1

|〈x, yi〉|2 ≤ ‖x‖ max
1≤i≤n

|〈x, yi〉|


n∑
i=1

‖yi‖2 +
∑

1≤i6=j≤n

|〈yi, yj〉|


1
2

(5.126)

for any x, y1, . . . , yn vectors in the inner product space (H; 〈·, ·〉) .
If we assume that (ei)1≤i≤n is an orthonormal family in H, then by (5.126)

we have
n∑
i=1

|(x, ei)|2 ≤
√
n ‖x‖ max

1≤i≤n
|〈x, ei〉| , x ∈ H.

From the third inequality in (5.125) for ci = 〈x, yi〉, we deduce

(
n∑
i=1

|〈x, yi〉|2
)2

≤ ‖x‖2
(

n∑
i=1

|〈x, yi〉|2p
) 1
p

×


(

n∑
i=1

‖yi‖2q
) 1
q

+ (n− 1)
1
p

 ∑
1≤i6=j≤n

|〈yi, yj〉|q
 1

q

 ,

for p > 1, 1
p + 1

q = 1.
By taking the square root in this inequality we get

n∑
i=1

|〈x, yi〉|2 ≤ ‖x‖

(
n∑
i=1

|〈x, yi〉|2p
) 1

2p

×


(

n∑
i=1

‖yi‖2q
) 1
q

+ (n− 1)
1
p

 ∑
1≤i6=j≤n

|〈yi, yj〉|q
 1

q


1
2

(5.127)

for any x, y1, . . . , yn ∈ H, p > 1, 1
p + 1

q = 1.
The above inequality (5.127) becomes, for an orthonormal family (ei)1≤i≤n ,

n∑
i=1

|〈x, ei〉|2 ≤ n
1
q ‖x‖

(
n∑
i=1

|(x, ei)|2p
) 1

2p

, x ∈ H.
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Finally, the choice ci = 〈x, yi〉 (i = 1, . . . , n) produces(
n∑
i=1

|〈x, yi〉|2
)2

≤ ‖x‖2
n∑
i=1

|〈x, yi〉|2
{

max
1≤i≤n

‖yi‖2 + (n− 1) max
1≤i6=j≤n

|〈yi, yj〉|
}

in the last inequality in (5.125); giving the following Boas-Bellman type in-
equality,

n∑
i=1

|〈x, yi〉|2 ≤ ‖x‖2
{

max
1≤i≤n

‖yi‖2 + (n− 1) max
1≤i6=j≤n

|〈yi, yj〉|
}
, (5.128)

for any x, y1, . . . , yn ∈ H.
It is obvious that for orthonormal families, (5.128) will provide the well-

known Bessel inequality.

5.9 The Bombieri Inequality

In 1971, Bombieri [12] (see also Mitrinović and Pečarić [140, p. 394]) gave
the following generalisation of Bessel’s inequality.

If x, y1, . . . , yn are vectors in the inner product space (H; 〈·, ·〉) , then the
inequality

n∑
i=1

|〈x, yi〉|2 ≤ ‖x‖2 max
1≤i≤n


n∑
j=1

|〈yi, yj〉|

 (5.129)

holds.

It is obvious that if (yi)1≤i≤n are orthonormal, then from (5.129) one can
deduce Bessel’s inequality.

In 1992, Pečarić [149] (see also Mitrinović and Pečarić [140, p. 394]) proved
the following general inequality in inner product spaces:

Let x, y1, . . . , yn ∈ H and c1, . . . , cn ∈ K. Then∣∣∣∣∣
n∑
i=1

ci 〈x, yi〉

∣∣∣∣∣
2

≤ ‖x‖2
n∑
i=1

|ci|2
 n∑
j=1

|〈yi, yj〉|

 (5.130)

≤ ‖x‖2
n∑
i=1

|ci|2 max
1≤i≤n


n∑
j=1

|〈yi, yj〉|

 .

He showed that the Bombieri inequality (5.129) may be obtained from
(5.130) for the choice ci = 〈x, yi〉 (using the second inequality).
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In this section, we consider a generalisation of the Bombieri inequality which
also compliments (5.130).

We start with the following general results for norm inequalities, which are
also interesting in themselves [65].

Let z1, . . . , zn ∈ H and α1, . . . , αn ∈ K. Then one has the inequality:∥∥∥∥∥
n∑
i=1

αizi

∥∥∥∥∥
2

≤

A
B
C
, (5.131)

where

A :=



max
1≤k≤n

|αk|2
n∑

i,j=1

|〈zi, zj〉| ;

max
1≤k≤n

|αk|
(

n∑
i=1

|αi|r
) 1
r

(
n∑
i=1

(
n∑
j=1

|〈zi, zj〉|

)s) 1
s

, r > 1, 1
r + 1

s = 1;

max
1≤k≤n

|αk|
n∑
k=1

|αk| max
1≤i≤n

(
n∑
j=1

|〈zi, zj〉|

)
;

B :=



(
n∑
k=1

|αk|p
) 1
p

max
1≤i≤n

|αi|

(
n∑
i=1

(
n∑
j=1

|〈zi, zj〉|

)q) 1
q

, p > 1, 1
p + 1

q = 1;

(
n∑
k=1

|αk|p
) 1
p
(

n∑
i=1

|αi|t
) 1
t

 n∑
i=1

(
n∑
j=1

|〈zi, zj〉|q
)u

q

 1
u

, p > 1, 1
p + 1

q = 1;

t > 1, 1
t + 1

u = 1;(
n∑
k=1

|αk|p
) 1
p n∑
i=1

|αi| max
1≤i≤n


(

n∑
j=1

|〈zi, zj〉|q
) 1
q

 , p > 1, 1
p + 1

q = 1;

and

C :=



n∑
k=1

|αk| max
1≤i≤n

|αi|
n∑
i=1

[
max

1≤j≤n
|〈zi, zj〉|

]
;

n∑
k=1

|αk|
(

n∑
i=1

|αi|m
) 1
m

(
n∑
i=1

[
max

1≤j≤n
|〈zi, zj〉|

]l) 1
l

, m > 1, 1
m + 1

l = 1;

(
n∑
k=1

|αk|
)2

max
i,1≤j≤n

|〈zi, zj〉| .
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PROOF We follow the proof from Dragomir [65].
Observe that∥∥∥∥∥

n∑
i=1

αizi

∥∥∥∥∥
2

=

 n∑
i=1

αizi,
n∑
j=1

αjzj


=

n∑
i=1

n∑
j=1

αiαj 〈zi, zj〉 =

∣∣∣∣∣∣
n∑
i=1

n∑
j=1

αiαj 〈zi, zj〉

∣∣∣∣∣∣
≤

n∑
i=1

n∑
j=1

|αi| |αj | |〈zi, zj〉| =
n∑
i=1

|αi|

 n∑
j=1

|αj | |〈zi, zj〉|


:= M.

Using Hölder’s inequality, we may write that

n∑
j=1

|αj | |〈zi, zj〉| ≤



max
1≤k≤n

|αk|
n∑
j=1

|〈zi, zj〉|

(
n∑
k=1

|αk|p
) 1
p

(
n∑
j=1

|〈zi, zj〉|q
) 1
q

, p > 1, 1
p + 1

q = 1;

n∑
k=1

|αk| max
1≤j≤n

|〈zi, zj〉|

for any i ∈ {1, . . . , n} , giving

M ≤



max
1≤k≤n

|αk|
n∑
i=1

|αi|
n∑
j=1

|〈zi, zj〉| =: M1;

(
n∑
k=1

|αk|p
) 1
p n∑
i=1

|αi|

(
n∑
j=1

|〈zi, zj〉|q
) 1
q

:= Mp,

p > 1, 1
p + 1

q = 1;
n∑
k=1

|αk|
n∑
i=1

|αi| max
1≤j≤n

|〈zi, zj〉| =: M∞.

By Hölder’s inequality, we also have:

n∑
i=1

|αi|

 n∑
j=1

|〈zi, zj〉|


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≤



max
1≤i≤n

|αi|
n∑

i,j=1

|〈zi, zj〉| ;

(
n∑
i=1

|αi|r
) 1
r

(
n∑
i=1

(
n∑
j=1

|〈zi, zj〉|

)s) 1
s

,

r > 1, 1
r + 1

s = 1;

n∑
i=1

|αi| max
1≤i≤n

(
n∑
j=1

|〈zi, zj〉|

)
.

Hence,

M1 ≤



max
1≤k≤n

|αk|2
n∑

i,j=1

|〈zi, zj〉| ;

max
1≤k≤n

|αk|
(

n∑
i=1

|αi|r
) 1
r

(
n∑
i=1

(
n∑
j=1

|〈zi, zj〉|

)s) 1
s

,

r > 1, 1
r + 1

s = 1;

max
1≤k≤n

|αk|
n∑
i=1

|αi| max
1≤i≤n

(
n∑
j=1

|〈zi, zj〉|

)
;

and the first three inequalities in (5.131) are obtained.

By Hölder’s inequality we also have:

Mp ≤

(
n∑
k=1

|αk|p
) 1
p

×



max
1≤i≤n

|αi|
n∑
i=1

(
n∑
j=1

|〈zi, zj〉|q
) 1
q

;

(
n∑
i=1

|αi|t
) 1
t

 n∑
i=1

(
n∑
j=1

|〈zi, zj〉|q
)u

q

 1
u

,

t > 1, 1
t + 1

u = 1;

n∑
i=1

|αi| max
1≤i≤n


(

n∑
j=1

|〈zi, zj〉|q
) 1
q

 ;

and the next three inequalities in (5.131) are proved.
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Finally, by the same Hölder inequality, we may state that:

M∞ ≤
n∑
k=1

|αk| ×



max
1≤i≤n

|αi|
n∑
i=1

(
max

1≤j≤n
|〈zi, zj〉|

)
;

(
n∑
i=1

|αi|m
) 1
m

(
n∑
i=1

(
max

1≤j≤n
|〈zi, zj〉|

)l) 1
l

,

m > 1, 1
m + 1

l = 1;

n∑
i=1

|αi| max
1≤i,j≤n

|〈zi, zj〉| ;

and the last three inequalities in (5.131) are proven.

If we would like to have some bounds for ‖
∑n
i=1 αizi‖

2 in terms of
∑n
i=1 |αi|

2
,

then the following results may be used.

Let z1, . . . , zn and α1, . . . , αn be as above. If 1 < p ≤ 2, 1 < t ≤ 2, then
one has the inequality

∥∥∥∥∥
n∑
i=1

αizi

∥∥∥∥∥
2

≤ n
1
p+ 1

t−1
n∑
k=1

|αk|2

 n∑
i=1

 n∑
j=1

|〈zi, zj〉|q
u

q


1
u

, (5.132)

where 1
p + 1

q = 1, 1
t + 1

u = 1.

PROOF By the monotonicity of power means, we may write that

(∑n
k=1 |αk|

p

n

) 1
p

≤

(∑n
k=1 |αk|

2

n

) 1
2

; 1 < p ≤ 2

and (∑n
k=1 |αk|

t

n

) 1
t

≤

(∑n
k=1 |αk|

2

n

) 1
2

; 1 < t ≤ 2.

This implies that (
n∑
k=1

|αk|p
) 1
p

≤ n
1
p−

1
2

(
n∑
k=1

|αk|2
) 1

2

and (
n∑
k=1

|αk|t
) 1

t

≤ n 1
t−

1
2

(
n∑
k=1

|αk|2
) 1

2

.
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By using the fifth inequality in (5.131), we then deduce (5.132).

An interesting particular case is the one for p = q = t = u = 2, giving

∥∥∥∥∥
n∑
i=1

αizi

∥∥∥∥∥
2

≤
n∑
k=1

|αk|2
 n∑
i,j=1

|〈zi, zj〉|2
 1

2

.

With the above assumptions and if 1 < p ≤ 2, then

∥∥∥∥∥
n∑
i=1

αizi

∥∥∥∥∥
2

≤ n
1
p

n∑
k=1

|αk|2 max
1≤i≤n


 n∑
j=1

|〈zi, zj〉|q
 1

q

 , (5.133)

where 1
p + 1

q = 1.

PROOF Since (
n∑
k=1

|αk|p
) 1
p

≤ n
1
p−

1
2

(
n∑
k=1

|αk|2
) 1

2

and
n∑
k=1

|αk| ≤ n
1
2

(
n∑
k=1

|αk|2
) 1

2

,

then inequality (5.133) follows from the sixth inequality in (5.131).

In a similar fashion, one may prove the following two results:

With the above assumptions and if 1 < m ≤ 2, then∥∥∥∥∥
n∑
i=1

αizi

∥∥∥∥∥
2

≤ n 1
m

n∑
k=1

|αk|2
(

n∑
i=1

[
max

1≤j≤n
|〈zi, zj〉|

]l) 1
l

,

where 1
m + 1

l = 1.
With the assumptions, we have:∥∥∥∥∥

n∑
i=1

αizi

∥∥∥∥∥
2

≤ n
n∑
k=1

|αk|2 max
1≤i,j≤n

|〈zi, zj〉| .

The following result, which also complements the inequality obtained by
Pečarić [149], may be of interest as well [65]:
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With the above assumptions, one has the inequalities∥∥∥∥∥
n∑
i=1

αizi

∥∥∥∥∥
2

≤
n∑
i=1

|αi|2
n∑
j=1

|〈zi, zj〉| (5.134)

≤



∑n
i=1 |αi|

2 max
1≤i≤n

[∑n
j=1 |〈zi, zj〉|

]
;

(∑n
i=1 |αi|

2p
) 1
p
((∑n

j=1 |〈zi, zj〉|
)q) 1

q

,

p > 1, 1
p + 1

q = 1;

max
1≤i≤n

|αi|2
∑n
i,j=1 |〈zi, zj〉| .

PROOF From the above, we know that∥∥∥∥∥
n∑
i=1

αizi

∥∥∥∥∥
2

≤
n∑
i=1

n∑
j=1

|αi| |αj | |〈zi, zj〉| .

Using the simple observation that (see also Mitrinović and Pečarić [140, p.
394])

|αi| |αj | ≤
1
2

(
|αi|2 + |αj |2

)
, i, j ∈ {1, . . . , n} ,

we have

n∑
i=1

n∑
j=1

|αi| |αj | |〈zi, zj〉| ≤
1
2

n∑
i,j=1

(
|αi|2 + |αj |2

)
|〈zi, zj〉|

=
1
2

 n∑
i,j=1

|αi|2 |〈zi, zj〉|+
n∑

i,j=1

|αj |2 |〈zi, zj〉|


=

n∑
i,j=1

|αi|2 |〈zi, zj〉| ,

which proves the first inequality in (5.134).
The second part follows from Hölder’s inequality, and we omit the details.

The first part in (5.134) is the inequality obtained by Pečarić [149].
We are now able to present the following result obtained by Dragomir [65],

which complements inequality (5.130) due to Pečarić [149] (see also Mitrinović
and Pečarić [140, p. 394]).
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Let x, y1, . . . , yn be vectors of an inner product space (H; 〈·, ·〉) and c1, . . . , cn ∈
K. Then one has the inequalities:∣∣∣∣∣

n∑
i=1

ci 〈x, yi〉

∣∣∣∣∣
2

≤ ‖x‖2 ×

D
E
F
, (5.135)

where

D :=



max
1≤k≤n

|ck|2
n∑

i,j=1

|〈yi, yj〉| ;

max
1≤k≤n

|ck|
(

n∑
i=1

|ci|r
) 1
r

[
n∑
i=1

(
n∑
j=1

|〈yi, yj〉|

)s] 1
s

, r > 1, 1
r + 1

s = 1;

max
1≤k≤n

|ck|
n∑
k=1

|ck| max
1≤i≤n

(
n∑
j=1

|〈yi, yj〉|

)
;

E :=



(
n∑
k=1

|ck|p
) 1
p

max
1≤i≤n

|ci|

(
n∑
i=1

(
n∑
j=1

|〈yi, yj〉|

)q) 1
q

, p > 1, 1
p + 1

q = 1;

(
n∑
k=1

|ck|p
) 1
p
(

n∑
i=1

|ci|t
) 1
t

 n∑
i=1

(
n∑
j=1

|〈yi, yj〉|q
)u

q

 1
u

, p > 1, 1
p + 1

q = 1;

t > 1, 1
t + 1

u = 1;

(
n∑
k=1

|ck|p
) 1
p n∑
i=1

|ci| max
1≤i≤n


(

n∑
j=1

|〈yi, yj〉|q
) 1
q

 , p > 1, 1
p + 1

q = 1;

and

F :=



∑n
k=1 |ck| max

1≤i≤n
|ci|

∑n
i=1

[
max

1≤j≤n
|〈yi, yj〉|

]
;

∑n
k=1 |ck| (

∑n
i=1 |ci|

m)
1
m

(∑n
i=1

[
max

1≤j≤n
|〈yi, yj〉|

]l) 1
l

,

m > 1, 1
m + 1

l = 1;

(
∑n
k=1 |ck|)

2 max
i,1≤j≤n

|〈yi, yj〉| .

PROOF We note that
n∑
i=1

ci 〈x, yi〉 =

(
x,

n∑
i=1

ciyi

)
.
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Using Schwarz’s inequality in inner product spaces, we have∣∣∣∣∣
n∑
i=1

ci 〈x, yi〉

∣∣∣∣∣
2

≤ ‖x‖2
∥∥∥∥∥
n∑
i=1

ciyi

∥∥∥∥∥
2

.

Finally, by using the above result with αi = ci and zi = yi (i = 1, . . . , n) , we
deduce the desired inequality (5.135). We omit the details.

The following results may be useful if one needs bounds in terms of
∑n
i=1 |ci|

2:

With the previous assumptions and if 1 < p ≤ 2, 1 < t ≤ 2, 1
p + 1

q = 1,
1
t + 1

u = 1, one has the inequality:

∣∣∣∣∣
n∑
i=1

ci 〈x, yi〉

∣∣∣∣∣
2

≤ ‖x‖2 n
1
p+ 1

t−1
n∑
i=1

|ci|2

 n∑
i=1

 n∑
j=1

|〈yi, yj〉|q
u

q


1
u

, (5.136)

and, in particular, for p = q = t = u = 2,

∣∣∣∣∣
n∑
i=1

ci 〈x, yi〉

∣∣∣∣∣
2

≤ ‖x‖2
n∑
i=1

|ci|2
 n∑
i,j=1

|〈yi, yj〉|2
 1

2

.

If 1 < p ≤ 2, then

∣∣∣∣∣
n∑
i=1

ci 〈x, yi〉

∣∣∣∣∣
2

≤ ‖x‖2 n
1
p

n∑
k=1

|ck|2 max
1≤i≤n

 n∑
j=1

|〈yi, yj〉|q
 1
q

,

where 1
p + 1

q = 1.

The following two inequalities also hold:

With the above assumptions for x, yi, ci and if 1 < m ≤ 2, then∣∣∣∣∣
n∑
i=1

ci 〈x, yi〉

∣∣∣∣∣
2

≤ ‖x‖2 n 1
m

n∑
k=1

|ck|2
(

n∑
i=1

[
max

1≤j≤n
|〈yi, yj〉|

]l) 1
l

, (5.137)

where 1
m + 1

l = 1.
With the above assumptions for x, yi, ci, one has∣∣∣∣∣

n∑
i=1

ci 〈x, yi〉

∣∣∣∣∣
2

≤ ‖x‖2 n
n∑
k=1

|ck|2 max
1≤j≤n

|〈yi, yj〉| . (5.138)
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We may state the following result as well:

With the previous assumptions one has the inequalities:∣∣∣∣∣
n∑
i=1

ci 〈x, yi〉

∣∣∣∣∣
2

≤ ‖x‖2
n∑
i=1

|ci|2
n∑
j=1

|〈yi, yj〉|

≤ ‖x‖2



∑n
i=1 |ci|

2 max
1≤i≤n

[∑n
j=1 |〈yi, yj〉|

]
;

(∑n
i=1 |ci|

2p
) 1
p
(∑n

i=1

(∑n
j=1 |〈yi, yj〉|

)q) 1
q

,

p > 1, 1
p + 1

q = 1;

max
1≤i≤n

|ci|2
∑n
i,j=1 |〈yi, yj〉| ;

that provide some alternatives to Pečarić’s result (5.130).

Comments
We point out some inequalities of the Bombieri type that may be obtained
from (5.135) on choosing ci = 〈x, yi〉 (i = 1, . . . , n) .

If the above choice was made in the first inequality in (5.135), then one can
obtain (

n∑
i=1

|〈x, yi〉|2
)2

≤ ‖x‖2 max
1≤i≤n

|〈x, yi〉|2
n∑

i,j=1

|〈yi, yj〉| ,

giving the following, by taking the square root:

n∑
i=1

|〈x, yi〉|2 ≤ ‖x‖ max
1≤i≤n

|〈x, yi〉|

 n∑
i,j=1

|〈yi, yj〉|

 1
2

, x ∈ H. (5.139)

If the same choice for ci is made in the second inequality in (5.135), then one
can get

(
n∑
i=1

|〈x, yi〉|2
)2

≤ ‖x‖2 max
1≤i≤n

|〈x, yi〉|

(
n∑
i=1

|〈x, yi〉|r
) 1
r

×

 n∑
i=1

 n∑
j=1

|〈yi, yj〉|

s
1
s

.

This implies that
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n∑
i=1

|〈x, yi〉|2 ≤ ‖x‖ max
1≤i≤n

|〈x, yi〉|
1
2

(
n∑
i=1

|〈x, yi〉|r
) 1

2r

×

 n∑
i=1

 n∑
j=1

|〈yi, yj〉|

s
1
2s

, (5.140)

where 1
r + 1

s = 1, s > 1.
The other inequalities in (5.135) will produce the following results, respec-

tively:

n∑
i=1

|〈x, yi〉|2 ≤ ‖x‖ max
1≤i≤n

|〈x, yi〉|
1
2

(
n∑
i=1

|〈x, yi〉|

) 1
2

×

 max
1≤i≤n

 n∑
j=1

|〈yi, yj〉|

 ; (5.141)

n∑
i=1

|〈x, yi〉|2 ≤ ‖x‖ max
1≤i≤n

|〈x, yi〉|
1
2

(
n∑
i=1

|〈x, yi〉|p
) 1

2p

×

 n∑
i=1

 n∑
j=1

|〈yi, yj〉|q
 1

q


1
2

, (5.142)

where p > 1, 1
p + 1

q = 1;

n∑
i=1

|〈x, yi〉|2 ≤ ‖x‖

(
n∑
i=1

|〈x, yi〉|p
) 1

2p
(

n∑
i=1

|〈x, yi〉|t
) 1

2t

×

 n∑
i=1

 n∑
j=1

|〈yi, yj〉|q
u

q


1
2u

, (5.143)

where p > 1, 1
p + 1

q = 1, t > 1, 1
t + 1

u = 1;

n∑
i=1

|〈x, yi〉|2 ≤ ‖x‖

(
n∑
i=1

|〈x, yi〉|p
) 1

2p
(

n∑
i=1

|〈x, yi〉|

) 1
2

× max
1≤i≤n


 n∑
j=1

|〈yi, yj〉|q
 1

2q

 , (5.144)
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where p > 1, 1
p + 1

q = 1;

n∑
i=1

|〈x, yi〉|2 ≤ ‖x‖

[
n∑
i=1

|〈x, yi〉|

] 1
2

max
1≤i≤n

|〈x, yi〉|
1
2

×

(
n∑
i=1

[
max

1≤j≤n
|〈yi, yj〉|

]) 1
2

; (5.145)

n∑
i=1

|〈x, yi〉|2 ≤ ‖x‖

[
n∑
i=1

|〈x, yi〉|m
] 1

2m
[
n∑
i=1

[
max

1≤j≤n
|〈yi, yj〉|l

]] 1
2l

, (5.146)

where m > 1, 1
m + 1

l = 1; and
n∑
i=1

|〈x, yi〉|2 ≤ ‖x‖
n∑
i=1

|〈x, yi〉| max
1≤j≤n

|〈yi, yj〉|
1
2 . (5.147)

If in the above inequalities we assume that (yi)1≤i≤n = (ei)1≤i≤n , where
(ei)1≤i≤n are orthonormal vectors in the inner product space (H, 〈·, ·〉) , then
from (5.139)–(5.147) we may deduce the following inequalities, which are sim-
ilar in a sense to Bessel’s inequality:

n∑
i=1

|〈x, ei〉|2 ≤
√
n ‖x‖ max

1≤i≤n
{|〈x, ei〉|} ;

n∑
i=1

|〈x, ei〉|2 ≤ n
1
2s ‖x‖ max

1≤i≤n

{
|〈x, ei〉|

1
2

}( n∑
i=1

|〈x, ei〉|r
) 1

2r

,

where r > 1, 1
r + 1

s = 1;

n∑
i=1

|〈x, ei〉|2 ≤ ‖x‖ max
1≤i≤n

{
|〈x, ei〉|

1
2

}( n∑
i=1

|〈x, ei〉|

) 1
2

,

n∑
i=1

|〈x, ei〉|2 ≤
√
n ‖x‖ max

1≤i≤n

{
|〈x, ei〉|

1
2

}( n∑
i=1

|〈x, ei〉|p
) 1

2p

,

where p > 1;

n∑
i=1

|〈x, ei〉|2 ≤ n
1
2u ‖x‖

(
n∑
i=1

|〈x, ei〉|p
) 1

2p
(

n∑
i=1

|〈x, ei〉|t
) 1

2t

,

where p > 1, t > 1, 1
t + 1

u = 1;

n∑
i=1

|〈x, ei〉|2 ≤ ‖x‖

(
n∑
i=1

|〈x, ei〉|p
) 1

2p
(

n∑
i=1

|〈x, ei〉|

) 1
2

, p > 1;
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n∑
i=1

|〈x, ei〉|2 ≤
√
n ‖x‖

(
n∑
i=1

|〈x, ei〉|

) 1
2

max
1≤i≤n

{
|〈x, ei〉|

1
2

}
;

n∑
i=1

|〈x, ei〉|2 ≤ n
1
2l ‖x‖

[
n∑
i=1

|〈x, ei〉|m
] 1
m

, m > 1,
1
m

+
1
l

= 1;

n∑
i=1

|〈x, ei〉|2 ≤ ‖x‖
n∑
i=1

|〈x, ei〉| .

Observe that some of the above results will produce the following inequal-
ities which do not contain the Fourier coefficients in the right side of the
inequality.

Indeed, if one chooses ci = 〈x, yi〉 in (5.136), then

(
n∑
i=1

|〈x, yi〉|2
)2

≤ ‖x‖2 n
1
p+ 1

t−1
n∑
i=1

|〈x, yi〉|2

 n∑
i=1

 n∑
j=1

|〈yi, yj〉|q
u

q


1
u

,

giving the following Bombieri type inequality:

n∑
i=1

|〈x, yi〉|2 ≤ n
1
p+ 1

t−1 ‖x‖2

 n∑
i=1

 n∑
j=1

|〈yi, yj〉|q
u

q


1
u

,

where 1 < p ≤ 2, 1 < t ≤ 2, 1
p + 1

q = 1, 1
t + 1

u = 1.
If in this inequality we take p = q = t = u = 2, then

n∑
i=1

|〈x, yi〉|2 ≤ ‖x‖2
 n∑
i,j=1

|〈yi, yj〉|2
 1

2

.

For a different proof of this result see also Dragomir, Mond, and Pečarić [101].
In a similar way, if ci = 〈x, yi〉 in (5.137), then

n∑
i=1

|〈x, yi〉|2 ≤ n
1
m ‖x‖2

(
n∑
i=1

[
max

1≤j≤n
|〈yi, yj〉|

]l) 1
l

,

where m > 1, 1
m + 1

l = 1.
Finally, if ci = 〈x, yi〉 (i = 1, . . . , n) is taken in (5.138), then

n∑
i=1

|〈x, yi〉|2 ≤ n ‖x‖2 max
1≤i,j≤n

|〈yi, yj〉| .
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5.10 Kurepa’s Inequality

In 1960, de Bruijn proved the following refinement of the celebrated Cauchy-
Bunyakovsky-Schwarz (CBS) inequality for a sequence of real numbers and
the second of complex numbers (see de Bruijn [13] or Dragomir [53, p. 48]):

Let (a1, . . . , an) be an n-tuple of real numbers and (z1, . . . , zn) be an n-tuple
of complex numbers. Then∣∣∣∣∣

n∑
k=1

akzk

∣∣∣∣∣
2

≤ 1
2

n∑
k=1

a2
k

[
n∑
k=1

|zk|2 +

∣∣∣∣∣
n∑
k=1

z2
k

∣∣∣∣∣
]

(5.148)(
≤

n∑
k=1

a2
k ·

n∑
k=1

|zk|2
)
.

Equality holds in (5.148) if and only if, for k ∈ {1, . . . , n} , ak = Re (λzk) ,
where λ is a complex number such that λ2

∑n
k=1 z

2
n is a nonnegative real

number.

In 1966, in an effort to extend this result to inner products, Kurepa [130] ob-
tained the following refinement for the complexification of a real inner product
space (H; 〈·, ·〉).

Let (H; 〈·, ·〉) be a real inner product space and (HC, 〈·, ·〉C) its complexifi-
cation. For any a ∈ H and z ∈ HC we have the inequality:

|〈z, a〉C|
2 ≤ 1

2
‖a‖2

[
‖z‖2C + |〈z, z̄〉C|

]
(5.149)(

≤ ‖a‖2 ‖z‖2C
)
.

To be comprehensive, we define in the following the concept of complexifi-
cation for a real inner product space.

Let H be a real vector space with the inner product 〈·, ·〉 and the norm ‖·‖ .
The complexification HC of H is defined as a complex linear space H ×H of
all ordered pairs (x, y) (x, y ∈ H) endowed with the operations

(x, y) + (x′, y′) := (x+ x′, y + y′) , x, x′, y, y′ ∈ H;
(σ + iτ) · (x, y) := (σx− τy, τx+ σy) , x, y ∈ H and σ, τ ∈ R.

On HC one can canonically consider the scalar product 〈·, ·〉C defined by:

〈z, z′〉C := 〈x, x′〉+ 〈y, y′〉+ i [〈y, x′〉 − 〈x, y′〉]

where z = (x, y) , z′ = (x′, y′) ∈ HC. Obviously,

‖z‖2C = ‖x‖2 + ‖y‖2 ,
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where z = (x, y) .
The conjugate of a vector z = (x, y) ∈ HC is defined by z̄ := (x,−y) .
It is easy to see that the elements of HC under defined operations behave

as formal “complex” combinations x + iy with x, y ∈ H. Because of this, we
may write z = x+ iy instead of z = (x, y) . Thus, z̄ = x− iy.

The following elementary inequality is of interest [48].

Let f : [0, 2π]→ R given by

f (α) = λ sin2 α+ 2β sinα cosα+ α cos2 α, (5.150)

where λ, β, γ ∈ R. Then

sup
α∈[0,2π]

f (α) =
1
2

(λ+ γ) +
1
2

[
(γ − λ)2 + 4β2

] 1
2
. (5.151)

PROOF Since

sin2 α =
1− cos 2α

2
, cos2 α =

1 + cos 2α
2

, and 2 sinα cosα = sin 2α,

we may write f as

f (α) =
1
2

(λ+ γ) +
1
2

(γ − λ) cos 2α+ β sin 2α. (5.152)

If β = 0, then (5.152) becomes

f (α) =
1
2

(λ+ γ) +
1
2

(γ − λ) cos 2α.

Obviously, in this case

sup
α∈[0,2π]

f (α) =
1
2

(λ+ γ) +
1
2
|γ − λ| = max (γ, λ) .

If β 6= 0, then (5.152) becomes

f (α) =
1
2

(λ+ γ) + β

[
sin 2α+

(γ − λ)
β

cos 2α
]
.

Let ϕ ∈
(
−π2 ,

π
2

)
for which tanϕ = γ−λ

2β . Then f can be written as

f (α) =
1
2

(λ+ γ) +
β

cosϕ
sin (2α+ ϕ) .

For this function we have

sup
α∈[0,2π]

f (α) =
1
2

(λ+ γ) +
|β|
|cosϕ|

. (5.153)
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Since
sin2 ϕ

cos2 ϕ
=

(γ − λ)2

4β2
,

we get

1
|cosϕ|

=

[
(γ − λ)2 + 4β2

] 1
2

2 |β|
.

From (5.153) we deduce the desired result (5.151).

The following result holds [48].

Let (H; 〈·, ·〉) be a complex inner product space. If x, y, z ∈ H are such that

Im 〈x, z〉 = Im 〈y, z〉 = 0, (5.154)

then we have the inequality:

Re2 〈x, z〉+ Re2 〈y, z〉 (5.155)

= |〈x+ iy, z〉|2

≤ 1
2

{
‖x‖2 + ‖y‖2 +

[(
‖x‖2 − ‖y‖2

)2

+ 4 Re2 〈x, y〉
] 1

2
}
‖z‖2

≤
(
‖x‖2 + ‖y‖2

)
‖z‖2 .

PROOF Obviously, by (5.154) we have

〈x+ iy, z〉 = Re 〈x, z〉+ iRe 〈y, z〉 .

Therefore, the first part of (5.155) holds true.
Now, let ϕ ∈ [0, 2π] be such that 〈x+ iy, z〉 = eiϕ |〈x+ iy, z〉| . Then

|〈x+ iy, z〉| = e−iϕ 〈x+ iy, z〉 =
〈
e−iϕ (x+ iy) , z

〉
.

By utilising the above identity, we can write:

|〈x+ iy, z〉| = Re
〈
e−iϕ (x+ iy) , z

〉
= Re 〈(cosϕ− i sinϕ) (x+ iy) , z〉
= Re 〈cosϕ · x+ sinϕ · y − i sinϕ · x+ i cosϕ · y, z〉
= Re 〈cosϕ · x+ sinϕ · y, z〉+ Im 〈sinϕ · x− cosϕ · y, z〉
= Re 〈cosϕ · x+ sinϕ · y, z〉+ sinϕ Im 〈x, z〉 − cosϕ Im 〈y, z〉
= Re 〈cosϕ · x+ sinϕ · y, z〉 .

Note that for the last equality we have used the assumption (5.154).
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Taking the square and using the Schwarz inequality for the inner product
〈·, ·〉 , we have

|〈x+ iy, z〉|2 = [Re 〈cosϕ · x+ sinϕ · y, z〉]2 (5.156)

≤ ‖cosϕ · x+ sinϕ · y‖2 ‖z‖2 .

On making use of (5.151), we have

sup
α∈[0,2π]

‖cosϕ · x+ sinϕ · y‖2

= sup
α∈[0,2π]

[
‖x‖2 cos2 ϕ+ 2 Re 〈x, y〉 sinϕ cosϕ+ ‖y‖2 sin 2ϕ

]
=

1
2

{
‖x‖2 + ‖y‖2 +

[(
‖x‖2 − ‖y‖2

)2

+ 4 Re2 〈x, y〉
] 1

2
}

and the first inequality in (5.155) is proved.
Observe that(
‖x‖2 − ‖y‖2

)2

+ 4 Re2 〈x, y〉 =
(
‖x‖2 + ‖y‖2

)2

− 4
[
‖x‖2 ‖y‖2 − Re2 〈x, y〉

]
≤
(
‖x‖2 + ‖y‖2

)2

,

which proves the last part of (5.155).

Comments
Observe that if (H, 〈·, ·〉) is a real inner product space, then for any x, y, z ∈ H
one has

〈x, z〉2 + 〈y, z〉2 (5.157)

≤ 1
2

{
‖x‖2 + ‖y‖2 +

[(
‖x‖2 − ‖y‖2

)2

+ 4 〈x, y〉2
]} 1

2

‖z‖2

≤
(
‖x‖2 + ‖y‖2

)
‖z‖2 .

If H is a real space, with the inner product 〈·, ·〉, HC its complexification,
and 〈·, ·〉C the corresponding complexification for 〈·, ·〉, then for x, y ∈ H and
w := x+ iy ∈ HC and for e ∈ H we have

Im 〈x, e〉C = Im 〈y, e〉C = 0,

‖w‖2C = ‖x‖2 + ‖y‖2 , |〈w, w̄〉C| =
(
‖x‖2 − ‖y‖2

)2

+ 4 〈x, y〉2 ,

where w̄ = x− iy ∈ HC.
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Applying (5.155) for the complex space HC and complex inner product
〈·, ·〉C , we deduce

|〈w, e〉C|
2 ≤ 1

2
‖e‖2

[
‖w‖2C + |〈w, w̄〉C|

]
≤ ‖e‖2 ‖w‖2C , (5.158)

which is Kurepa’s inequality (5.149).
Let x, y, z satisfy (5.154). In addition, if Re 〈x, y〉 = 0, then

[
Re2 〈x, z〉+ Re2 〈y, z〉

] 1
2 ≤ ‖z‖ ·max {‖x‖ , ‖y‖} . (5.159)

If H is a real space equipped with an inner product 〈·, ·〉, then for any
x, y, z ∈ H with 〈x, y〉 = 0 we have

[
〈x, z〉2 + 〈y, z〉2

] 1
2 ≤ ‖z‖ ·max {‖x‖ , ‖y‖} . (5.160)

5.11 Buzano’s Inequality

Buzano [14] obtained the following extension of the celebrated Schwarz
inequality in a real or complex inner product space (H; 〈·, ·〉) :

|〈a, x〉 〈x, b〉| ≤ 1
2

[‖a‖ · ‖b‖+ |〈a, b〉|] ‖x‖2 , (5.161)

for any a, b, x ∈ H.
It is clear that for a = b, the above inequality becomes the standard Schwarz

inequality

|〈a, x〉|2 ≤ ‖a‖2 ‖x‖2 , a, x ∈ H (5.162)

with equality if and only if there exists a scalar λ ∈ K (K = R or C) such
that x = λa.

As noted by Fujii and Kubo [117], where they provided a simple proof
of (5.161) by utilising orthogonal projection arguments, the case of equality
holds in (5.161) if

x =


α
(

a
‖a‖ + 〈a,b〉

|〈a,b〉| ·
b
‖b‖

)
, when 〈a, b〉 6= 0

α
(

a
‖a‖ + β · b

‖b‖

)
, when 〈a, b〉 = 0,

where α, β ∈ K.
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It might be useful to observe that, from (5.161), one may get the following
discrete inequality:∣∣∣∣∣

n∑
i=1

piaixi

n∑
i=1

pixibi

∣∣∣∣∣
≤ 1

2

( n∑
i=1

pi |ai|2
n∑
i=1

pi |bi|2
) 1

2

+

∣∣∣∣∣
n∑
i=1

piaibi

∣∣∣∣∣
 n∑
i=1

pi |xi|2 , (5.163)

where pi ≥ 0, ai, xi, bi ∈ C, i ∈ {1, . . . , n} .
If one takes in (5.163) bi = ai for i ∈ {1, . . . , n} , then one obtains∣∣∣∣∣

n∑
i=1

piaixi

n∑
i=1

piaixi

∣∣∣∣∣ ≤ 1
2

[
n∑
i=1

pi |ai|2 +

∣∣∣∣∣
n∑
i=1

pia
2
i

∣∣∣∣∣
]

n∑
i=1

pi |xi|2 , (5.164)

for any pi ≥ 0, ai, xi, bi ∈ C, i ∈ {1, . . . , n} .
Note that, if xi, i ∈ {1, . . . , n} are real numbers, then from (5.164) we

may deduce the de Bruijn refinement of the celebrated Cauchy-Bunyakovsky-
Schwarz inequality [13],∣∣∣∣∣

n∑
i=1

pixizi

∣∣∣∣∣
2

≤ 1
2

n∑
i=1

pix
2
i

[
n∑
i=1

pi |zi|2 +

∣∣∣∣∣
n∑
i=1

piz
2
i

∣∣∣∣∣
]
, (5.165)

where zi ∈ C, i ∈ {1, . . . , n} . In this way, Buzano’s result may be regarded as
a generalisation of de Bruijn’s inequality.

Similar comments obviously apply for integrals, but, for the sake of brevity
we do not mention them here.

The following result may be stated [71]:

Let (H; 〈·, ·〉) be an inner product space over the real or complex number
field K. For all α ∈ K\ {0} and x, a, b ∈ H, α 6= 0, one has the inequality∣∣∣∣∣ 〈a, x〉 〈x, b〉‖x‖2

− 〈a, b〉
α

∣∣∣∣∣
≤ ‖b‖
|α| ‖x‖

[
|α− 1|2 |〈a, x〉|2 + ‖x‖2 ‖a‖2 − |〈a, x〉|2

]
. (5.166)

The case of equality holds in (5.166) if and only if there exists a scalar λ ∈ K
so that

α · 〈a, x〉
‖x‖2

x = a+ λb. (5.167)

PROOF We follow the proof by Dragomir [71].
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Using Schwarz’s inequality, we have that∣∣∣∣∣
〈
α · 〈a, x〉
‖x‖2

x− a, b

〉∣∣∣∣∣
2

≤

∥∥∥∥∥α · 〈a, x〉‖x‖2
x− a

∥∥∥∥∥
2

‖b‖2 , (5.168)

and since∥∥∥∥∥α · 〈a, x〉‖x‖2
x− a

∥∥∥∥∥
2

= |α|2 |〈a, x〉|
2

‖x‖2
− 2
|〈a, x〉|2

‖x‖2
Reα+ ‖a‖2

=
|α− 1|2 |〈a, x〉|2 + ‖x‖2 ‖a‖2 − |〈a, x〉|2

‖x‖2

and 〈
α · 〈a, x〉
‖x‖2

x− a, b

〉
= α

[
〈a, x〉 〈x, b〉
‖x‖2

− 〈a, b〉
α

]
,

hence by (5.166) we deduce the desired inequality (5.166).
The case of equality is obvious from the above considerations related to the

Schwarz inequality (5.162).

Using the continuity property of the modulus, namely, ||z| − |u|| ≤ |z − u| ,
z, u ∈ K, we have:∣∣∣∣∣ |〈a, x〉 〈x, b〉|‖x‖2

− |〈a, b〉|
|α|

∣∣∣∣∣ ≤
∣∣∣∣∣ 〈a, x〉 〈x, b〉‖x‖2

− 〈a, b〉
α

∣∣∣∣∣ . (5.169)

Therefore, by (5.166) and (5.169), one may deduce the following double in-
equality,

1
|α|

[
|〈a, b〉| − ‖b‖

‖x‖

[(
|α− 1|2 |〈x, a〉|2 + ‖x‖2 ‖a‖2 − |〈a, x〉|2

) 1
2
]]

(5.170)

≤ |〈a, x〉 〈x, b〉|
‖x‖2

≤ 1
|α|

[
|〈a, b〉|+ ‖b‖

‖x‖

] [(
|α− 1|2 |〈x, a〉|2 + ‖x‖2 ‖a‖2 − |〈x, a〉|2

) 1
2
]
,

for each α ∈ K\ {0} , a, b, x ∈ H, and x 6= 0.
It is obvious that we may obtain various particular inequalities from (5.166).

We mention a class of these in the following, which is related to Buzano’s result
(5.161) [71].

Let a, b, x ∈ H, x 6= 0 and η ∈ K with |η| = 1, Re η 6= −1. Then we have
the inequality: ∣∣∣∣∣ 〈a, x〉 〈x, b〉‖x‖2

− 〈a, b〉
1 + η

∣∣∣∣∣ ≤ ‖a‖ ‖b‖√
2
√

1 + Re η
, (5.171)
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and, in particular, for η = 1, the inequality:∣∣∣∣∣ 〈a, x〉 〈x, b〉‖x‖2
− 〈a, b〉

2

∣∣∣∣∣ ≤ ‖a‖ ‖b‖2
. (5.172)

Using the continuity property of the modulus, we get from (5.171) that

|〈a, x〉 〈x, b〉|
‖x‖2

≤ |〈a, b〉|+ ‖a‖ ‖b‖√
2
√

1 + Re η
, |η| = 1, Re η 6= −1,

which provides, as the best possible inequality, the above result due to Buzano
(5.161).

If the space is real, then the inequality (5.166) is equivalent to

〈a, b〉
α
− ‖b‖
|α| ‖x‖

[
(α− 1)2 〈a, x〉2 + ‖x‖2 ‖a‖2 − 〈a, x〉2

] 1
2

(5.173)

≤ 〈a, x〉 〈x, b〉
‖x‖2

≤ 〈a, b〉
α

+
‖b‖
|α| ‖x‖

[
(α− 1)2 〈a, x〉2 + ‖x‖2 ‖a‖2 − 〈a, x〉2

] 1
2

for any α ∈ R\ {0} and a, b, x ∈ H, x 6= 0.
If in (5.173) we take α = 2, then we get

1
2

[〈a, b〉 − ‖a‖ ‖b‖] ‖x‖2 ≤ 〈a, x〉 〈x, b〉 (5.174)

≤ 1
2

[〈a, b〉+ ‖a‖ ‖y‖] ‖x‖2 ,

which apparently, as mentioned by Precupanu [154], has been obtained inde-
pendently of Buzano, by Richard [156].

Pečarić [149] gave a simple direct proof of (5.174) without mentioning the
work of either Buzano or Richard, but tracked down the result, in a particular
form, to an earlier paper due to Blatter [10].

Obviously, the following refinement of Buzano’s result may be stated [71]:

Let (H; 〈·, ·〉) be a real or complex inner product space and a, b, x ∈ H. Then

|〈a, x〉 〈x, b〉| ≤
∣∣∣∣〈a, x〉 〈x, b〉 − 1

2
〈a, b〉 ‖x‖2

∣∣∣∣+
1
2
|〈a, b〉| ‖x‖2 (5.175)

≤ 1
2

[‖a‖ ‖b‖+ |〈a, b〉|] ‖x‖2 .

PROOF The first inequality in (5.175) follows by the triangle inequality
for the modulus |·| . The second inequality is merely (5.172), in which we have
added the same quantity to both sides.
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For α = 1, we deduce from (5.166) the following inequality:∣∣∣∣∣ 〈a, x〉 〈x, b〉‖x‖2
− 〈a, b〉

∣∣∣∣∣ ≤ ‖b‖‖x‖ [‖x‖2 ‖a‖2 − |〈a, x〉|2] 1
2

(5.176)

for any a, b, x ∈ H with x 6= 0.
If the space is real, then (5.176) is equivalent to

〈a, b〉 − ‖b‖
‖x‖

[
‖x‖2 ‖a‖2 − |〈a, x〉|2

] 1
2

(5.177)

≤ 〈a, x〉 〈x, b〉
‖x‖2

≤ ‖b‖
‖x‖

[
‖x‖2 ‖a‖2 − |〈a, x〉|2

] 1
2

+ 〈a, b〉 ,

which is similar to Richard’s inequality (5.174).

Comments
The following refinement of Kurepa’s result may be stated [71].

Let (H; 〈·, ·〉) be a real inner product space and (HC, 〈·, ·〉C) be its complex-
ification. Then for any e ∈ H and w ∈ HC, one has the inequality

|〈w, e〉C|
2 ≤

∣∣∣∣〈w, e〉2C − 1
2
〈w, w̄〉C ‖e‖

2

∣∣∣∣+
1
2
|〈w, w̄〉C| ‖e‖

2 (5.178)

≤ 1
2
‖e‖2

[
‖w‖2C + |〈w, w̄〉C|

]
.

PROOF We follow the proof by Dragomir [71].
If we apply (5.175) for (HC, 〈·, ·〉C) and x = e ∈ H, a = w, and b = w̄, then

we have

|〈w, e〉C 〈e, w̄〉C| (5.179)

≤
∣∣∣∣〈w, e〉C 〈e, w̄〉C − 1

2
〈w, w̄〉C ‖e‖

2

∣∣∣∣+
1
2
|〈w, w̄〉C| ‖e‖

2

≤ 1
2
‖e‖2 [‖w‖C ‖w̄‖C + |〈w, w̄〉C|] .

Now, if we assume that w = (x, y) ∈ HC, then, by the definition of 〈·, ·〉C we
have

〈w, e〉C = 〈(x, y) , (e, 0)〉C
= 〈x, e〉+ 〈y, 0〉+ i [〈y, e〉 − 〈x, 0〉]
= 〈e, x〉+ i 〈e, y〉 ,
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〈e, w̄〉C = 〈(e, 0) , (x,−y)〉C
= 〈e, x〉+ 〈0,−y〉+ i [〈0, x〉 − 〈e,−y〉]
= 〈e, x〉+ i 〈e, y〉 = 〈w, e〉C ,

and
‖w̄‖2C = ‖x‖2 + ‖y‖2 = ‖w‖2C .

Therefore, by (5.179), we deduce the desired result (5.178).

Denote by `2ρ (C) the Hilbert space of all complex sequences z = (zi)i∈N with
the property that for ρi ≥ 0 with

∑∞
i=1 ρi = 1 we have

∑∞
i=1 ρi |zi|

2
< ∞. If

a = (ai)i∈N is a sequence of real numbers such that a ∈ `2ρ (C) , then for any
z ∈ `2ρ (C) we have the inequality:∣∣∣∣∣

∞∑
i=1

ρiaizi

∣∣∣∣∣
2

(5.180)

≤

∣∣∣∣∣∣
( ∞∑
i=1

ρiaizi

)2

− 1
2

∞∑
i=1

ρia
2
i

∞∑
i=1

ρiz
2
i

∣∣∣∣∣∣+
1
2

∞∑
i=1

ρia
2
i

∣∣∣∣∣
∞∑
i=1

ρiz
2
i

∣∣∣∣∣
≤ 1

2

∞∑
i=1

ρia
2
i

[ ∞∑
i=1

ρi |zi|2 +

∣∣∣∣∣
∞∑
i=1

ρiz
2
i

∣∣∣∣∣
]
.

Similarly, if by L2
ρ (S,Σ, µ) we understand the Hilbert space of all complex-

valued functions f : S → C with the property that for the µ-measurable
function ρ ≥ 0 with

∫
S
ρ (t) dµ (t) = 1 we have∫

S

ρ (t) |f (t)|2 dµ (t) <∞,

then for a real function a ∈ L2
ρ (S,Σ, µ) and any f ∈ L2

ρ (S,Σ, µ) , we have the
inequalities∣∣∣∣∫

S

ρ (t) a (t) f (t) dµ (t)
∣∣∣∣2 (5.181)

≤

∣∣∣∣∣
(∫

S

ρ (t) a (t) f (t) dµ (t)
)2

−1
2

∫
S

ρ (t) f2 (t) dµ (t)
∫
S

ρ (t) a2 (t) dµ (t)
∣∣∣∣

+
1
2

∣∣∣∣∫
S

ρ (t) f2 (t) dµ (t)
∣∣∣∣ ∫
S

ρ (t) a2 (t) dµ (t)

≤ 1
2

∫
S

ρ (t) a2 (t) dµ (t)
[∫

S

ρ (t) |f (t)|2 dµ (t) +
∣∣∣∣∫
S

ρ (t) f2 (t) dµ (t)
∣∣∣∣] .
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5.12 A Generalisation of Buzano’s Inequality

Buzano [14] obtained the following extension of the celebrated Schwarz
inequality in a real or complex inner product space (H; 〈·, ·〉):

|〈a, x〉 〈x, b〉| ≤ 1
2

[‖a‖ ‖b‖+ |〈a, b〉|] ‖x‖2 , (5.182)

for any a, b, x ∈ H.
It is clear that when a = b, the above inequality becomes the Schwarz

inequality, that is,

|〈a, x〉|2 ≤ ‖a‖2 ‖x‖2 , a, x ∈ H; (5.183)

in which equality holds if and only if there exists a scalar λ ∈ K (R,C) so that
x = λa.

As noted by Precupanu [154], independently of Buzano [14], Richard [156]
obtained the following similar inequality which holds in real inner product
spaces:

1
2
‖x‖2 [〈a, b〉 − ‖a‖ ‖b‖] ≤ 〈a, x〉 〈x, b〉 (5.184)

≤ 1
2
‖x‖2 [〈a, b〉+ ‖a‖ ‖b‖] .

We say that the finite family {ei}i∈I (I is finite) of vectors is orthonormal
if 〈ei, ej〉 = 0 if i, j ∈ I with i 6= j and ‖ei‖ = 1 for each i ∈ I. The following
result may be stated [58]:

Let (H; 〈·, ·〉) be an inner product space over the real or complex number
field K and {ei}i∈I a finite orthonormal family in H. Then for any a, b ∈ H,
one has the inequality∣∣∣∣∣∑

i∈I
〈a, ei〉 〈ei, b〉 −

1
2
〈a, b〉

∣∣∣∣∣ ≤ 1
2
‖a‖ ‖b‖ . (5.185)

The case of equality holds in (5.185) if and only if

∑
i∈I

〈a, ei〉 ei =
1
2
a+

(∑
i∈I

〈a, ei〉 〈ei, b〉 −
1
2
〈a, b〉

)
· b

‖b‖2
. (5.186)

PROOF We follow the proof by Dragomir [58].
It is well known that, for e 6= 0 and f ∈ H, the following identity holds:

‖f‖2 ‖e‖2 − |〈f, e〉|2

‖e‖2
=

∥∥∥∥∥f − 〈f, e〉 e‖e‖2

∥∥∥∥∥
2

. (5.187)
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Therefore, in Schwarz’s inequality,

|〈f, e〉|2 ≤ ‖f‖2 ‖e‖2 , f, e ∈ H; (5.188)

the case of equality, for e 6= 0, holds if and only if

f =
〈f, e〉 e
‖e‖2

.

Let f := 2
∑
i∈I 〈a, ei〉 ei−a and e := b. Then, by Schwarz’s inequality (5.188),

we may state that∣∣∣∣∣
〈

2
∑
i∈I
〈a, ei〉 ei − a, b

〉∣∣∣∣∣
2

≤

∥∥∥∥∥2
∑
i∈I
〈a, ei〉 ei − a

∥∥∥∥∥
2

‖b‖2 (5.189)

with equality, for b 6= 0, if and only if

2
∑
i∈I
〈a, ei〉 ei − a =

〈
2
∑
i∈I
〈a, ei〉 ei − a, b

〉
b

‖b‖2
. (5.190)

Since 〈
2
∑
i∈I
〈a, ei〉 ei − a, b

〉
= 2

∑
i∈I
〈a, ei〉 〈ei, b〉 − 〈a, b〉

and ∥∥∥∥∥2
∑
i∈I
〈a, ei〉 ei − a

∥∥∥∥∥
2

= 4

∥∥∥∥∥∑
i∈I
〈a, ei〉 ei

∥∥∥∥∥
2

− 4 Re

〈∑
i∈I
〈a, ei〉 ei, a

〉
+ ‖a‖2

= 4
∑
i∈I
|〈a, ei〉|2 − 4

∑
i∈I
|〈a, ei〉|2 + ‖a‖2

= ‖a‖2 ,

hence by (5.189) we deduce the desired inequality (5.185).
Finally, as (5.186) is equivalent to

∑
i∈I

〈a, ei〉 ei −
a

2
=

(∑
i∈I

〈a, ei〉 〈ei, b〉 −
1
2
〈a, b〉

)
b

‖b‖2
,

the equality thus holds in (5.185) if and only if (5.186) is valid.
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Comments
Recall the following result, known as Bessel’s inequality,∑

i∈I

|〈x, ei〉|2 ≤ ‖x‖2 , x ∈ H, (5.191)

where, as above, {ei}i∈I is a finite orthonormal family in the inner product
space (H; 〈·, ·〉) .

If one chooses a = b = x in (5.185), then one gets the inequality∣∣∣∣∣∑
i∈I
|〈x, ei〉|2 −

1
2
‖x‖2

∣∣∣∣∣ ≤ 1
2
‖x‖2 ,

which is obviously equivalent to Bessel’s inequality (5.191). Therefore, the
inequality (5.185) may be regarded as a generalisation of Bessel’s inequality
as well.

Utilising the Bessel and Cauchy-Bunyakovsky-Schwarz inequalities, one may
state that∣∣∣∣∣∑

i∈I
〈a, ei〉 〈ei, b〉

∣∣∣∣∣ ≤
[∑
i∈I
|〈a, ei〉|2

∑
i∈I
|〈b, ei〉|2

] 1
2

≤ ‖a‖ ‖b‖ . (5.192)

A different refinement of the inequality between the first and last terms in
(5.192) is incorporated in the following [58]:

With the above assumption, we have∣∣∣∣∣∑
i∈I
〈a, ei〉 〈ei, b〉

∣∣∣∣∣ ≤
∣∣∣∣∣∑
i∈I
〈a, ei〉 〈ei, b〉 −

1
2
〈a, b〉

∣∣∣∣∣+
1
2
|〈a, b〉| (5.193)

≤ 1
2

[‖a‖ ‖b‖+ |〈a, b〉|]

≤ ‖a‖ ‖b‖ .

If the space (H; 〈·, ·〉) is real, then, obviously, (5.185) is equivalent to

1
2

(〈a, b〉 − ‖a‖ ‖b‖) ≤
∑
i∈I

〈a, ei〉 〈ei, b〉 ≤
1
2

[‖a‖ ‖b‖+ 〈a, b〉] . (5.194)

It is obvious that if the family is comprised of only a single element e = x
‖x‖ ,

x ∈ H, x 6= 0, then from (5.193) we recapture the refinement of Buzano’s
inequality incorporated in (5.182) while from (5.194) we deduce Richard’s
result from (5.184).

The following result is of interest as well [58]:

Let {ei}i∈I be a finite orthonormal family in (H; 〈·, ·〉) . If x, y ∈ H\ {0}
are such that there exists the constants mi, ni, Mi, Ni ∈ R, i ∈ I such that:

−1 ≤ mi ≤
Re 〈x, ei〉
‖x‖

· Re 〈y, ei〉
‖y‖

≤Mi ≤ 1, i ∈ I (5.195)
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and

−1 ≤ ni ≤
Im 〈x, ei〉
‖x‖

· Im 〈y, ei〉
‖y‖

≤ Ni ≤ 1, i ∈ I, (5.196)

then

2
∑
i∈I

(mi + ni)− 1 ≤ Re 〈x, y〉
‖x‖ ‖y‖

≤ 1 + 2
∑
i∈I

(Mi +Ni) . (5.197)

PROOF We follow the proof from Dragomir [58].
By using (5.185) and the fact that for any complex number z, |z| ≥ |Re z| ,

we have ∣∣∣∣∣∑
i∈I

Re [〈x, ei〉 〈ei, y〉]−
1
2

Re 〈x, y〉

∣∣∣∣∣ (5.198)

≤

∣∣∣∣∣∑
i∈I
〈x, ei〉 〈ei, y〉 −

1
2
〈x, y〉

∣∣∣∣∣
≤ 1

2
‖x‖ ‖y‖ .

Since

Re [〈x, ei〉 〈ei, y〉] = Re 〈x, ei〉Re 〈y, ei〉+ Im 〈x, ei〉 Im 〈y, ei〉 ,

we have the following from (5.198):

−1
2
‖x‖ ‖y‖+

1
2

Re 〈x, y〉 (5.199)

≤
∑
i∈I

Re 〈x, ei〉Re 〈y, ei〉+
∑
i∈I

Im 〈x, ei〉 Im 〈y, ei〉

≤ 1
2
‖x‖ ‖y‖+

1
2

Re 〈x, y〉 .

Utilising the assumptions (5.195) and (5.196), we have

∑
i∈I

mi ≤
∑
i∈I

Re 〈x, ei〉Re 〈y, ei〉
‖x‖ ‖y‖

≤
∑
i∈I

Mi (5.200)

and ∑
i∈I

ni ≤
∑
i∈I

Im 〈x, ei〉 Im 〈y, ei〉
‖x‖ ‖y‖

≤
∑
i∈I

Ni. (5.201)

Finally, by making use of (5.199)–(5.201), we deduce the desired result (5.197).
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By Schwarz’s inequality, is it obvious that, in general,

−1 ≤ Re 〈x, y〉
‖x‖ ‖y‖

≤ 1.

Consequently, the left inequality in (5.197) is of interest when
∑
i∈I (mi + ni) >

0, while the right inequality in (5.197) is of interest when
∑
i∈I (Mi +Ni) < 0.

5.13 Generalisations of Precupanu’s Inequality

In 1976, Precupanu [154] obtained the following result related to the Schwarz
inequality in a real inner product space (H; 〈·, ·〉):

For any a ∈ H, x, y ∈ H\ {0} , we have the inequality:

−‖a‖ ‖b‖+ 〈a, b〉
2

≤ 〈x, a〉 〈x, b〉
‖x‖2

+
〈y, a〉 〈y, b〉
‖y‖2

− 2 · 〈x, a〉 〈y, b〉 〈x, y〉
‖x‖2 ‖y‖2

(5.202)

≤ ‖a‖ ‖b‖+ 〈a, b〉
2

.

In the right-hand side or in the left-hand side of (5.202) we have equality if
and only if there are λ, µ ∈ R such that

λ
〈x, a〉
‖x‖2

· x+ µ
〈y, b〉
‖y‖2

· y =
1
2

(λa+ µb) . (5.203)

Note for instance that Precupanu [154], if y ⊥ b, i.e., 〈y, b〉 = 0, then by
(5.202) one may deduce:

−‖a‖ ‖b‖+ 〈a, b〉
2

‖x‖2 ≤ 〈x, a〉 〈x, b〉 ≤ ‖a‖ ‖b‖+ 〈a, b〉
2

‖x‖2 (5.204)

for any a, b, x ∈ H, which is an inequality that has been obtained previously by
Richard [156]. The case of equality in the right-hand side or in the left-hand
side of (5.204) holds if and only if there are λ, µ ∈ R with

2λ 〈x, a〉x = (λa+ µb) ‖x‖2 . (5.205)

For a = b, we may obtain from (5.202) the following inequality [154]:

0 ≤ 〈x, a〉
2

‖x‖2
+
〈y, a〉2

‖y‖2
− 2 · 〈x, a〉 〈y, a〉 〈x, y〉

‖x‖2 ‖y‖2
≤ ‖a‖2 . (5.206)
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This inequality implies [154]:

〈x, y〉
‖x‖ ‖y‖

≥ 1
2

[
〈x, a〉
‖x‖ ‖a‖

+
〈y, a〉
‖y‖ ‖a‖

]2

− 3
2
. (5.207)

Moore [143] pointed out the following reverse of the Schwarz inequality,

|〈y, z〉| ≤ ‖y‖ ‖z‖ , y, z ∈ H, (5.208)

where some information about a third vector x is known:

Let (H; 〈·, ·〉) be an inner product space over the real field R and x, y, z ∈ H
such that:

|〈x, y〉| ≥ (1− ε) ‖x‖ ‖y‖ , |〈x, z〉| ≥ (1− ε) ‖x‖ ‖z‖ , (5.209)

where ε is a positive real number, reasonably small. Then

|〈y, z〉| ≥ max
{

1− ε−
√

2ε, 1− 4ε, 0
}
‖y‖ ‖z‖ . (5.210)

By utilising Richard’s inequality (5.204), which is written in the following
equivalent form,

2 · 〈x, a〉 〈x, b〉
‖x‖2

− ‖a‖ ‖b‖ ≤ 〈a, b〉 ≤ 2 · 〈x, a〉 〈x, b〉
‖x‖2

+ ‖a‖ ‖b‖ (5.211)

for any a, b ∈ H and a ∈ H\ {0} , Precupanu has obtained the following
Moore’s type result:

Let (H; 〈·, ·〉) be a real inner product space. If a, b, x ∈ H and 0 < ε1 < ε2

are such that:

ε1 ‖x‖ ‖a‖ ≤ 〈x, a〉 ≤ ε2 ‖x‖ ‖a‖ , (5.212)
ε1 ‖x‖ ‖b‖ ≤ 〈x, b〉 ≤ ε2 ‖x‖ ‖b‖ ,

then (
2ε2

1 − 1
)
‖a‖ ‖b‖ ≤ 〈a, b〉 ≤

(
2ε2

1 + 1
)
‖a‖ ‖b‖ . (5.213)

We remark that the right inequality is always satisfied, since by Schwarz’s
inequality we have 〈a, b〉 ≤ ‖a‖ ‖b‖. The left inequality may be useful when
one assumes that ε1 ∈ (0, 1]. In that case, from (5.213) we obtain

−‖a‖ ‖b‖ ≤
(
2ε2

1 − 1
)
‖a‖ ‖b‖ ≤ 〈a, b〉 (5.214)

provided ε1 ‖x‖ ‖a‖ ≤ 〈x, a〉 and ε1 ‖x‖ ‖b‖ ≤ 〈x, b〉 , which is a refinement of
Schwarz’s inequality

−‖a‖ ‖b‖ ≤ 〈a, b〉 .
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In the complex case, independently of Richard, Buzano [14] obtained the
following inequality,

|〈x, a〉 〈x, b〉| ≤ ‖a‖ ‖b‖+ |〈a, b〉|
2

· ‖x‖2 , (5.215)

provided x, a, b are vectors in the complex inner product space (H; 〈·, ·〉) .
In the same paper [154], Precupanu, without mentioning Buzano’s name in

relation to the inequality (5.215), observed that, on utilising (5.215), one may
obtain the following result of the Moore type [143]:

Let (H; 〈·, ·〉) be a (real or) complex inner product space. If x, a, b ∈ H are
such that

|〈x, a〉| ≥ (1− ε) ‖x‖ ‖a‖ , |〈x, b〉| ≥ (1− ε) ‖x‖ ‖b‖ , (5.216)

then
|〈a, b〉| ≥

(
1− 4ε+ 2ε2

)
‖a‖ ‖b‖ . (5.217)

Note that the above result is useful when, for ε ∈ (0, 1], the quantity 1 −
4ε+ 2ε2 > 0, i.e., ε ∈

(
0, 1−

√
2

2

]
.

When the space is real, inequality (5.217) provides a better lower bound
for |〈a, b〉| than the second bound in Moore’s result (5.210). However, it is
not known if the first bound in (5.210) remains valid for the case of complex
spaces. From Moore’s original proof [143], apparently, the fact that the space
(H; 〈·, ·〉) is real plays an essential role.

Before we point out some new results for orthonormal families of vectors
in real or complex inner product spaces, we state the following result that
complements the Moore type results outlined above for real spaces [56]:

Let (H; 〈·, ·〉) be a real inner product space and a, b, x, y ∈ H\ {0} .
(i) If there exist δ1, δ2 ∈ (0, 1] such that

〈x, a〉
‖x‖ ‖a‖

≥ δ1,
〈y, a〉
‖y‖ ‖a‖

≥ δ2

and δ1 + δ2 ≥ 1, then

〈x, y〉
‖x‖ ‖y‖

≥ 1
2

(δ1 + δ2)2 − 3
2

(≥ −1) . (5.218)

(ii) If there exist µ1 (µ2) ∈ R such that

µ1 ‖a‖ ‖b‖ ≤
〈x, a〉 〈x, b〉
‖x‖2

(≤ µ2 ‖a‖ ‖b‖)

and 1 ≥ µ1 ≥ 0 (−1 ≤ µ2 ≤ 0) , then

[−1 ≤] 2µ1 − 1 ≤ 〈a, b〉
‖a‖ ‖b‖

(≤ 2µ2 + 1 [≤ 1]) . (5.219)
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The proof is obvious by the inequalities (5.207) and (5.211). We omit the
details.

The following result concerning inequalities for orthonormal families may
be stated [56]:

Let {ei}i∈I and {fj}j∈J be two finite families of orthonormal vectors in
(H; 〈·, ·〉) . For any x, y ∈ H\ {0} one has the inequality∣∣∣∣∣∣
∑
i∈I
〈x, ei〉 〈ei, y〉+

∑
j∈J
〈x, fj〉 〈fj , y〉

− 2
∑

i∈I,j∈J
〈x, ei〉 〈fj , y〉 〈ei, fj〉 −

1
2
〈x, y〉

∣∣∣∣∣∣ ≤ 1
2
‖x‖ ‖y‖ . (5.220)

Equality holds in (5.220) if and only if there exists a λ ∈ K such that

x− λy = 2

∑
i∈I

〈x, ei〉 ei − λ
∑
j∈J
〈y, fj〉 fj

 . (5.221)

PROOF We follow the proof by Dragomir [56].
We know that if u, v ∈ H, v 6= 0, then∥∥∥∥∥u− 〈u, v〉‖v‖2

· v

∥∥∥∥∥
2

=
‖u‖2 ‖v‖2 − |〈u, v〉|2

‖v‖2
, (5.222)

showing that, in Schwarz’s inequality

|〈u, v〉|2 ≤ ‖u‖2 ‖v‖2 , (5.223)

the case of equality for v 6= 0 holds if and only if

u =
〈u, v〉
‖v‖2

· v, (5.224)

so that there exists a λ ∈ R such that u = λv.
Now, let u := 2

∑
i∈I 〈x, ei〉 ei − x and v := 2

∑
j∈J 〈y, fj〉 fj − y.

Observe that

‖u‖2 =

∥∥∥∥∥2
∑
i∈I
〈x, ei〉 ei

∥∥∥∥∥
2

− 4 Re

〈∑
i∈I
〈x, ei〉 ei, x

〉
+ ‖x‖2

= 4
∑
i∈I
|〈x, ei〉|2 − 4

∑
i∈I
|〈x, ei〉|2 + ‖x‖2 = ‖x‖2 ,
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and, similarly
‖v‖2 = ‖y‖2 .

Also,

〈u, v〉 = 4
∑

i∈I,j∈J
〈x, ei〉 〈fj , y〉 〈ei, fj〉+ 〈x, y〉

− 2
∑
i∈I

〈x, ei〉 〈ei, y〉 − 2
∑
j∈J

〈x, fj〉 〈fj , y〉 .

Therefore, by Schwarz’s inequality (5.223) we deduce the desired inequality
(5.220). By (5.224), the case of equality holds in (5.220) if and only if there
exists a λ ∈ K such that

2
∑
i∈I
〈x, ei〉 ei − x = λ

2
∑
j∈J
〈y, fj〉 fj − y

 ,

which is equivalent to (5.221).

If in (5.221) we choose x = y, then we get the inequality∣∣∣∣∣∣
∑
i∈I

|〈x, ei〉|2 +
∑
j∈J

|〈x, fj〉|2 − 2
∑

i∈I,j∈J

〈x, ei〉 〈fj , x〉 〈ei, fj〉 −
1
2
‖x‖2

∣∣∣∣∣∣
≤ 1

2
‖x‖2 (5.225)

for any x ∈ H.
If in the above result we assume that I = J and fi = ei, i ∈ I, then we get

from (5.220) the Schwarz inequality |〈x, y〉| ≤ ‖x‖ ‖y‖ .
If I ∩ J = ∅, I ∪ J = K, gk = ek, k ∈ I, gk = fk, k ∈ J , and {gk}k∈K is

orthonormal, then from (5.220) we get∣∣∣∣∣∑
k∈K

〈x, gk〉 〈gk, y〉 −
1
2
〈x, y〉

∣∣∣∣∣ ≤ 1
2
‖x‖ ‖y‖ , x, y ∈ H (5.226)

which has been obtained earlier by Dragomir [58].
If I and J reduce to one element, namely, e1 = e

‖e‖ , f1 = f
‖f‖ with e, f 6= 0,

then from (5.220) we get∣∣∣∣∣ 〈x, e〉 〈e, y〉‖e‖2
+
〈x, f〉 〈f, y〉
‖f‖2

− 2 · 〈x, e〉 〈f, y〉 〈e, f〉
‖e‖2 ‖f‖2

− 1
2
〈x, y〉

∣∣∣∣∣
≤ 1

2
‖x‖ ‖y‖ , x, y ∈ H, (5.227)
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which is the corresponding complex version of Precupanu’s inequality (5.202).
If in (5.227) we assume that x = y, then we get∣∣∣∣∣ |〈x, e〉|2‖e‖2

+
|〈x, f〉|2

‖f‖2
− 2 · 〈x, e〉 〈f, e〉 〈e, f〉

‖e‖2 ‖f‖2
− 1

2
‖x‖2

∣∣∣∣∣ ≤ 1
2
‖x‖2 . (5.228)

The following result may be stated [56]:

With the assumptions leading to the result (5.220), we have:∣∣∣∣∣∣
∑
i∈I
〈x, ei〉 〈ei, y〉+

∑
j∈J
〈x, fj〉 〈fj , y〉 (5.229)

− 2
∑

i∈I,j∈J
〈x, ei〉 〈fj , y〉 〈ei, fj〉

∣∣∣∣∣∣
≤ 1

2
|〈x, y〉|+

∣∣∣∣∣∣
∑
i∈I
〈x, ei〉 〈ei, y〉+

∑
j∈J
〈x, fj〉 〈fj , y〉

− 2
∑

i∈I,j∈J
〈x, ei〉 〈fj , y〉 〈ei, fj〉 −

1
2
|〈x, y〉|

∣∣∣∣∣∣
≤ 1

2
[|〈x, y〉|+ ‖x‖ ‖y‖] .

PROOF The first inequality follows by the triangle inequality for the
modulus. The second inequality follows by (5.220) on adding the quantity
1
2 |〈x, y〉| on both sides.

Comments
(a) If we choose x = y in (5.229), then we get:∣∣∣∣∣∣

∑
i∈I

|〈x, ei〉|2 +
∑
j∈J

|〈x, fj〉|2 − 2
∑

i∈I,j∈J

〈x, ei〉 〈fj , x〉 〈ei, fj〉

∣∣∣∣∣∣ (5.230)

≤

∣∣∣∣∣∣
∑
i∈I

|〈x, ei〉|2 +
∑
j∈J

|〈x, fj〉|2

− 2
∑

i∈I,j∈J
〈x, ei〉 〈fj , x〉 〈ei, fj〉 −

1
2
‖x‖2

∣∣∣∣∣∣+
1
2
‖x‖2

≤ ‖x‖2 .
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We observe that (5.230) will generate Bessel’s inequality if {ei}i∈I , {fj}j∈J
are disjoint parts of a larger orthonormal family.
(b) From (5.227) one can obtain:∣∣∣∣∣ 〈x, e〉 〈e, y〉‖e‖2

+
〈x, f〉 〈f, y〉
‖f‖2

− 2 · 〈x, e〉 〈f, y〉 〈e, f〉
‖e‖2 ‖f‖2

∣∣∣∣∣
≤ 1

2
[‖x‖ ‖y‖+ |〈x, y〉|] (5.231)

and in particular∣∣∣∣∣ |〈x, e〉|2‖e‖2
+
|〈x, f〉|2

‖f‖2
− 2 · 〈x, e〉 〈f, e〉 〈e, f〉

‖e‖2 ‖f‖2

∣∣∣∣∣ ≤ ‖x‖2 , (5.232)

for any x, y ∈ H.
The case of real inner products will provide a natural generalisation for

Precupanu’s inequality (5.202) [56]:

Let (H; 〈·, ·〉) be a real inner product space and {ei}i∈I , {fj}j∈J be two
finite families of orthonormal vectors in (H; 〈·, ·〉) . For any x, y ∈ H\ {0}
one has the double inequality

1
2

[|〈x, y〉| − ‖x‖ ‖y‖] ≤
∑
i∈I

〈x, ei〉 〈y, ei〉+
∑
j∈J

〈x, fj〉 〈y, fj〉 (5.233)

− 2
∑

i∈I,j∈J
〈x, ei〉 〈y, fj〉 〈ei, fj〉

≤ 1
2

[‖x‖ ‖y‖+ |〈x, y〉|] .

In particular, we have

0 ≤
∑
i∈I
〈x, ei〉2 +

∑
j∈J
〈x, fj〉2 − 2

∑
i∈I,j∈J

〈x, ei〉 〈x, fj〉 〈ei, fj〉 (5.234)

≤ ‖x‖2 ,

for any x ∈ H.

5.14 The Dunkl-Williams Inequality

If a, b are nonnull vectors in the real or complex inner product space (H; 〈·, ·〉) ,
then

‖a− b‖ ≥ 1
2

(‖a‖+ ‖b‖)
∥∥∥∥ a

‖a‖
− b

‖b‖

∥∥∥∥ . (5.235)
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Equality holds in (5.235) if and only if either ‖a‖ = ‖b‖ or ‖a‖+‖b‖ = ‖a− b‖ .

PROOF We follow the proof by Dunkl and Williams [116].
Observe, by the properties of inner products, that∥∥∥∥ a

‖a‖
− b

‖b‖

∥∥∥∥2

=
〈

a

‖a‖
− b

‖b‖
,
a

‖a‖
− b

‖b‖

〉
= 2− 2 Re

〈
a

‖a‖
,
b

‖b‖

〉
=

1
‖a‖ ‖b‖

(2 ‖a‖ ‖b‖ − 2 Re 〈a, b〉)

=
1

‖a‖ ‖b‖

[
‖a− b‖2 − (‖a‖ − ‖b‖)2

]
.

Hence

‖a− b‖2 − 1
2

(‖a‖+ ‖b‖)2

∥∥∥∥ a

‖a‖
− b

‖b‖

∥∥∥∥2

=
(‖a‖ − ‖b‖)2

4 ‖a‖ ‖b‖

[
(‖a‖+ ‖b‖)2 − ‖a− b‖2

]
.

Inequality (5.235) follows directly from the above inequality by the use of the
triangle inequality.

Comments
One may observe that in an inner product space (H; 〈·, ·〉), for x, y 6= 0, the
following two statements are equivalent:

(i)
∥∥∥ x
‖x‖ −

y
‖y‖

∥∥∥ ≤ (≥) r;

(ii) The following reverse (improvement) of Schwarz’s inequality holds:

‖x‖ ‖y‖ − Re 〈x, y〉 ≤ (≥)
1
2
r2 ‖x‖ ‖y‖ . (5.236)

Then, by utilising the Dunkl-Williams inequality, we have

‖x‖ ‖y‖ − Re 〈x, y〉 ≤ 2 · ‖x− y‖2

(‖x‖+ ‖y‖)2 ‖x‖ ‖y‖ .

Now, consider the inequality

2 ‖x‖ ‖y‖
(‖x‖+ ‖y‖)2 ≤ ε (ε > 0) . (5.237)
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This is equivalent to:

ε ‖x‖2 − 2 (1− ε) ‖x‖ ‖y‖+ ε ‖y‖2 ≥ 0. (5.238)

If we divide (5.238) by ‖y‖2 > 0 and denote ‖x‖‖y‖ = t, then we get

εt2 − 2 (1− ε) t+ ε ≥ 0.

We have
∆ = 4 (1− ε)2 − 4ε2 = 4 (1− 2ε) .

Since inequality (5.237) is of interest for small ε, we assume that ε ∈
(
0, 1

2

]
.

Then (5.237) holds iff

1− ε−
√

1− 2ε ≤ ‖x‖‖y‖
≤ −ε−

√
1− 2ε. (5.239)

Therefore, if x, y satisfy (5.239), then we have the following reverse of the
Schwarz inequality:

‖x‖ ‖y‖ − Re 〈x, y〉 ≤ ε ‖x− y‖2 ,

where ε ∈
(
0, 1

2

]
.

5.15 The Grüss Inequality in Inner Product Spaces

The following elementary inequality holds [79]:

Let a, x,A be vectors in the inner product space (H, 〈·, ·〉) over K (K = R,C)
with a 6= A. Then

Re 〈A− x, x− a〉 ≥ 0

if and only if ∥∥∥∥x− a+A

2

∥∥∥∥ ≤ 1
2
‖A− a‖ .

PROOF Define

I1 := Re 〈A− x, x− a〉 , I2 :=
1
4
‖A− a‖2 −

∥∥∥∥x− a+A

2

∥∥∥∥2

.

A simple calculation shows that

I1 = I2 = Re [〈x, a〉+ 〈A, x〉]− Re 〈A, a〉 − ‖x‖2 .
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Thus, I1 ≥ 0 iff I2 ≥ 0, showing the required equivalence.

The following particular case is obvious:

Let x, e ∈ H with ‖e‖ = 1 and δ,∆ ∈ K with δ 6= ∆. Then

Re 〈∆e− x, x− δe〉 ≥ 0

iff ∥∥∥∥x− δ + ∆
2
· e
∥∥∥∥ ≤ 1

2
|∆− δ| .

If H = C, then
Re [(A− x) (x̄− ā)] ≥ 0

if and only if ∣∣∣∣x− a+A

2

∣∣∣∣ ≤ 1
2
|A− a| ,

where a, x,A ∈ C. If H = R and A > a, then a ≤ x ≤ A if and only if∣∣x− a+A
2

∣∣ ≤ 1
2 |A− a| .

The following representation of the difference in Schwarz’s inequality is of
interest [79]:

Let x, e ∈ H with ‖e‖ = 1. Then one has the following representation:

‖x‖2 − |〈x, e〉|2 = inf
λ∈K
‖x− λe‖2 ≥ 0. (5.240)

PROOF Observe, for any λ ∈ K, that

〈x− λe, x− 〈x, e〉 e〉 = ‖x‖2 − |〈x, e〉|2 − λ
[
〈e, x〉 − 〈e, x〉 ‖e‖2

]
= ‖x‖2 − |〈x, e〉|2 .

Using Schwarz’s inequality, we have[
‖x‖2 − |〈x, e〉|2

]2
= |〈x− λe, x− 〈x, e〉 e〉|2

≤ ‖x− λe‖2 ‖x− 〈x, e〉 e‖2

= ‖x− λe‖2
[
‖x‖2 − |〈x, e〉|2

]
,

giving the bound

‖x‖2 − |〈x, e〉|2 ≤ ‖x− λe‖2 , λ ∈ K. (5.241)

Taking the infimum in (5.241) over λ ∈ K, we deduce

‖x‖2 − |〈x, e〉|2 ≤ inf
λ∈K
‖x− λe‖2 .
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Since for λ0 = 〈x, e〉 we get ‖x− λ0e‖2 = ‖x‖2 − |〈x, e〉|2 , then the represen-
tation (5.240) is proved.

The following Grüss type inequality in inner product spaces, with a different
proof than the one from Dragomir [47], may be stated [79]:

Let (H, 〈·, ·〉) be an inner product space over K and e ∈ H, ‖e‖ = 1. If
ϕ, γ,Φ,Γ are real or complex numbers and x, y are vectors in H such that the
conditions

Re 〈Φe− x, x− ϕe〉 ≥ 0, Re 〈Γe− x, x− γe〉 ≥ 0

hold, or, equivalently, the following assumptions∥∥∥∥x− ϕ+ Φ
2
· e
∥∥∥∥ ≤ 1

2
|Φ− ϕ| ,

∥∥∥∥y − γ + Γ
2
· e
∥∥∥∥ ≤ 1

2
|Γ− γ| (5.242)

are valid, then one has the inequality

|〈x, y〉 − 〈x, e〉 〈e, y〉| ≤ 1
4
|Φ− ϕ| · |Γ− γ| . (5.243)

The constant 1
4 is best possible.

PROOF It can be easily shown (see for example the proof of Theorem 1
from Dragomir [47]) that

|〈x, y〉 − 〈x, e〉 〈e, y〉| ≤
[
‖x‖2 − |〈x, e〉|2

] 1
2
[
‖y‖2 − |〈y, e〉|2

] 1
2

(5.244)

for any x, y ∈ H and e ∈ H, ‖e‖ = 1. On using the representation (5.240) and
the conditions (5.242), we have that[

‖x‖2 − |〈x, e〉|2
] 1

2
= inf
λ∈K
‖x− λe‖ ≤

∥∥∥∥x− ϕ+ Φ
2
· e
∥∥∥∥ ≤ 1

2
|Φ− ϕ|

and [
‖y‖2 − |〈y, e〉|2

] 1
2

= inf
λ∈K
‖y − λe‖ ≤

∥∥∥∥y − γ + Γ
2
· e
∥∥∥∥ ≤ 1

2
|Γ− γ| .

By (5.244), the desired inequality (5.243) is obtained.

Comments
Some particular cases of interest for integrable functions with real or complex
values and the corresponding discrete versions are listed below.

Let f, g : [a, b]→ K (K = R, C) be Lebesgue integrable and such that

Re
[
(Φ− f (x))

(
f (x)− ϕ

)]
≥ 0, Re

[
(Γ− g (x))

(
g (x)− γ

)]
≥ 0
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for a.e. x ∈ [a, b] , where ϕ, γ,Φ,Γ are real or complex numbers and z̄ denotes
the complex conjugate of z. Then we have the inequality∣∣∣∣∣ 1

b− a

∫ b

a

f (x) g (x)dx− 1
b− a

∫ b

a

f (x) dx · 1
b− a

∫ b

a

g (x)dx

∣∣∣∣∣
≤ 1

4
|Φ− ϕ| · |Γ− γ| .

The constant 1
4 is best possible.

The discrete case is embodied in:

Let x, y ∈ Kn and ϕ, γ,Φ,Γ be real or complex numbers such that

Re [(Φ− xi) (xi − ϕ)] ≥ 0 and Re [(Γ− yi) (yi − γ)] ≥ 0

for each i ∈ {1, . . . , n} . Then we have the inequality∣∣∣∣∣ 1n
n∑
i=1

xiyi −
1
n

n∑
i=1

xi ·
1
n

n∑
i=1

yi

∣∣∣∣∣ ≤ 1
4
|Φ− ϕ| · |Γ− γ| .

The constant 1
4 is best possible.

5.16 A Refinement of the Grüss Inequality in Inner
Product Spaces

The following result gives an improvement to the Grüss inequality in inner
product spaces [79]:

Let (H, 〈·, ·〉) be an inner product space over K and e ∈ H, ‖e‖ = 1. If
ϕ, γ,Φ,Γ are real or complex numbers and x, y are vectors in H such that the
conditions

Re 〈Φe− x, x− ϕe〉 ≥ 0, Re 〈Γe− x, x− γe〉 ≥ 0,

or, equivalently,∥∥∥∥x− ϕ+ Φ
2
· e
∥∥∥∥ ≤ 1

2
|Φ− ϕ| ,

∥∥∥∥y − γ + Γ
2
· e
∥∥∥∥ ≤ 1

2
|Γ− γ|

hold, then we have the inequality

|〈x, y〉 − 〈x, e〉 〈e, y〉| (5.245)

≤ 1
4
|Φ− ϕ| · |Γ− γ|

− [Re 〈Φe− x, x− ϕe〉]
1
2 [Re 〈Γe− y, y − γe〉]

1
2

≤
(

1
4
|Φ− ϕ| · |Γ− γ|

)
.
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The constant 1
4 is best possible.

PROOF As in Dragomir [47], we have

|〈x, y〉 − 〈x, e〉 〈e, y〉|2 ≤
[
‖x‖2 − |〈x, e〉|2

] [
‖y‖2 − |〈y, e〉|2

]
, (5.246)

‖x‖2 − |〈x, e〉|2 = Re
[
(Φ− 〈x, e〉)

(
〈x, e〉 − ϕ

)]
− Re 〈Φe− x, x− ϕe〉 ,

(5.247)
and

‖y‖2−|〈y, e〉|2 = Re
[
(Γ− 〈y, e〉)

(
〈y, e〉 − γ

)]
−Re 〈Γe− x, x− γe〉 . (5.248)

Using the elementary inequality

4 Re
(
ab
)
≤ |a+ b|2 ; a, b ∈ K (K = R,C) ,

we may state that

Re
[
(Φ− 〈x, e〉)

(
〈x, e〉 − ϕ

)]
≤ 1

4
|Φ− ϕ|2 , (5.249)

and
Re
[
(Γ− 〈y, e〉)

(
〈y, e〉 − γ

)]
≤ 1

4
|Γ− γ|2 . (5.250)

Consequently, by (5.246)–(5.250) we may state that

|〈x, y〉 − 〈x, e〉 〈e, y〉|2

≤
[

1
4
|Φ− ϕ|2 −

(
[Re 〈Φe− x, x− ϕe〉]

1
2

)2
]

×
[

1
4
|Γ− γ|2 −

(
[Re 〈Γe− y, y − γe〉]

1
2

)2
]
. (5.251)

Finally, using the elementary inequality for positive real numbers,(
m2 − n2

) (
p2 − q2

)
≤ (mp− nq)2

,

we have[
1
4
|Φ− ϕ|2 −

(
[Re 〈Φe− x, x− ϕe〉]

1
2

)2
]

×
[

1
4
|Γ− γ|2 −

(
[Re 〈Γe− y, y − γe〉]

1
2

)2
]

≤
(

1
4
|Φ− ϕ| · |Γ− γ| − [Re 〈Φe− x, x− ϕe〉]

1
2 [Re 〈Γe− y, y − γe〉]

1
2

)2

,
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giving the desired inequality (5.245) .
The fact that 1

4 is the best constant can be proven in a similar manner to
the one in the Grüss inequality (see, for instance, Dragomir [47]) and we omit
the details.

Comments
The following companion of the Grüss inequality in inner product spaces holds
[79]:

Let (H, 〈·, ·〉) be an inner product space over K and e ∈ H, with ‖e‖ = 1.
If γ,Γ ∈ K and x, y ∈ H are such that

Re
〈

Γe− x+ y

2
,
x+ y

2
− γe

〉
≥ 0, (5.252)

or, equivalently, ∥∥∥∥x+ y

2
− γ + Γ

2
· e
∥∥∥∥ ≤ 1

2
|Γ− γ| ,

then we have the inequality

Re [〈x, y〉 − 〈x, e〉 〈e, y〉] ≤ 1
4
|Γ− γ|2 . (5.253)

The constant 1
4 is best possible.

PROOF We start with the following inequality:

Re 〈z, u〉 ≤ 1
4
‖z + u‖2 ; z, u ∈ H. (5.254)

Since
〈x, y〉 − 〈x, e〉 〈e, y〉 = 〈x− 〈x, e〉 e, y − 〈y, e〉 e〉 ,

we may write the following, on using (5.254):

Re [〈x, y〉 − 〈x, e〉 〈e, y〉] = Re [〈x− 〈x, e〉 e, y − 〈y, e〉 e〉] (5.255)

≤ 1
4
‖x− 〈x, e〉 e+ y − 〈y, e〉 e‖2

=
∥∥∥∥x+ y

2
−
〈
x+ y

2
, e

〉
· e
∥∥∥∥2

=
∥∥∥∥x+ y

2

∥∥∥∥2

−
∣∣∣∣〈x+ y

2
, e

〉∣∣∣∣2 .
If we apply Grüss’ inequality in inner product spaces for, say, a = b = x+y

2 ,
we get ∥∥∥∥x+ y

2

∥∥∥∥2

−
∣∣∣∣〈x+ y

2
, e

〉∣∣∣∣2 ≤ 1
4
|Γ− γ|2 . (5.256)

© 2011 by Taylor and Francis Group, LLC



316 Mathematical Inequalities: A Perspective

By making use of (5.255) and (5.256) we deduce (5.253) .
The fact that 1

4 is the best possible constant in (5.253) follows by choosing
x = y in (5.252), whence we obtain

Re 〈Γe− x, x− γe〉 ≥ 0,

implying that 0 ≤ ‖x‖2−|〈x, e〉|2 ≤ 1
4 |Γ− γ|

2
, for which, by Grüss’ inequality

in inner product spaces, we know that the constant 1
4 is best possible.

The following result might be of interest if one wanted to evaluate the
absolute value of

Re [〈x, y〉 − 〈x, e〉 〈e, y〉] .

Let (H, 〈·, ·〉) be an inner product space over K and e ∈ H, ‖e‖ = 1. If
γ,Γ ∈ K and x, y ∈ H are such that

Re
〈

Γe− x± y
2

,
x± y

2
− γe

〉
≥ 0,

or, equivalently, ∥∥∥∥x± y2
− γ + Γ

2
· e
∥∥∥∥ ≤ 1

2
|Γ− γ| ,

holds, then we have the inequality

|Re [〈x, y〉 − 〈x, e〉 〈e, y〉]| ≤ 1
4
|Γ− γ|2 . (5.257)

If the inner product space H is real, then (for m,M ∈ R, M > m)〈
Me− x± y

2
,
x± y

2
−me

〉
≥ 0,

or, equivalently, ∥∥∥∥x± y2
− m+M

2
· e
∥∥∥∥ ≤ 1

2
(M −m) ,

which implies that

|〈x, y〉 − 〈x, e〉 〈e, y〉| ≤ 1
4

(M −m)2
. (5.258)

The constant 1
4 is best possible in both inequalities (5.257) and (5.258) .

PROOF We only remark that, if

Re
〈

Γe− x− y
2

,
x− y

2
− γe

〉
≥ 0
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holds, then by (5.245), we get

Re [−〈x, y〉+ 〈x, e〉 〈e, y〉] ≤ 1
4
|Γ− γ|2 ,

showing that

Re [〈x, y〉 − 〈x, e〉 〈e, y〉] ≥ −1
4
|Γ− γ|2 . (5.259)

Making use of (5.253) and (5.259), we deduce the desired result (5.257).
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Chapter 6

Inequalities in Normed Linear
Spaces and for Functionals

The concept of a normed, and subsequently a Banach space has become over
the last 70 years, a turning point in functional analysis with countless appli-
cations in mathematics and its use for modeling in science. There is no field of
analysis which cannot be viewed from this perspective. Further, the unifying
power of this concept provides a rich background of results and techniques for
mathematicians to use in order to solve their specific problems.

In this context, both the discrete and integral versions of the triangle in-
equality are of crucial importance. It is therefore a natural problem to find
sufficient conditions for the vectors or functions involved in order to produce
reverse inequalities in both multiplicative and additive forms.

In this chapter some classical as well as recent results providing reverses of
the generalised triangle inequalities are presented. The results of Diaz and
Metcalf [45], together with more recent developments, are surveyed. The cases
for bounded linear functionals are also provided.

Last but not least, the abstract functional versions of Jensen’s and Hermite-
Hadamard’s inequalities for convex functions and related results are presented.
They are accompanied by numerous remarks and comments that will lead
the reader to further work in both research or in the use of the results for
applications.

6.1 A Multiplicative Reverse for the Continuous
Triangle Inequality

Let f : [a, b] → K, K = C or R be a Lebesgue integrable function. The
following inequality, which is the continuous version of the triangle inequality,∣∣∣∣∣

∫ b

a

f (x) dx

∣∣∣∣∣ ≤
∫ b

a

|f (x)| dx, (6.1)

plays a fundamental role in mathematical analysis and its applications.

319
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The first reverse inequality for (6.1) was obtained by Karamata in his book
[126] from 1949 (see Mitrinović, Pečarić, and Fink [141, p. 492]). It can be
stated as

cos θ
∫ b

a

|f (x)| dx ≤

∣∣∣∣∣
∫ b

a

f (x) dx

∣∣∣∣∣ (6.2)

provided
−θ ≤ arg f (x) ≤ θ, x ∈ [a, b]

for given θ ∈
(
0, π2

)
.

We consider now the case of vector-valued functions in a Hilbert space.
We recall that f ∈ L ([a, b] ;H) , the space of Bochner integrable functions

with values in a Hilbert space H, if and only if f : [a, b] → H is Bochner
measurable on [a, b] and the Lebesgue integral

∫ b
a
‖f (t)‖ dt is finite.

The following result holds [75]:

If f ∈ L ([a, b] ;H) is such that there exists a constant K ≥ 1 and a vector
e ∈ H, ‖e‖ = 1 with

‖f (t)‖ ≤ K Re 〈f (t) , e〉 for a.e. t ∈ [a, b] , (6.3)

then we have the inequality∫ b

a

‖f (t)‖ dt ≤ K

∥∥∥∥∥
∫ b

a

f (t) dt

∥∥∥∥∥ . (6.4)

Equality holds in (6.4) if and only if∫ b

a

f (t) dt =
1
K

(∫ b

a

‖f (t)‖ dt

)
e. (6.5)

PROOF By the Schwarz inequality in inner product spaces, we have∥∥∥∥∥
∫ b

a

f (t) dt

∥∥∥∥∥ =

∥∥∥∥∥
∫ b

a

f (t) dt

∥∥∥∥∥ ‖e‖ (6.6)

≥

∣∣∣∣∣
〈∫ b

a

f (t) dt, e

〉∣∣∣∣∣ ≥
∣∣∣∣∣Re

〈∫ b

a

f (t) dt, e

〉∣∣∣∣∣
≥ Re

〈∫ b

a

f (t) dt, e

〉
=
∫ b

a

Re 〈f (t) , e〉 dt.

From the condition (6.3), on integrating over [a, b] , we deduce∫ b

a

Re 〈f (t) , e〉 dt ≥ 1
K

∫ b

a

‖f (t)‖ dt. (6.7)
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Thus, on making use of (6.6) and (6.7), we obtain the desired inequality (6.4).
If (6.5) holds true, then

K

∥∥∥∥∥
∫ b

a

f (t) dt

∥∥∥∥∥ = ‖e‖
∫ b

a

‖f (t)‖ dt =
∫ b

a

‖f (t)‖ dt,

showing that (6.4) is identically true.
If we assume that equality holds in (6.4), then by the argument provided at

the beginning of our proof, we must have equality in each of the inequalities
from (6.6) and (6.7).

Observe that in Schwarz’s inequality ‖x‖ ‖y‖ ≥ Re 〈x, y〉 , x, y ∈ H, the case
of equality holds if and only if there exists a positive scalar µ such that x = µe.

Therefore, equality holds in the first inequality in (6.6) iff
∫ b
a
f (t) dt = λe, with

λ ≥ 0.
If we assume that a strict inequality holds in (6.3) for t in a nonzero mea-

sure subset of [a, b] , then
∫ b
a
‖f (t)‖ dt < K

∫ b
a

Re 〈f (t) , e〉 dt, and by (6.6) we
deduce a strict inequality in (6.4), which contradicts the assumption. Thus,
we must have ‖f (t)‖ = K Re 〈f (t) , e〉 for a.e. t ∈ [a, b] .

If we integrate this equality, we deduce∫ b

a

‖f (t)‖ dt = K

∫ b

a

Re 〈f (t) , e〉 dt = K Re

〈∫ b

a

f (t) dt, e

〉
= K Re 〈λe, e〉 = λK,

giving

λ =
1
K

∫ b

a

‖f (t)‖ dt,

and thus the equality (6.5) is necessary.
This completes the proof.

Comments
A more appropriate result from an application point of view is stated in the
following [75]:

Let e be a unit vector in the Hilbert space (H; 〈·, ·〉) , ρ ∈ (0, 1), and f ∈
L ([a, b] ;H) so that

‖f (t)− e‖ ≤ ρ for a.e. t ∈ [a, b] . (6.8)

Then we have the inequality

√
1− ρ2

∫ b

a

‖f (t)‖ dt ≤

∥∥∥∥∥
∫ b

a

f (t) dt

∥∥∥∥∥ , (6.9)
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with equality if and only if∫ b

a

f (t) dt =
√

1− ρ2

(∫ b

a

‖f (t)‖ dt

)
e. (6.10)

PROOF From (6.8) we have

‖f (t)‖2 − 2 Re 〈f (t) , e〉+ 1 ≤ ρ2,

giving
‖f (t)‖2 + 1− ρ2 ≤ 2 Re 〈f (t) , e〉

for a.e. t ∈ [a, b] .
Dividing by

√
1− ρ2 > 0, we deduce

‖f (t)‖2√
1− ρ2

+
√

1− ρ2 ≤ 2 Re 〈f (t) , e〉√
1− ρ2

(6.11)

for a.e. t ∈ [a, b] .
On the other hand, by the elementary inequality

p

α
+ qα ≥ 2

√
pq, p, q ≥ 0, α > 0

we have

2 ‖f (t)‖ ≤ ‖f (t)‖2√
1− ρ2

+
√

1− ρ2 (6.12)

for each t ∈ [a, b] .
On making use of (6.11) and (6.12), we deduce

‖f (t)‖ ≤ 1√
1− ρ2

Re 〈f (t) , e〉

for a.e. t ∈ [a, b] .
By applying the inequality (6.4) for K = 1√

1−ρ2
, we deduce the desired

inequality (6.9).

In the same spirit, we also have the following result [75]:

Let e be a unit vector in H and M ≥ m > 0. If f ∈ L ([a, b] ;H) is such
that

Re 〈Me− f (t) , f (t)−me〉 ≥ 0 (6.13)

or, equivalently, ∥∥∥∥f (t)− M +m

2
e

∥∥∥∥ ≤ 1
2

(M −m) (6.14)
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for a.e. t ∈ [a, b] , then we have the inequality

2
√
mM

M +m

∫ b

a

‖f (t)‖ dt ≤

∥∥∥∥∥
∫ b

a

f (t) dt

∥∥∥∥∥ (6.15)

or, equivalently,

(0 ≤)
∫ b

a

‖f (t)‖ dt−

∥∥∥∥∥
∫ b

a

f (t) dt

∥∥∥∥∥ (6.16)

≤

(√
M −

√
m
)2

M +m

∥∥∥∥∥
∫ b

a

f (t) dt

∥∥∥∥∥ .
Equality holds in (6.15) (or in the second part of Equation 6.16) if and only
if ∫ b

a

f (t) dt =
2
√
mM

M +m

(∫ b

a

‖f (t)‖ dt

)
e. (6.17)

PROOF First, we remark that if x, z, Z ∈ H, then the following state-
ments are equivalent:

(i) Re 〈Z − x, x− z〉 ≥ 0

and

(ii)
∥∥x− Z+z

2

∥∥ ≤ 1
2 ‖Z − z‖ .

By using this fact, we may realise that (6.11) and (6.12) are equivalent.
Now, from (6.11), we obtain

‖f (t)‖2 +mM ≤ (M +m) Re 〈f (t) , e〉

for a.e. t ∈ [a, b] . Dividing this inequality with
√
mM > 0, we deduce the

following inequality that will be used in the sequel:

‖f (t)‖2√
mM

+
√
mM ≤ M +m√

mM
Re 〈f (t) , e〉 (6.18)

which holds for a.e. t ∈ [a, b] .
On the other hand,

2 ‖f (t)‖ ≤ ‖f (t)‖2√
mM

+
√
mM (6.19)

for any t ∈ [a, b] .
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By utilising (6.18) and (6.19), we may conclude the following inequality,

‖f (t)‖ ≤ M +m

2
√
mM

Re 〈f (t) , e〉 ,

for a.e. t ∈ [a, b] .
Applying inequality (6.4) for the constant K := m+M

2
√
mM
≥ 1, we deduce the

desired result.

6.2 Additive Reverses for the Continuous Triangle
Inequality

The following result concerning an additive reverse for the continuous tri-
angle inequality of vector-valued functions in Hilbert spaces holds [52]:

If f ∈ L ([a, b] ;H) is such that there exists a vector e ∈ H, ‖e‖ = 1 and
k : [a, b]→ [0,∞), a Lebesgue integrable function with

‖f (t)‖ − Re 〈f (t) , e〉 ≤ k (t) for a.e. t ∈ [a, b] , (6.20)

then we have the inequality:

(0 ≤)
∫ b

a

‖f (t)‖ dt−

∥∥∥∥∥
∫ b

a

f (t) dt

∥∥∥∥∥ ≤
∫ b

a

k (t) dt. (6.21)

Equality holds in (6.21) if and only if

∫ b

a

‖f (t)‖ dt ≥
∫ b

a

k (t) dt (6.22)

and ∫ b

a

f (t) dt =

(∫ b

a

‖f (t)‖ dt−
∫ b

a

k (t) dt

)
e. (6.23)

PROOF If we integrate the inequality (6.20), then we get

∫ b

a

‖f (t)‖ dt ≤ Re

〈∫ b

a

f (t) dt, e

〉
+
∫ b

a

k (t) dt. (6.24)
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By Schwarz’s inequality for e and
∫ b
a
f (t) dt, we have

Re

〈∫ b

a

f (t) dt, e

〉
(6.25)

≤

∣∣∣∣∣Re

〈∫ b

a

f (t) dt, e

〉∣∣∣∣∣ ≤
∣∣∣∣∣
〈∫ b

a

f (t) dt, e

〉∣∣∣∣∣
≤

∥∥∥∥∥
∫ b

a

f (t) dt

∥∥∥∥∥ ‖e‖ =

∥∥∥∥∥
∫ b

a

f (t) dt

∥∥∥∥∥ .
We deduce the desired inequality (6.21) on making use of (6.24) and (6.25).

If (6.22) and (6.23) hold true, then∥∥∥∥∥
∫ b

a

f (t) dt

∥∥∥∥∥ =

∣∣∣∣∣
∫ b

a

‖f (t)‖ dt−
∫ b

a

k (t) dt

∣∣∣∣∣ ‖e‖
=
∫ b

a

‖f (t)‖ dt−
∫ b

a

k (t) dt

and equality holds in (6.21).
Conversely, if equality holds in (6.21), then (6.22) is valid and we need only

to prove (6.23).
If ‖f (t)‖ − Re 〈f (t) , e〉 < k (t) for t in a nonzero measure subset of [a, b] ,

then (6.24) holds as a strict inequality, implying that (6.21) also holds as a
strict inequality. Therefore, if we assume that equality holds in (6.21), then
we must have

‖f (t)‖ = Re 〈f (t) , e〉+ k (t) for a.e. t ∈ [a, b] . (6.26)

It is well known that equality holds in Schwarz’s inequality ‖x‖ ‖y‖ ≥
Re 〈x, y〉 iff there exists a λ ≥ 0 such that x = λy. Therefore, if we assume
that equality holds in all of (6.25), then there exists a λ ≥ 0 such that∫ b

a

f (t) dt = λe. (6.27)

Integrating (6.26) on [a, b] , we deduce∫ b

a

‖f (t)‖ dt = Re

〈∫ b

a

f (t) dt, e

〉
+
∫ b

a

k (t) dt,

and thus, by (6.27) we get∫ b

a

‖f (t)‖ dt = λ ‖e‖2 +
∫ b

a

k (t) dt,
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giving λ =
∫ b
a
‖f (t)‖ dt−

∫ b
a
k (t) dt.

Using (6.27), we deduce (6.23) and the result is completely proved.

Comments
The following particular case may be useful for applications [52]:

If f ∈ L ([a, b] ;H) is such that there exists a vector e ∈ H, ‖e‖ = 1 and
ρ ∈ (0, 1) such that

‖f (t)− e‖ ≤ ρ for a.e. t ∈ [a, b] , (6.28)

then we have the inequality

(0 ≤)
∫ b

a

‖f (t)‖ dt−

∥∥∥∥∥
∫ b

a

f (t) dt

∥∥∥∥∥ (6.29)

≤ ρ2√
1− ρ2

(
1 +

√
1− ρ2

) Re

〈∫ b

a

f (t) dt, e

〉
≤ ρ2√

1− ρ2
(

1 +
√

1− ρ2
) ∥∥∥∥∥
∫ b

a

f (t) dt

∥∥∥∥∥
 .

Equality holds in (6.29) if and only if∫ b

a

‖f (t)‖ dt ≥ ρ2√
1− ρ2

(
1 +

√
1− ρ2

) Re

〈∫ b

a

f (t) dt, e

〉
(6.30)

and∫ b

a

f (t) dt

=

∫ b

a

‖f (t)‖ dt− ρ2√
1− ρ2

(
1 +

√
1− ρ2

) Re

〈∫ b

a

f (t) dt, e

〉 e. (6.31)

PROOF First, note that (6.22) is equivalent to

‖f (t)‖2 + 1− ρ2 ≤ 2 Re 〈f (t) , e〉 ,

giving
‖f (t)‖2√

1− ρ2
+
√

1− ρ2 ≤ 2 Re 〈f (t) , e〉√
1− ρ2

for a.e. t ∈ [a, b] .
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Since

2 ‖f (t)‖ ≤ ‖f (t)‖2√
1− ρ2

+
√

1− ρ2

for any t ∈ [a, b] , we deduce the inequality

‖f (t)‖ ≤ Re 〈f (t) , e〉√
1− ρ2

for a.e. t ∈ [a, b] ,

which is clearly equivalent to

‖f (t)‖ − Re 〈f (t) , e〉 ≤ ρ2√
1− ρ2

(
1 +

√
1− ρ2

) Re 〈f (t) , e〉

for a.e. t ∈ [a, b] .
Applying inequality (6.21) for k (t) := ρ2√

1−ρ2
(

1+
√

1−ρ2
) Re 〈f (t) , e〉 , we

deduce the desired result.

In the same spirit, we also have the following result [52]:

If f ∈ L ([a, b] ;H) is such that there exists a vector e ∈ H, ‖e‖ = 1 and
M ≥ m > 0 such that either

Re 〈Me− f (t) , f (t)−me〉 ≥ 0 (6.32)

or, equivalently, ∥∥∥∥f (t)− M +m

2
e

∥∥∥∥ ≤ 1
2

(M −m) (6.33)

for a.e. t ∈ [a, b] , then we have the inequality

(0 ≤)
∫ b

a

‖f (t)‖ dt−

∥∥∥∥∥
∫ b

a

f (t) dt

∥∥∥∥∥ (6.34)

≤

(√
M −

√
m
)2

2
√
mM

Re

〈∫ b

a

f (t) dt, e

〉
≤

(√
M −

√
m
)2

2
√
mM

∥∥∥∥∥
∫ b

a

f (t) dt

∥∥∥∥∥
 .

Equality holds in (6.34) if and only if

∫ b

a

‖f (t)‖ dt ≥

(√
M −

√
m
)2

2
√
mM

Re

〈∫ b

a

f (t) dt, e

〉
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and

∫ b

a

f (t) dt =

∫ b

a

‖f (t)‖ dt−

(√
M −

√
m
)2

2
√
mM

Re

〈∫ b

a

f (t) dt, e

〉 e.

PROOF Observe that (6.32) is clearly equivalent to

‖f (t)‖2 +mM ≤ (M +m) Re 〈f (t) , e〉

for a.e. t ∈ [a, b] , giving the inequality

‖f (t)‖2√
mM

+
√
mM ≤ M +m√

mM
Re 〈f (t) , e〉

for a.e. t ∈ [a, b] .
Since

2 ‖f (t)‖ ≤ ‖f (t)‖2√
mM

+
√
mM

for any t ∈ [a, b] , hence we deduce the inequality

‖f (t)‖ ≤ M +m√
mM

Re 〈f (t) , e〉 for a.e. t ∈ [a, b] ,

which is clearly equivalent to

‖f (t)‖ − Re 〈f (t) , e〉 ≤

(√
M −

√
m
)2

2
√
mM

Re 〈f (t) , e〉

for a.e. t ∈ [a, b] .
Finally, by applying the inequality (6.21), we obtain the desired result.

We can state now (see also Dragomir [52]) the following fact:

If f ∈ L ([a, b] ;H) and r ∈ L2 ([a, b] ;H) , e ∈ H, ‖e‖ = 1 are such that

‖f (t)− e‖ ≤ r (t) for a.e. t ∈ [a, b] , (6.35)

then we have the inequality

(0 ≤)
∫ b

a

‖f (t)‖ dt−

∥∥∥∥∥
∫ b

a

f (t) dt

∥∥∥∥∥ ≤ 1
2

∫ b

a

r2 (t) dt. (6.36)

Equality holds in (6.36) if and only if∫ b

a

‖f (t)‖ dt ≥ 1
2

∫ b

a

r2 (t) dt
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and ∫ b

a

f (t) dt =

(∫ b

a

‖f (t)‖ dt− 1
2

∫ b

a

r2 (t) dt

)
e.

PROOF The condition (6.35) is obviously equivalent to

‖f (t)‖2 + 1 ≤ 2 Re 〈f (t) , e〉+ r2 (t)

for a.e. t ∈ [a, b] .
Using the elementary inequality

2 ‖f (t)‖ ≤ ‖f (t)‖2 + 1, t ∈ [a, b] ,

we deduce
‖f (t)‖ − Re 〈f (t) , e〉 ≤ 1

2
r2 (t)

for a.e. t ∈ [a, b] .
Applying inequality (6.21) for k (t) := 1

2r
2 (t) , t ∈ [a, b], we deduce the

desired result.

Finally, we may state and prove the following result as well [52]:

If f ∈ L ([a, b] ;H), e ∈ H, ‖e‖ = 1, and M,m : [a, b] → [0,∞) with
M ≥ m for a.e. on [a, b] are such that (M−m)2

M+m ∈ L [a, b] and either∥∥∥∥f (t)− M (t) +m (t)
2

e

∥∥∥∥ ≤ 1
2

[M (t)−m (t)] (6.37)

or, equivalently,

Re 〈M (t) e− f (t) , f (t)−m (t) e〉 ≥ 0 (6.38)

for a.e. t ∈ [a, b] , then we have the inequality

(0 ≤)
∫ b

a

‖f (t)‖ dt−

∥∥∥∥∥
∫ b

a

f (t) dt

∥∥∥∥∥ ≤ 1
4

∫ b

a

[M (t)−m (t)]2

M (t) +m (t)
dt. (6.39)

Equality holds in (6.39) if and only if∫ b

a

‖f (t)‖ dt ≥ 1
4

∫ b

a

[M (t)−m (t)]2

M (t) +m (t)
dt

and ∫ b

a

f (t) dt =

(∫ b

a

‖f (t)‖ dt− 1
4

∫ b

a

[M (t)−m (t)]2

M (t) +m (t)
dt

)
e.
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PROOF The condition (6.37) is equivalent to

‖f (t)‖2 +
(
M (t) +m (t)

2

)2

≤ 2
(
M (t) +m (t)

2

)
Re 〈f (t) , e〉+

1
4

[M (t)−m (t)]2

for a.e. t ∈ [a, b] , and since

2
(
M (t) +m (t)

2

)
‖f (t)‖ ≤ ‖f (t)‖2 +

(
M (t) +m (t)

2

)2

, t ∈ [a, b] ,

hence

‖f (t)‖ − Re 〈f (t) , e〉 ≤ 1
4

[M (t)−m (t)]2

M (t) +m (t)

for a.e. t ∈ [a, b] .
Now, applying the inequality (6.21) for k (t) := 1

4
[M(t)−m(t)]2

M(t)+m(t) , t ∈ [a, b], we

deduce the desired inequality.

6.3 Reverses of the Discrete Triangle Inequality in
Normed Spaces

Diaz and Metcalf [45] established the following reverse of the generalised
triangle inequality in real or complex normed linear spaces:

Let K be the field of real or complex numbers. If F : X → K is a linear
functional of a unit norm defined on the normed linear space X endowed with
the norm ‖·‖ and the vectors x1, . . . , xn satisfy the condition

0 ≤ r ≤ ReF (xi) , i ∈ {1, . . . , n} , (6.40)

then

r
n∑
i=1

‖xi‖ ≤

∥∥∥∥∥
n∑
i=1

xi

∥∥∥∥∥ . (6.41)

Equality holds if and only if both

F

(
n∑
i=1

xi

)
= r

n∑
i=1

‖xi‖ (6.42)

and

F

(
n∑
i=1

xi

)
=

∥∥∥∥∥
n∑
i=1

xi

∥∥∥∥∥ . (6.43)
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If X = H, (H; 〈·, ·〉) is an inner product space and F (x) = 〈x, e〉 , ‖e‖ = 1,
then the condition (6.40) may be replaced with the simpler assumption

0 ≤ r ‖xi‖ ≤ Re 〈xi, e〉 , i = 1, . . . , n, (6.44)

which implies the reverse of the generalised triangle inequality (6.41). In this
case equality holds in (6.41) if and only if [45]

n∑
i=1

xi = r

(
n∑
i=1

‖xi‖

)
e. (6.45)

Let F1, . . . , Fm be linear functionals on X, each of unit norm. As in Diaz
and Metcalf [45], consider the real number c defined by

c = sup
x6=0

[∑m
k=1 |Fk (x)|2

‖x‖2

]
;

it then follows that 1 ≤ c ≤ m. Suppose the vectors x1, . . . , xn, whenever
xi 6= 0, satisfy

0 ≤ rk ‖xi‖ ≤ ReFk (xi) , i = 1, . . . , n, k = 1, . . . ,m. (6.46)

Then one has the following reverse of the generalised triangle inequality [45]:(∑m
k=1 r

2
k

c

) 1
2 n∑
i=1

‖xi‖ ≤

∥∥∥∥∥
n∑
i=1

xi

∥∥∥∥∥ . (6.47)

Equality holds if and only if

Fk

(
n∑
i=1

xi

)
= rk

n∑
i=1

‖xi‖ , k = 1, . . . ,m (6.48)

and
m∑
k=1

[
Fk

(
n∑
i=1

xi

)]2

= c

∥∥∥∥∥
n∑
i=1

xi

∥∥∥∥∥
2

. (6.49)

If X = H, an inner product space, then, for Fk (x) = 〈x, ek〉 , where
{ek}k=1,n is an orthonormal family in H, the condition (6.46) may be re-
placed by

0 ≤ rk ‖xi‖ ≤ Re 〈xi, ek〉 , i = 1, . . . , n, k = 1, . . . ,m. (6.50)

Hence, the following reverse of the generalised triangle inequality holds:(
m∑
k=1

r2
k

) 1
2 n∑
i=1

‖xi‖ ≤

∥∥∥∥∥
n∑
i=1

xi

∥∥∥∥∥ , (6.51)
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where equality results if and only if

n∑
i=1

xi =

(
n∑
i=1

‖xi‖

)
m∑
k=1

rkek. (6.52)

The following result may be stated [51]:

Let (X, ‖·‖) be a normed linear space over the real or complex number field
K and Fk : X → K, k ∈ {1, . . . ,m} continuous linear functionals on X. If
xi ∈ X\ {0} , i ∈ {1, . . . , n} are such that there exists the constants rk ≥ 0,
k ∈ {1, . . . ,m} with

∑m
k=1 rk > 0 and

ReFk (xi) ≥ rk ‖xi‖ (6.53)

for each i ∈ {1, . . . , n} and k ∈ {1, . . . ,m} , then

n∑
i=1

‖xi‖ ≤
‖
∑m
k=1 Fk‖∑m
k=1 rk

∥∥∥∥∥
n∑
i=1

xi

∥∥∥∥∥ . (6.54)

The case of equality holds in (6.54) if both(
m∑
k=1

Fk

)(
n∑
i=1

xi

)
=

(
m∑
k=1

rk

)
n∑
i=1

‖xi‖ (6.55)

and (
m∑
k=1

Fk

)(
n∑
i=1

xi

)
=

∥∥∥∥∥
m∑
k=1

Fk

∥∥∥∥∥
∥∥∥∥∥
n∑
i=1

xi

∥∥∥∥∥ . (6.56)

PROOF Utilising the hypothesis (6.53) and the properties of the modulus,
we have

I :=

∣∣∣∣∣
(

m∑
k=1

Fk

)(
n∑
i=1

xi

)∣∣∣∣∣ ≥
∣∣∣∣∣Re

[(
m∑
k=1

Fk

)(
n∑
i=1

xi

)]∣∣∣∣∣ (6.57)

≥
m∑
k=1

ReFk

(
n∑
i=1

xi

)
=

m∑
k=1

n∑
i=1

ReFk (xi)

≥

(
m∑
k=1

rk

)
n∑
i=1

‖xi‖ .

On the other hand, by the continuity property of Fk, k ∈ {1, . . . ,m} we
obviously have

I =

∣∣∣∣∣
(

m∑
k=1

Fk

)(
n∑
i=1

xi

)∣∣∣∣∣ ≤
∥∥∥∥∥
m∑
k=1

Fk

∥∥∥∥∥
∥∥∥∥∥
n∑
i=1

xi

∥∥∥∥∥ . (6.58)
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We deduce the desired inequality (6.54) on making use of (6.57) and (6.58).
Now, if (6.55) and (6.56) are valid, then obviously the case of equality holds

true in the inequality (6.54).
Conversely, if equality holds in (6.54), then it must hold in all the inequal-

ities used to prove (6.54). Therefore, we have

ReFk (xi) = rk ‖xi‖ (6.59)

for each i ∈ {1, . . . , n}, k ∈ {1, . . . ,m} ;

m∑
k=1

ImFk

(
n∑
i=1

xi

)
= 0 (6.60)

and
m∑
k=1

ReFk

(
n∑
i=1

xi

)
=

∥∥∥∥∥
m∑
k=1

Fk

∥∥∥∥∥
∥∥∥∥∥
n∑
i=1

xi

∥∥∥∥∥ . (6.61)

Note that, from (6.59), by summation over i and k, we get

Re

[(
m∑
k=1

Fk

)(
n∑
i=1

xi

)]
=

(
m∑
k=1

rk

)
n∑
i=1

‖xi‖ . (6.62)

Since (6.60) and (6.62) imply (6.55), while (6.11) and (6.62) imply (6.56), the
proof is thus complete.

If the norms ‖Fk‖ , k ∈ {1, . . . ,m} are easier to find, then, from (6.54) one
may get the (coarser) inequality that might be more useful in practice:

n∑
i=1

‖xi‖ ≤
∑m
k=1 ‖Fk‖∑m
k=1 rk

∥∥∥∥∥
n∑
i=1

xi

∥∥∥∥∥ . (6.63)

Comments
The case of inner product spaces, in which we may provide a simpler condition
for equality, is of interest in applications [51].

Let (H; 〈·, ·〉) be an inner product space over the real or complex number field
K, ek, xi ∈ H\ {0}, k ∈ {1, . . . ,m} , i ∈ {1, . . . , n} . If rk ≥ 0, k ∈ {1, . . . ,m}
with

∑m
k=1 rk > 0 satisfy

Re 〈xi, ek〉 ≥ rk ‖xi‖ (6.64)

for each i ∈ {1, . . . , n} and k ∈ {1, . . . ,m} , then

n∑
i=1

‖xi‖ ≤
‖
∑m
k=1 ek‖∑m
k=1 rk

∥∥∥∥∥
n∑
i=1

xi

∥∥∥∥∥ . (6.65)
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Equality holds in (6.65) if and only if

n∑
i=1

xi =
∑m
k=1 rk

‖
∑m
k=1 ek‖

2

(
n∑
i=1

‖xi‖

)
m∑
k=1

ek. (6.66)

PROOF By the properties of inner product and by (6.64), we have∣∣∣∣∣
〈

n∑
i=1

xi,
m∑
k=1

ek

〉∣∣∣∣∣ (6.67)

≥

∣∣∣∣∣
m∑
k=1

Re

〈
n∑
i=1

xi, ek

〉∣∣∣∣∣ ≥
m∑
k=1

Re

〈
n∑
i=1

xi, ek

〉

=
m∑
k=1

n∑
i=1

Re 〈xi, ek〉 ≥

(
m∑
k=1

rk

)
n∑
i=1

‖xi‖ > 0.

Observe also that, by (6.67),
∑m
k=1 ek 6= 0.

On utilising Schwarz’s inequality in the inner product space (H; 〈·, ·〉) for∑n
i=1 xi,

∑m
k=1 ek, we have∥∥∥∥∥

n∑
i=1

xi

∥∥∥∥∥
∥∥∥∥∥
m∑
k=1

ek

∥∥∥∥∥ ≥
∣∣∣∣∣
〈

n∑
i=1

xi,
m∑
k=1

ek

〉∣∣∣∣∣ . (6.68)

Making use of (6.67) and (6.68), we can conclude that (5.129) holds.
Now, if (6.66) holds true, then, by taking the norm we have∥∥∥∥∥

n∑
i=1

xi

∥∥∥∥∥ =
(
∑m
k=1 rk)

∑n
i=1 ‖xi‖

‖
∑m
k=1 ek‖

2

∥∥∥∥∥
m∑
k=1

ek

∥∥∥∥∥
=

(
∑m
k=1 rk)

‖
∑m
k=1 ek‖

n∑
i=1

‖xi‖ ,

so that the case of equality holds in (6.65).
Conversely, if the case of equality holds in (6.65), then it must hold in all

the inequalities used to prove (6.65). Therefore, we have

Re 〈xi, ek〉 = rk ‖xi‖ (6.69)

for each i ∈ {1, . . . , n} and k ∈ {1, . . . ,m} ,∥∥∥∥∥
n∑
i=1

xi

∥∥∥∥∥
∥∥∥∥∥
m∑
k=1

ek

∥∥∥∥∥ =

∣∣∣∣∣
〈

n∑
i=1

xi,
m∑
k=1

ek

〉∣∣∣∣∣ (6.70)

and

Im

〈
n∑
i=1

xi,
m∑
k=1

ek

〉
= 0. (6.71)
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From (6.69), on summing over i and k, we get

Re

〈
n∑
i=1

xi,
m∑
k=1

ek

〉
=

(
m∑
k=1

rk

)
n∑
i=1

‖xi‖ . (6.72)

By (6.71) and (6.72), we have〈
n∑
i=1

xi,
m∑
k=1

ek

〉
=

(
m∑
k=1

rk

)
n∑
i=1

‖xi‖ . (6.73)

On the other hand, from the following identity in inner product spaces,∥∥∥∥∥u− 〈u, v〉 v‖v‖2

∥∥∥∥∥
2

=
‖u‖2 ‖v‖2 − |〈u, v〉|2

‖v‖2
, v 6= 0, (6.74)

the relation (6.70) holds if and only if

n∑
i=1

xi =
〈
∑n
i=1 xi,

∑m
k=1 ek〉

‖
∑m
k=1 ek‖

2

m∑
k=1

ek. (6.75)

Finally, on utilising (6.73) and (6.75), we deduce that the condition (6.66) is
necessary for the equality case in (6.65).

Before we give some particular results, we need to state the following el-
ementary inequality that has been basically obtained by Dragomir [53]. For
the sake of completeness, we provide a short proof here as well.

Let (H; 〈·, ·〉) be an inner product space over the real or complex number
field K and x, a ∈ H, r > 0 such that:

‖x− a‖ ≤ r < ‖a‖ . (6.76)

Then we have the inequality

‖x‖
(
‖a‖2 − r2

) 1
2 ≤ Re 〈x, a〉 (6.77)

or, equivalently,
‖x‖2 ‖a‖2 − [Re 〈x, a〉]2 ≤ r2 ‖x‖2 . (6.78)

Equality holds in (6.77) (or in (6.78)) if and only if

‖x− a‖ = r and ‖x‖2 + r2 = ‖a‖2 . (6.79)

PROOF From the first part of (6.76) we have

‖x‖2 + ‖a‖2 − r2 ≤ 2 Re 〈x, a〉 . (6.80)
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By the second part of (6.76) we have
(
‖a‖2 − r2

) 1
2
> 0, therefore, by (6.80),

we may state that

0 <
‖x‖2(

‖a‖2 − r2
) 1

2
+
(
‖a‖2 − r2

) 1
2 ≤ 2 Re 〈x, a〉(

‖a‖2 − r2
) 1

2
. (6.81)

Utilising the elementary inequality

1
α
q + αp ≥ 2

√
pq, α > 0, p > 0, q ≥ 0

with equality if and only if α =
√

q
p , we may state (for α =

(
‖a‖2 − r2

) 1
2
,

p = 1, q = ‖x‖2) that

2 ‖x‖ ≤ ‖x‖2(
‖a‖2 − r2

) 1
2

+
(
‖a‖2 − r2

) 1
2
. (6.82)

Inequality (6.77) follows now by (6.81) and (6.82).
From the above argument, it is clear that equality holds in (6.77) if and

only if it holds in (6.81) and (6.82). However, equality holds in (6.81) if and

only if ‖x− a‖ = r and in (6.82) if and only if
(
‖a‖2 − r2

) 1
2

= ‖x‖ .
The proof is thus completed.

We may now state the following result [51]:

Let (H; 〈·, ·〉) be an inner product space over the real or complex number field
K, ek, xi ∈ H\ {0}, k ∈ {1, . . . ,m} , i ∈ {1, . . . , n} . If ρk ≥ 0, k ∈ {1, . . . ,m}
with

‖xi − ek‖ ≤ ρk < ‖ek‖ (6.83)

for each i ∈ {1, . . . , n} and k ∈ {1, . . . ,m} , then

n∑
i=1

‖xi‖ ≤
‖
∑m
k=1 ek‖∑m

k=1

(
‖ek‖2 − ρ2

k

) 1
2

∥∥∥∥∥
n∑
i=1

xi

∥∥∥∥∥ . (6.84)

Equality holds in (6.84) if and only if

n∑
i=1

xi =

∑m
k=1

(
‖ek‖2 − ρ2

k

) 1
2

‖
∑m
k=1 ek‖

2

(
n∑
i=1

‖xi‖

)
m∑
k=1

ek.

PROOF Utilising (6.78), we have from (6.83) that

‖xi‖
(
‖ek‖2 − ρ2

k

) 1
2 ≤ Re 〈xi, ek〉
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for each k ∈ {1, . . . ,m} and i ∈ {1, . . . , n} .
Applying (6.65) for

rk :=
(
‖ek‖2 − ρ2

k

) 1
2
, k ∈ {1, . . . ,m} ,

we deduce the desired result.

If {ek}k∈{1,...,m} are orthogonal, then (6.84) becomes

n∑
i=1

‖xi‖ ≤

(∑m
k=1 ‖ek‖

2
) 1

2

∑m
k=1

(
‖ek‖2 − ρ2

k

) 1
2

∥∥∥∥∥
n∑
i=1

xi

∥∥∥∥∥ (6.85)

with equality if and only if

n∑
i=1

xi =

∑m
k=1

(
‖ek‖2 − ρ2

k

) 1
2∑m

k=1 ‖ek‖
2

(
n∑
i=1

‖xi‖

)
m∑
k=1

ek.

Moreover, if {ek}k∈{1,...,m} is assumed to be orthonormal and

‖xi − ek‖ ≤ ρk for k ∈ {1, . . . ,m} , i ∈ {1, . . . , n}

where ρk ∈ [0, 1) for k ∈ {1, . . . ,m} , then

n∑
i=1

‖xi‖ ≤
√
m∑m

k=1 (1− ρ2
k)

1
2

∥∥∥∥∥
n∑
i=1

xi

∥∥∥∥∥ (6.86)

with equality if and only if

n∑
i=1

xi =
∑m
k=1

(
1− ρ2

k

) 1
2

m

(
n∑
i=1

‖xi‖

)
m∑
k=1

ek.

The following elementary inequality may be stated as well [77]:

Let (H; 〈·, ·〉) be an inner product space over the real or complex number
field K, x, y ∈ H and M ≥ m > 0. If

Re 〈My − x, x−my〉 ≥ 0 (6.87)

or, equivalently, ∥∥∥∥x− m+M

2
y

∥∥∥∥ ≤ 1
2

(M −m) ‖y‖ , (6.88)

then
‖x‖ ‖y‖ ≤ 1

2
· M +m√

mM
Re 〈x, y〉 . (6.89)
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Equality holds in (6.89) if and only if the case of equality holds in (6.87) and

‖x‖ =
√
mM ‖y‖ . (6.90)

PROOF Obviously,

Re 〈My − x, x−my〉 = (M +m) Re 〈x, y〉 − ‖x‖2 −mM ‖y‖2 .

Then (6.87) is clearly equivalent to

‖x‖2√
mM

+
√
mM ‖y‖2 ≤ M +m√

mM
Re 〈x, y〉 . (6.91)

Since, obviously,

2 ‖x‖ ‖y‖ ≤ ‖x‖2√
mM

+
√
mM ‖y‖2 , (6.92)

with equality iff ‖x‖ =
√
mM ‖y‖ . Hence (6.91) and (6.92) imply (6.89).

The case of equality is obvious and we omit the details.

Comments
Finally, we may state the following result (see Dragomir [51]):

Let (H; 〈·, ·〉) be an inner product space over the real or complex number
field K, ek, xi ∈ H\ {0}, k ∈ {1, . . . ,m} , i ∈ {1, . . . , n} . If Mk > µk > 0,
k ∈ {1, . . . ,m} are such that either

Re 〈Mkek − xi, xi − µkek〉 ≥ 0 (6.93)

or, equivalently, ∥∥∥∥xi − Mk + µk
2

ek

∥∥∥∥ ≤ 1
2

(Mk − µk) ‖ek‖

for each k ∈ {1, . . . ,m} and i ∈ {1, . . . , n} , then

n∑
i=1

‖xi‖ ≤
‖
∑m
k=1 ek‖∑m

k=1
2·
√
µkMk

µk+Mk
‖ek‖

∥∥∥∥∥
n∑
i=1

xi

∥∥∥∥∥ . (6.94)

Equality holds in (6.94) if and only if

n∑
i=1

xi =

∑m
k=1

2·
√
µkMk

µk+Mk
‖ek‖

‖
∑m
k=1 ek‖

2

n∑
i=1

‖xi‖
m∑
k=1

ek.

PROOF Utilising (6.89) and (6.93), we deduce

2 ·
√
µkMk

µk +Mk
‖xi‖ ‖ek‖ ≤ Re 〈xi, ek〉
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for each k ∈ {1, . . . ,m} and i ∈ {1, . . . , n} .
Applying (6.89) for

rk :=
2 ·
√
µkMk

µk +Mk
‖ek‖ , k ∈ {1, . . . ,m} ,

we deduce the desired result.

6.4 Other Multiplicative Reverses for a Finite Sequence
of Functionals

Assume that Fk, k ∈ {1, . . . ,m} are bounded linear functionals defined on
the normed linear space X.

For p ∈ [1,∞), define [76]

cp := sup
x6=0

[∑m
k=1 |Fk (x)|p

‖x‖p
] 1
p

(cp)

and for p =∞,

c∞ := sup
x6=0

[
max

1≤k≤m

{
|Fk (x)|
‖x‖

}]
. (c∞)

Since |Fk (x)| ≤ ‖Fk‖ ‖x‖ for any x ∈ X, where ‖Fk‖ is the norm of the
functional Fk, we have

cp ≤

(
m∑
k=1

‖Fk‖p
) 1
p

, p ≥ 1

and
c∞ ≤ max

1≤k≤m
‖Fk‖ .

We may now state and prove a new reverse inequality for the generalised
triangle inequality in normed linear spaces [76]:

Let (X, ‖·‖) be a normed linear space over the real or complex number field
K and Fk : X → K, k ∈ {1, . . . ,m} continuous linear functionals on X.
If xi ∈ X\ {0} , i ∈ {1, . . . , n} are such that there exist constants rk ≥ 0,
k ∈ {1, . . . ,m} with

∑m
k=1 rk > 0 and

ReFk (xi) ≥ rk ‖xi‖ (6.95)

for each i ∈ {1, . . . , n} and k ∈ {1, . . . ,m} , then we have the inequalities

(1 ≤)
∑n
i=1 ‖xi‖

‖
∑n
i=1 xi‖

≤ c∞
max

1≤k≤m
{rk}

≤ max
1≤k≤m

‖Fk‖

max
1≤k≤m

{rk}

 . (6.96)
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Equality holds in (6.96) if and only if

Re

[
Fk

(
n∑
i=1

xi

)]
= rk

n∑
i=1

‖xi‖ for each k ∈ {1, . . . ,m} (6.97)

and

max
1≤k≤m

Re

[
Fk

(
n∑
i=1

xi

)]
= c∞

∥∥∥∥∥
n∑
i=1

xi

∥∥∥∥∥ . (6.98)

PROOF Since, by the definition of c∞, we have

c∞ ‖x‖ ≥ max
1≤k≤m

|Fk (x)| , for any x ∈ X,

we can state, for x =
∑n
i=1 xi, that

c∞

∥∥∥∥∥
n∑
i=1

xi

∥∥∥∥∥ ≥ max
1≤k≤m

∣∣∣∣∣Fk
(

n∑
i=1

xi

)∣∣∣∣∣ ≥ max
1≤k≤m

[∣∣∣∣∣ReFk

(
n∑
i=1

xi

)∣∣∣∣∣
]

(6.99)

≥ max
1≤k≤m

[
Re

n∑
i=1

Fk (xi)

]
= max

1≤k≤m

[
n∑
i=1

ReFk (xi)

]
.

Utilising the hypothesis (6.95) we obviously have

max
1≤k≤m

[
n∑
i=1

ReFk (xi)

]
≥ max

1≤k≤m
{rk} ·

n∑
i=1

‖xi‖ .

Also,
∑n
i=1 xi 6= 0, since from the initial assumptions, not all rk and xi with

k ∈ {1, . . . ,m} and i ∈ {1, . . . , n} are allowed to be zero. Hence the desired
inequality (6.96) is obtained.

Now, if (6.97) is valid, then, taking the maximum over k ∈ {1, . . . ,m} in
this equality, we get

max
1≤k≤m

Re

[
Fk

(
n∑
i=1

xi

)]
= max

1≤k≤m
{rk}

∥∥∥∥∥
n∑
i=1

xi

∥∥∥∥∥ ,
which, together with (6.98), provides the equality case in (6.96).

Now, if equality holds in (6.96), it must hold in all the inequalities used to
prove (6.96); therefore, we have

ReFk (xi) = rk ‖xi‖ for each i ∈ {1, . . . , n} and k ∈ {1, . . . ,m} (6.100)

and, from (6.99),

c∞

∥∥∥∥∥
n∑
i=1

xi

∥∥∥∥∥ = max
1≤k≤m

Re

[
Fk

(
n∑
i=1

xi

)]
,
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which is (6.98).
From (6.100), on summing over i ∈ {1, . . . , n} , we get (6.97), and the

inequality is proved.

The following result in normed spaces also holds:

Let (X, ‖·‖) be a normed linear space over the real or complex number field
K and Fk : X → K, k ∈ {1, . . . ,m} continuous linear functionals on X. If
xi ∈ X\ {0} , i ∈ {1, . . . , n} are such that there exist the constants rk ≥ 0,
k ∈ {1, . . . ,m} with

∑m
k=1 rk > 0 and

ReFk (xi) ≥ rk ‖xi‖ (6.101)

for each i ∈ {1, . . . , n} and k ∈ {1, . . . ,m}, then we have the inequality

(1 ≤)
∑n
i=1 ‖xi‖

‖
∑n
i=1 xi‖

≤ cp

(
∑m
k=1 r

p
k)

1
p

(
≤
∑m
k=1 ‖Fk‖

p∑m
k=1 r

p
k

) 1
p

, (6.102)

where p ≥ 1.
Equality holds in (6.102) if and only if

Re

[
Fk

(
n∑
i=1

xi

)]
= rk

n∑
i=1

‖xi‖ for each k ∈ {1, . . . ,m} (6.103)

and
m∑
k=1

[
ReFk

(
n∑
i=1

xi

)]p
= cpp

∥∥∥∥∥
n∑
i=1

xi

∥∥∥∥∥
p

. (6.104)

PROOF By the definition of cp, p ≥ 1, we have

cpp ‖x‖
p ≥

m∑
k=1

|Fk (x)|p for any x ∈ X,

implying that

cpp

∥∥∥∥∥
n∑
i=1

xi

∥∥∥∥∥
p

≥
m∑
k=1

∣∣∣∣∣Fk
(

n∑
i=1

xi

)∣∣∣∣∣
p

≥
m∑
k=1

∣∣∣∣∣ReFk

(
n∑
i=1

xi

)∣∣∣∣∣
p

(6.105)

≥
m∑
k=1

[
ReFk

(
n∑
i=1

xi

)]p
=

m∑
k=1

[
n∑
i=1

ReFk (xi)

]p
.

Utilising the hypothesis (6.101), we have that

m∑
k=1

[
n∑
i=1

ReFk (xi)

]p
≥

m∑
k=1

[
n∑
i=1

rk ‖xi‖

]p
=

m∑
k=1

rpk

(
n∑
i=1

‖xi‖

)p
. (6.106)
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Making use of (6.105) and (6.106), we deduce

cpp

∥∥∥∥∥
n∑
i=1

xi

∥∥∥∥∥
p

≥

(
m∑
k=1

rpk

)(
n∑
i=1

‖xi‖

)p
,

which implies the desired inequality (6.102).
If (6.103) holds true, then, by taking the power p and summing over k ∈

{1, . . . ,m} , we deduce

m∑
k=1

[
Re

[
Fk

(
n∑
i=1

xi

)]]p
=

m∑
k=1

rpk

(
n∑
i=1

‖xi‖

)p
,

which, together with (6.104), shows that equality holds true in (6.102).
Conversely, if equality holds in (6.102), then it must hold in all inequalities

needed to prove (6.102); therefore, we must have:

ReFk (xi) = rk ‖xi‖ for each i ∈ {1, . . . , n} and k ∈ {1, . . . ,m} (6.107)

and, from (6.105),

cpp

∥∥∥∥∥
n∑
i=1

xi

∥∥∥∥∥
p

=
m∑
k=1

[
ReFk

(
n∑
i=1

xi

)]p
,

which is exactly (6.104).
From (6.107), on summing over i from 1 to n, we deduce (6.103). This

completes the proof.

Comments
Similar results may be stated in the case of inner product spaces where one
could choose the following bounded linear functionals Fk (x) = 〈x, ek〉 , where
{ek}k=1,...,m are vectors in the inner product space (H, 〈·, ·〉) . The details are
omitted.

6.5 The Diaz-Metcalf Inequality for Semi-Inner
Products

In 1961, Lumer [132] introduced the following concept.

Let X be a linear space over the real or complex number field K. The
mapping [·, ·] : X×X → K is called a semi-inner product on X, if the following
properties are satisfied (see also Dragomir [77, p. 17]):

(i) [x+ y, z] = [x, z] + [y, z] for all x, y, z ∈ X;
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(ii) [λx, y] = λ [x, y] for all x, y ∈ X and λ ∈ K;

(iii) [x, x] ≥ 0 for all x ∈ X and [x, x] = 0 implies x = 0;

(iv) |[x, y]|2 ≤ [x, x] [y, y] for all x, y ∈ X;

(v) [x, λy] = λ̄ [x, y] for all x, y ∈ X and λ ∈ K.

It is well known that the mapping X 3 x 7−→ [x, x]
1
2 ∈ R is a norm on X

and, for any y ∈ X, the functional X 3 x ϕy7−→ [x, y] ∈ K is a continuous linear
functional on X endowed with the norm ‖·‖ generated by [·, ·] . Moreover, one
has ‖ϕy‖ = ‖y‖ (see, for instance, Dragomir [77, p. 17]).

Let (X, ‖·‖) be a real or complex normed space. If J : X →2 X
∗ is the

normalised duality mapping defined on X, i.e., we recall that (see, for instance,
Dragomir [77, p. 1])

J (x) = {ϕ ∈ X∗|ϕ (x) = ‖ϕ‖ ‖x‖ , ‖ϕ‖ = ‖x‖} , x ∈ X,

then we may state the following representation result (see, for instance Dragomir
[77, p. 18]):

Each semi-inner product [·, ·] : X ×X → K that generates the norm ‖·‖ of
the normed linear space (X, ‖·‖) over the real or complex number field K is
of the form

[x, y] =
〈
J̃ (y) , x

〉
for any x, y ∈ X,

where J̃ is a selection of the normalised duality mapping and 〈ϕ, x〉 := ϕ (x)
for ϕ ∈ X∗ and x ∈ X.

Utilising the concept of semi-inner products, we can state the following
particular case of the Diaz-Metcalf inequality:

Let (X, ‖·‖) be a normed linear space, [·, ·] : X × X → K a semi-inner
product generating the norm ‖·‖ and e ∈ X, with ‖e‖ = 1. If xi ∈ X,
i ∈ {1, . . . , n}, and r ≥ 0 such that

r ‖xi‖ ≤ Re [xi, e] for each i ∈ {1, . . . , n} , (6.108)

then we have the inequality

r
n∑
i=1

‖xi‖ ≤

∥∥∥∥∥
n∑
i=1

xi

∥∥∥∥∥ . (6.109)

Equality holds in (6.109) if and only if both[
n∑
i=1

xi, e

]
= r

n∑
i=1

‖xi‖ (6.110)
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and [
n∑
i=1

xi, e

]
=

∥∥∥∥∥
n∑
i=1

xi

∥∥∥∥∥ . (6.111)

The proof is obvious from the Diaz-Metcalf theorem [45, Theorem 3] applied
for the continuous linear functional Fe (x) = [x, e] , x ∈ X.
Comments
Before we provide a simpler necessary and sufficient condition of equality in
(6.109), we need to recall the concept of strictly convex normed spaces and a
classical characterisation of these spaces.

A normed linear space (X, ‖·‖) is said to be strictly convex if for every x, y
from X with x 6= y and ‖x‖ = ‖y‖ = 1 we have ‖λx+ (1− λ) y‖ < 1 for all
λ ∈ (0, 1) .

The following characterisation of strictly convex spaces is useful in what
follows (see Berkson [8], Gudder and Strawther [120], or Dragomir [77, p.
21]):

Let (X, ‖·‖) be a normed linear space over K equipped with a semi-inner
product [·, ·] which generates its norm. The following statements are equiva-
lent:

(i) (X, ‖·‖) is strictly convex;

(ii) For every x, y ∈ X, x, y 6= 0 with [x, y] = ‖x‖ ‖y‖ , there exists a λ > 0
such that x = λy.

The following result may be stated:

Let (X, ‖·‖) be a strictly convex normed linear space, equipped with a semi-
inner product [·, ·] which generates the norm and e, xi (i ∈ {1, . . . , n}) as
above. Then the case of equality holds in (6.109) if and only if

n∑
i=1

xi = r

(
n∑
i=1

‖xi‖

)
e. (6.112)

PROOF If (6.112) holds true, then∥∥∥∥∥
n∑
i=1

xi

∥∥∥∥∥ = r

(
n∑
i=1

‖xi‖

)
‖e‖ = r

n∑
i=1

‖xi‖ ,

which is the equality case in (6.109).
Conversely, if equality holds in (6.109), then (6.110) and (6.111) hold true.

By utilising the criterion (i) and (ii) above, we conclude that there exists a
µ > 0 such that

n∑
i=1

xi = µe. (6.113)
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By substituting this in (6.110) we get

µ ‖e‖2 = r
n∑
i=1

‖xi‖ ,

giving

µ = r
n∑
i=1

‖xi‖ . (6.114)

Finally, by (6.113) and (6.114) we deduce (6.112) and the statement is proved.

6.6 Multiplicative Reverses of the Continuous Triangle
Inequality

Let (X, ‖·‖) be a Banach space over the real or complex number field. Then
one has the following reverse of the continuous triangle inequality [75]:

Let F be a continuous linear functional of unit norm on X. Suppose that
the function f : [a, b]→ X is Bochner integrable on [a, b] and there exists an
r ≥ 0 such that

r ‖f (t)‖ ≤ ReF (f (t)) for a.e. t ∈ [a, b] . (6.115)

Then

r

∫ b

a

‖f (t)‖ dt ≤

∥∥∥∥∥
∫ b

a

f (t) dt

∥∥∥∥∥ , (6.116)

and equality holds in (6.116) if and only if both

F

(∫ b

a

f (t) dt

)
= r

∫ b

a

‖f (t)‖ dt (6.117)

and

F

(∫ b

a

f (t) dt

)
=

∥∥∥∥∥
∫ b

a

f (t) dt

∥∥∥∥∥ . (6.118)

PROOF Since the norm of F is one, then

|F (x)| ≤ ‖x‖ for any x ∈ X.
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Applying this inequality for the vector
∫ b
a
f (t) dt, we get∥∥∥∥∥

∫ b

a

f (t) dt

∥∥∥∥∥ ≥
∣∣∣∣∣F
(∫ b

a

f (t) dt

)∣∣∣∣∣ (6.119)

≥

∣∣∣∣∣ReF

(∫ b

a

f (t) dt

)∣∣∣∣∣ =

∣∣∣∣∣
∫ b

a

ReF (f (t)) dt

∣∣∣∣∣ .
Now, by integration of (6.115), we obtain∫ b

a

ReF (f (t)) dt ≥ r
∫ b

a

‖f (t)‖ dt, (6.120)

and by (6.119) and (6.120) we deduce the desired inequality (6.115).
Obviously, if (6.117) and (6.118) are true, then equality holds in (6.116).
Conversely, if equality holds in (6.116), then it must hold in all the inequal-

ities used before in proving this inequality. Therefore, we must have

r ‖f (t)‖ = ReF (f (t)) for a.e. t ∈ [a, b] , (6.121)

ImF

(∫ b

a

f (t) dt

)
= 0, (6.122)

and ∥∥∥∥∥
∫ b

a

f (t) dt

∥∥∥∥∥ = ReF

(∫ b

a

f (t) dt

)
. (6.123)

Integrating (6.121) on [a, b] , we get

r

∫ b

a

‖f (t)‖ dt = ReF

(∫ b

a

f (t) dt

)
. (6.124)

By utilising (6.124) and (6.122), we deduce (6.117), while (6.123) and (6.124)
would imply (6.118). The statement is thus proved.

Comments
Let (X, ‖·‖) be a Banach space equipped with a semi-inner product [·, ·] that
generates the norm ‖·‖ and e ∈ X, with ‖e‖ = 1. Suppose that the function
f : [a, b] → X is Bochner integrable on [a, b] and there exists an r ≥ 0 such
that

r ‖f (t)‖ ≤ Re [f (t) , e] for a.e. t ∈ [a, b] . (6.125)

Then

r

∫ b

a

‖f (t)‖ dt ≤

∥∥∥∥∥
∫ b

a

f (t) dt

∥∥∥∥∥ (6.126)
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and equality holds in (6.126) if and only if both[∫ b

a

f (t) dt, e

]
= r

∫ b

a

‖f (t)‖ dt (6.127)

and [∫ b

a

f (t) dt, e

]
=

∥∥∥∥∥
∫ b

a

f (t) dt

∥∥∥∥∥ . (6.128)

The proof follows from (6.116) for the continuous linear functional F (x) =
[x, e] , x ∈ X, and we omit the details.

The following particular case which provides more information for the equal-
ity case may be stated [75]:

Let (X, ‖·‖) be a strictly convex Banach space, equipped with a semi-inner
product [·, ·] which generates the norm ‖·‖ and e ∈ X, with ‖e‖ = 1. If
f : [a, b] → X is Bochner integrable on [a, b] and there exists a r ≥ 0 such
that (6.125) holds true, then (6.126) is valid. Equality holds in (6.126) if and
only if ∫ b

a

f (t) dt = r

(∫ b

a

‖f (t)‖ dt

)
e. (6.129)

PROOF If (6.129) holds true, then, obviously∥∥∥∥∥
∫ b

a

f (t) dt

∥∥∥∥∥ = r

(∫ b

a

‖f (t)‖ dt

)
‖e‖ = r

∫ b

a

‖f (t)‖ dt,

which is the equality case in (6.126).
Conversely, if equality holds in (6.126), then we must have (6.127) and

(6.128). Utilising (6.128) we can conclude that there exists a µ > 0 such that∫ b

a

f (t) dt = µe. (6.130)

Replacing this in (6.127), we get

µ ‖e‖2 = r

∫ b

a

‖f (t)‖ dt,

giving

µ = r

∫ b

a

‖f (t)‖ dt. (6.131)

Utilising (6.130) and (6.131), we deduce (6.129) and the proof is completed.

It may be noted that the above proof is similar to that leading to (6.113)
since the result is its integral counterpart.
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6.7 Reverses in Terms of a Finite Sequence of
Functionals

The following result provides a reverse for the continuous triangle inequality
in terms of m functionals [75]:

Let (X, ‖·‖) be a Banach space over the real or complex number field K
and Fk : X → K, k ∈ {1, . . . ,m} continuous linear functionals on X. If
f : [a, b] → X is a Bochner integrable function on [a, b] and there exists
rk ≥ 0, k ∈ {1, . . . ,m} with

∑m
k=1 rk > 0 and

rk ‖f (t)‖ ≤ ReFk (f (t)) (6.132)

for each k ∈ {1, . . . ,m} and a.e. t ∈ [a, b] , then∫ b

a

‖f (t)‖ dt ≤
‖
∑m
k=1 Fk‖∑m
k=1 rk

∥∥∥∥∥
∫ b

a

f (t) dt

∥∥∥∥∥ . (6.133)

The case of equality holds in (6.133) if both(
m∑
k=1

Fk

)(∫ b

a

f (t) dt

)
=

(
m∑
k=1

rk

)∫ b

a

‖f (t)‖ dt (6.134)

and (
m∑
k=1

Fk

)(∫ b

a

f (t) dt

)
=

∥∥∥∥∥
m∑
k=1

Fk

∥∥∥∥∥
∥∥∥∥∥
∫ b

a

f (t) dt

∥∥∥∥∥ . (6.135)

PROOF Utilising the hypothesis (6.132), we have

I :=

∣∣∣∣∣
m∑
k=1

Fk

(∫ b

a

f (t) dt

)∣∣∣∣∣ ≥
∣∣∣∣∣Re

[
m∑
k=1

Fk

(∫ b

a

f (t) dt

)]∣∣∣∣∣ (6.136)

≥ Re

[
m∑
k=1

Fk

(∫ b

a

f (t) dt

)]
=

m∑
k=1

(∫ b

a

ReFkf (t) dt

)

≥

(
m∑
k=1

rk

)
·
∫ b

a

‖f (t)‖ dt.

On the other hand, by the continuity property of Fk, k ∈ {1, . . . ,m} , we
obviously have

I =

∣∣∣∣∣
(

m∑
k=1

Fk

)(∫ b

a

f (t) dt

)∣∣∣∣∣ ≤
∥∥∥∥∥
m∑
k=1

Fk

∥∥∥∥∥
∥∥∥∥∥
∫ b

a

f (t) dt

∥∥∥∥∥ . (6.137)
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Making use of (6.136) and (6.137), we deduce (6.133).
Now, obviously, if (6.134) and (6.135) are valid, then equality holds in

(6.133).
Conversely, if equality holds in (6.133), then it must hold in all the inequal-

ities used to prove (6.133); therefore we have

rk ‖f (t)‖ = ReFk (f (t)) (6.138)

for each k ∈ {1, . . . ,m} and a.e. t ∈ [a, b] ,

Im

(
m∑
k=1

Fk

)(∫ b

a

f (t) dt

)
= 0, (6.139)

Re

(
m∑
k=1

Fk

)(∫ b

a

f (t) dt

)
=

∥∥∥∥∥
m∑
k=1

Fk

∥∥∥∥∥
∥∥∥∥∥
∫ b

a

f (t) dt

∥∥∥∥∥ . (6.140)

Note that, by (6.138), on integrating on [a, b] and summing over k ∈
{1, . . . ,m} , we get

Re

(
m∑
k=1

Fk

)(∫ b

a

f (t) dt

)
=

(
m∑
k=1

rk

)∫ b

a

‖f (t)‖ dt. (6.141)

Now, (6.139) and (6.141) imply (6.134), while (6.139) and (6.140) imply
(6.135). Therefore the result is proved.

The following new results may be stated as well [76]:

Let (X, ‖·‖) be a Banach space over the real or complex number field K
and Fk : X → K, k ∈ {1, . . . ,m} continuous linear functionals on X. Also,
assume that f : [a, b]→ X is a Bochner integrable function on [a, b] and there
exists rk ≥ 0, k ∈ {1, . . . ,m} with

∑m
k=1 rk > 0 and

rk ‖f (t)‖ ≤ ReFk (f (t))

for each k ∈ {1, . . . ,m} and a.e. t ∈ [a, b] .
(i) If c∞ is defined by (c∞) on page 339, then we have the inequality

(1 ≤)

∫ b
a
‖f (t)‖ dt∥∥∥∫ ba f (t) dt

∥∥∥ ≤ c∞
max1≤k≤m{rk}

(
≤ max1≤k≤m ‖Fk‖

max1≤k≤m{rk}

)
. (6.142)

Equality holds if and only if

Re (Fk)

(∫ b

a

f (t) dt

)
= rk

∫ b

a

‖f (t)‖ dt
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for each k ∈ {1, . . . ,m} and

max
1≤k≤m

[
Re (Fk)

(∫ b

a

f (t) dt

)]
= c∞

∫ b

a

‖f (t)‖ dt.

(ii) If cp, p ≥ 1 is defined by (cp) on page 339, then we have the inequality

(1 ≤)

∫ b
a
‖f (t)‖ dt∥∥∥∫ ba f (t) dt

∥∥∥ ≤ cp

(
∑m
k=1 r

p
k)

1
p

(
≤
∑m
k=1 ‖Fk‖

p∑m
k=1 r

p
k

) 1
p

.

Equality holds if and only if

Re (Fk)

(∫ b

a

f (t) dt

)
= rk

∫ b

a

‖f (t)‖ dt

for each k ∈ {1, . . . ,m} and

m∑
k=1

[
ReFk

(∫ b

a

f (t) dt

)]p
= cpp

∥∥∥∥∥
∫ b

a

f (t) dt

∥∥∥∥∥
p

where p ≥ 1.
The proof is similar to that immediately above and we omit the details.
The case of Hilbert spaces, which provide a simpler condition for equality,

is of interest for applications [75]:

Let (X, ‖·‖) be a Hilbert space over the real or complex number field K
and ek ∈ H\ {0} , k ∈ {1, . . . ,m} . If f : [a, b] → H is a Bochner integrable
function and rk ≥ 0, k ∈ {1, . . . ,m} and

∑m
k=1 rk > 0 satisfy

rk ‖f (t)‖ ≤ Re 〈f (t) , ek〉 (6.143)

for each k ∈ {1, . . . ,m} and for a.e. t ∈ [a, b] , then

∫ b

a

‖f (t)‖ dt ≤
‖
∑m
k=1 ek‖∑m
k=1 rk

∥∥∥∥∥
∫ b

a

f (t) dt

∥∥∥∥∥ . (6.144)

Equality holds in (6.144) for f 6= 0 a.e. on [a, b] if and only if

∫ b

a

f (t) dt =
(
∑m
k=1 rk)

∫ b
a
‖f (t)‖ dt

‖
∑m
k=1 ek‖

2

m∑
k=1

ek. (6.145)
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PROOF Utilising the hypothesis (6.143) and the modulus properties, we
have ∣∣∣∣∣

〈∫ b

a

f (t) dt,
m∑
k=1

ek

〉∣∣∣∣∣ ≥
∣∣∣∣∣
m∑
k=1

Re

〈∫ b

a

f (t) dt, ek

〉∣∣∣∣∣ (6.146)

≥
m∑
k=1

Re

〈∫ b

a

f (t) dt, ek

〉

=
m∑
k=1

∫ b

a

Re 〈f (t) , ek〉 dt

≥

(
m∑
k=1

rk

)∫ b

a

‖f (t)‖ dt.

By Schwarz’s inequality in Hilbert spaces applied for
∫ b
a
f (t) dt and

∑m
k=1 ek,

we have ∥∥∥∥∥
∫ b

a

f (t) dt

∥∥∥∥∥
∥∥∥∥∥
m∑
k=1

ek

∥∥∥∥∥ ≥
∣∣∣∣∣
〈∫ b

a

f (t) dt,
m∑
k=1

ek

〉∣∣∣∣∣ . (6.147)

Making use of (6.146) and (6.147), we deduce (6.144).
Now, if f 6= 0 a.e. on [a, b] , then

∫ b
a
‖f (t)‖ dt 6= 0. Note also that

∑m
k=1 ek

6= 0 from (6.146). If (6.145) is valid, then taking the norm we have∥∥∥∥∥
∫ b

a

f (t) dt

∥∥∥∥∥ =
(
∑m
k=1 rk)

∫ b
a
‖f (t)‖ dt

‖
∑m
k=1 ek‖

2

∥∥∥∥∥
m∑
k=1

ek

∥∥∥∥∥
=

∑m
k=1 rk

‖
∑m
k=1 ek‖

∫ b

a

‖f (t)‖ dt,

i.e., the case of equality holds true in (6.144).
Conversely, if equality holds in (6.144), then it must hold in all the inequal-

ities used to prove (6.144); therefore we have

Re 〈f (t) , ek〉 = rk ‖f (t)‖ (6.148)

for each k ∈ {1, . . . ,m} and a.e. t ∈ [a, b] ,∥∥∥∥∥
∫ b

a

f (t) dt

∥∥∥∥∥
∥∥∥∥∥
m∑
k=1

ek

∥∥∥∥∥ =

∣∣∣∣∣
〈∫ b

a

f (t) dt,
m∑
k=1

ek

〉∣∣∣∣∣ , (6.149)

and

Im

〈∫ b

a

f (t) dt,
m∑
k=1

ek

〉
= 0. (6.150)
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From (6.148), on integrating on [a, b] and summing over k from 1 to m, we
get

Re

〈∫ b

a

f (t) dt,
m∑
k=1

ek

〉
=

(
m∑
k=1

rk

)∫ b

a

‖f (t)‖ dt, (6.151)

and so by (6.150) and (6.151), we have〈∫ b

a

f (t) dt,
m∑
k=1

ek

〉
=

(
m∑
k=1

rk

)∫ b

a

‖f (t)‖ dt. (6.152)

On the other hand, by the use of the identity∥∥∥∥∥u− 〈u, v〉 v

‖v‖2

∥∥∥∥∥
2

=
‖u‖2 ‖v‖2 − |〈u, v〉|2

‖v‖2
, u, v ∈ H, v 6= 0,

the relation (6.149) holds true if and only if

∫ b

a

f (t) dt =

〈∫ b
a
f (t) dt,

∑m
k=1 ek

〉
‖
∑m
k=1 ek‖

m∑
k=1

ek. (6.153)

Finally, by (6.152) and (6.153) we deduce that (6.145) is also necessary for
equality to hold in (6.144). The result is thus proven.

If {ek}k∈{1,...,m} are orthogonal, then (6.144) can be replaced by

∫ b

a

‖f (t)‖ dt ≤

(∑m
k=1 ‖ek‖

2
) 1

2∑m
k=1 rk

∥∥∥∥∥
∫ b

a

f (t) dt

∥∥∥∥∥ (6.154)

with equality if and only if∫ b

a

f (t) dt =
(
∑m
k=1 rk)

∫ b
a
‖f (t)‖ dt∑m

k=1 ‖ek‖
2

m∑
k=1

ek. (6.155)

Moreover, if {ek}k∈{1,...,m} are orthonormal, then (6.154) becomes

∫ b

a

‖f (t)‖ dt ≤
√
m∑m

k=1 rk

∥∥∥∥∥
∫ b

a

f (t) dt

∥∥∥∥∥ (6.156)

with equality if and only if∫ b

a

f (t) dt =
1
m

(
m∑
k=1

rk

)(∫ b

a

‖f (t)‖ dt

)
m∑
k=1

ek. (6.157)
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The following particular case may be stated as well [75]:

Let (H; 〈·, ·〉) be a Hilbert space over the real or complex number field K
and ek ∈ H\ {0} , k ∈ {1, . . . ,m} . If f : [a, b] → H is a Bochner integrable
function on [a, b] and ρk > 0, k ∈ {1, . . . ,m} with

‖f (t)− ek‖ ≤ ρk < ‖ek‖ (6.158)

for each k ∈ {1, . . . ,m} and a.e. t ∈ [a, b] , then∫ b

a

‖f (t)‖ dt ≤
‖
∑m
k=1 ek‖∑m

k=1

(
‖ek‖2 − ρ2

k

) 1
2

∥∥∥∥∥
∫ b

a

f (t) dt

∥∥∥∥∥ . (6.159)

Equality holds in (6.159) if and only if

∫ b

a

f (t) dt =

∑m
k=1

(
‖ek‖2 − ρ2

k

) 1
2

‖
∑m
k=1 ek‖

2

(∫ b

a

‖f (t)‖ dt

)
m∑
k=1

ek. (6.160)

Comments
If {ek}k∈{1,...,m} are orthogonal, then (6.159) becomes

∫ b

a

‖f (t)‖ dt ≤

(∑m
k=1 ‖ek‖

2
) 1

2

∑m
k=1

(
‖ek‖2 − ρ2

k

) 1
2

∥∥∥∥∥
∫ b

a

f (t) dt

∥∥∥∥∥ (6.161)

with equality if and only if

∫ b

a

f (t) dt =

∑m
k=1

(
‖ek‖2 − ρ2

k

) 1
2∑m

k=1 ‖ek‖
2

(∫ b

a

‖f (t)‖ dt

)
m∑
k=1

ek. (6.162)

Moreover, if {ek}k∈{1,...,m} is assumed to be orthonormal and

‖f (t)− ek‖ ≤ ρk for a.e. t ∈ [a, b] ,

where ρk ∈ [0, 1), k ∈ {1, . . . ,m}, then∫ b

a

‖f (t)‖ dt ≤
√
m∑m

k=1 (1− ρ2
k)

1
2

∥∥∥∥∥
∫ b

a

f (t) dt

∥∥∥∥∥ (6.163)

with equality if and only if∫ b

a

f (t) dt =
∑m
k=1

(
1− ρ2

k

) 1
2

m

(∫ b

a

‖f (t)‖ dt

)
m∑
k=1

ek. (6.164)
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Finally, we may state the following special case as well [75]:

Let (H; 〈·, ·〉) be a Hilbert space over the real or complex number field K
and ek ∈ H\ {0} , k ∈ {1, . . . ,m} . If f : [a, b] → H is a Bochner integrable
function on [a, b] and Mk ≥ µk > 0, k ∈ {1, . . . ,m} are such that either

Re 〈Mkek − f (t) , f (t)− µkek〉 ≥ 0 (6.165)

or, equivalently, ∥∥∥∥f (t)− Mk + µk
2

ek

∥∥∥∥ ≤ 1
2

(Mk − µk) ‖ek‖ (6.166)

for each k ∈ {1, . . . ,m} and a.e. t ∈ [a, b] , then∫ b

a

‖f (t)‖ dt ≤
‖
∑m
k=1 ek‖∑m

k=1
2·
√
µkMk

µk+Mk
‖ek‖

∥∥∥∥∥
∫ b

a

f (t) dt

∥∥∥∥∥ . (6.167)

Equality holds if and only if∫ b

a

f (t) dt =

∑m
k=1

2·
√
µkMk

µk+Mk
‖ek‖

‖
∑m
k=1 ek‖

2

(∫ b

a

‖f (t)‖ dt

)
·
m∑
k=1

ek.

6.8 Generalisations of the Hermite-Hadamard
Inequality for Isotonic Linear Functionals

In this section we shall give some generalisations of the Hermite-Hadamard
inequality for isotonic linear functionals.

Let E be a nonempty set and let L be a linear class of real-valued functions
g : E → R having the properties:

L1: f, g ∈ L implies (af + bg) ∈ L for all a, b ∈ R;

L2: I ∈L, that is, if f (t) = 1 (t ∈ E) then f ∈ L.

We also consider isotonic linear functionals A : L→ R. That is, we suppose:

A1: A (af + bg) = aA (f) + bA (g) for f, g ∈ L, a, b ∈ R;

A2: f ∈ L, f (t) ≥ 0 on E implies A (f) ≥ 0.

We note that common examples of such isotonic linear functionals A are
given by

A (g) =
∫
E

gdµ or A (g) =
∑
k∈E

pkgk,
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where µ is a positive measure on E in the first case and E is a subset of the
natural numbers N, in the second (pk ≥ 0, k ∈ E).

We shall use the following result which is well known in the literature as
Jessen’s Inequality (see, for example, Pečarić and Dragomir [152] or Dragomir
[49]):

Let L satisfy properties L1 and L2 on a nonempty set E and suppose φ is
a convex function on an interval I ⊆ R. If A is any isotonic functional with
A (I) = 1, then, for all g ∈ L such that φ (g) ∈ L, we have A (g) ∈ I and

φ (A (g)) ≤ A (φ (g)) . (6.168)

The following result holds [152]:

Let X be a real linear space and C its convex subset. Then the following
statements are equivalent for a mapping F : X → R :

(i) f is convex on C;
(ii) for all x, y ∈ C the mapping gx,y : [0, 1]→ R, gx,y (t) := f (tx+ (1− t) y)

is convex on [0, 1] .

PROOF Assume that (i) holds. Suppose x, y ∈ C and let t1, t2 ∈ [0, 1] ,
λ1, λ2 ≥ 0 with λ1 + λ2 = 1. Then

gx,y (λ1t1 + λ2t2) = f [(λ1t1 + λ2t2)x+ (1− λ1t1 − λ2t2) y]
= f [(λ1t1 + λ2t2)x+ [λ1 (1− t1) + λ2 (1− t2)] y]
≤ λ1f (t1x+ (1− t1) y) + λ2f (t2x+ (1− t2) y) .

That is, gx,y is convex on [0, 1] .
Conversely, assume that (ii) is true. Let x, y ∈ C and λ1, λ2 ≥ 0 with

λ1 + λ2 = 1. Then we have:

f (λ1x+ λ2y) = f (λ1x+ (1− λ1) y) = gx,y (λ1 · 1 + λ2 · 0)
≤ λ1gx,y (1) + λ2gx,y (0) = λ1f (x) + λ2f (y) ,

that is, f is convex on C. This completes the proof.

The following generalisation of Hermite-Hadamard’s inequality for isotonic
linear functionals holds [152]:

Let f : C ⊆ X → R be a convex function on C, L and A satisfy conditions
L1, L2 and A1, A2, and h : E → R, 0 ≤ h (t) ≤ 1, h ∈ L is such that
gx,y ◦ h ∈ L for x, y given in C. If A (I) = 1, then we have the inequality

f (A (h)x+ (1−A (h)) y) ≤ A [f (hx+ (I− h) y)] (6.169)
≤ A (h) f (x) + (1−A (h)) f (y) .
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PROOF Consider the mapping gx,y : [0, 1]→ R, gx,y (s) := f (sx+ (1− s) y) .
Then, by the above result, we have that gx,y is convex on [0, 1] . For all t ∈ E
we have:

gx,y (h (t) · 1 + (1− h (t)) · 0) ≤ h (t) gx,y (1) + (1− h (t)) gx,y (0) ,

which implies that

A (gx,y (h)) ≤ A (h) gx,y (1) + (1−A (h)) gx,y (0) ,

that is,

A [f (hx+ (I− h) y)] ≤ A (h) f (x) + (1−A (h)) f (y) .

On the other hand, by Jessen’s inequality, applied for gx,y we have:

gx,y (A (h)) ≤ A (gx,y (h)) ,

which gives:

f (A (h)x+ (1−A (h)) y) ≤ A [f (hx+ (I− h) y)]

and the proof is completed.

If h : E → [0, 1] is such that A (h) = 1
2 , we get from the inequality (6.169)

that

f

(
x+ y

2

)
≤ A [f (hx+ (I− h) y)] ≤ f (x) + f (y)

2
, (6.170)

for all x, y in C.

Comments
(a) If A =

∫ 1

0
, E = [0, 1] , h (t) = t, C = [x, y] ⊂ R, then we recapture from

(6.169) the classical inequality of Hermite-Hadamard, because∫ 1

0

f (tx+ (1− t) y) dt =
1

y − x

∫ y

x

f (t) dt.

(b) If A = 2
π

∫ π
2

0
, E =

[
0, π2

]
, h (t) = sin2 t, C ⊆ R, then, from (6.170) we get

f

(
x+ y

2

)
≤ 2
π

∫ π
2

0

f
(
x sin2 t+ y cos2 t

)
dt ≤ f (x) + f (y)

2
,

x, y ∈ C, which is a new inequality of Hadamard’s type. This is as 2
π

∫ π
2

0
sin2 tdt =

1
2 .

(c) If A =
∫ 1

0
, E = [0, 1] , h (t) = t, and X is a normed linear space, then

(6.170) implies that for f (x) = ‖x‖p , x ∈ X, p ≥ 1 :∥∥∥∥x+ y

2

∥∥∥∥p ≤ ∫ 1

0

‖tx+ (1− t) y‖p dt ≤ ‖x‖
p + ‖y‖p

2
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for all x, y ∈ X.
(d) If A = 1

n

∑n
i=1, E = {1, . . . , n} ,

∑n
i=1 ti = n

2 , C ⊆ R, n ≥ 1, then from
(6.170) we also have

f

(
x+ y

2

)
≤ 1
n

n∑
i=1

f (tix+ (1− ti) y) ≤ f (x) + f (y)
2

for all x, y ∈ C, which is a discrete variant of the Hermite-Hadamard inequal-
ity.

6.9 A Symmetric Generalisation

To give a symmetric generalisation of the Hermite-Hadamard inequality, we
present the following result which is interesting in itself [49]:

Let X be a real linear space and C be its convex subset. If f : C → R is
convex on C, then for all x, y in C the mapping gx,y : [0, 1]→ R given by

gx,y (t) :=
1
2

[f (tx+ (1− t) y) + f ((1− t)x+ ty)]

is also convex on [0, 1] . In addition, we have the inequality

f

(
x+ y

2

)
≤ gx,y (t) ≤ f (x) + f (y)

2
(6.171)

for all x, y ∈ C and t ∈ [0, 1] .

PROOF Suppose x, y ∈ C and let t1, t2 ∈ [0, 1], α, β ≥ 0, and α+ β = 1.
Then

gx,y (αt1 + βt2) =
1
2

[f ((αt1 + βt2)x+ (1− αt1 − βt2) y)

+ f ((1− αt1 − βt2)x+ (αt1 + βt2) y)]

=
1
2

(f [α (t1x+ (1− t1) y) + β (t2x+ (1− t2) y)]

+ f [α ((1− t1) + t1xy) + β ((1− t2)x+ t2y)])

≤ 1
2

(αf [t1x+ (1− t1) y] + βf [t2x+ (1− t2) y]

+ αf [(1− t1) + t1xy] + βf [(1− t2)x+ t2y])
= αgx,y (t1) + βgx,y (t2) ,

which shows that gx,y is convex on [0, 1] .
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By the convexity of f we can state that

gx,y (t) ≥ f
[

1
2

(tx+ (1− t) y + (1− t)x+ ty)
]

= f

(
x+ y

2

)
.

In addition,

gx,y (t) ≤ 1
2

[tf (x) + (1− t) f (y) + (1− t) f (x) + tf (y)] ≤ f (x) + f (y)
2

for all t in [0, 1] , which completes the proof.

By the inequality (6.171) we deduce the bounds

sup
t∈[0,1]

gx,y (t) =
f (x) + f (y)

2
and inf

t∈[0,1]
gx,y (t) = f

(
x+ y

2

)
for all x, y in C.

The following symmetric generalisation of the Hermite-Hadamard inequal-
ity holds [49]:

Let f : C ⊆ X → R be a convex function on the convex set C, where L and
A satisfy the conditions L1, L2 and A1, A2. Further, suppose that h : E → R,
0 ≤ h (t) ≤ 1 (t ∈ E) , and h ∈ L is such that f (hx+ (1− h) y) , f((1− h)x
+hy) belong to L for x, y fixed in C. If A (I) = 1, then we have the inequality:

f

(
x+ y

2

)
(6.172)

≤ 1
2

[f (A (h)x+ (1−A (h)) y) + f ((1−A (h))x+A (h) y)]

≤ 1
2

(A [f (hx+ (I− h) y)] +A [f ((I− h)x+ hy)])

≤ f (x) + f (y)
2

.

PROOF Let us consider the mapping gx,y : [0, 1]→ R given above. Then,
by the above result we know that gx,y is convex on [0, 1] .
Applying Jensen’s inequality to the mapping gx,y we get:

gx,y (A (h)) ≤ A (gx,y (h)) .

However,

gx,y (A (h)) =
1
2

[f (A (h)x+ (1−A (h)) y) + f ((1−A (h))x+A (h) y)]

and

A (gx,y (h)) =
1
2

(A [f (hx+ (I− h) y)] +A [f ((I− h)x+ hy)])
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and thus proves the second inequality in (6.172).
To prove the first inequality in (6.172) we observe, by (6.171) , that

f

(
x+ y

2

)
≤ gx,y (A (h)) as 0 ≤ A (h) ≤ 1,

which is exactly the desired outcome.
Finally, by the convexity of f, we observe that

1
2

[f (hx+ (I− h) y) + f ((I− h)x+ hy)] ≤ f (x) + f (y)
2

on E.
By applying the functional A, since A (I) = 1, we obtain the last part of

(6.172) .

Note that, if we choose A =
∫ 1

0
, E = [0, 1] , h (t) = t, C = [x, y] ⊂ R, we

recapture, by (6.172) , the Hermite-Hadamard inequality for integrals. This
is because∫ 1

0

f (tx+ (1− t) y) dt =
∫ 1

0

f ((1− t)x+ ty) dt =
1

y − x

∫ y

x

f (t) dt.

Comments
(a) Let h : [0, 1]→ [0, 1] be a Riemann integrable function on [0, 1] and p ≥ 1.
Then, for all x, y vectors in the normed space (X; ‖·‖) we have the inequality:∥∥∥∥x+ y

2

∥∥∥∥p ≤ 1
2

[∥∥∥∥(1−
∫ 1

0

h (t) dt
)
x+

(∫ 1

0

h (t) dt
)
y

∥∥∥∥p

+
∥∥∥∥(∫ 1

0

h (t) dt
)
x+

(
1−

∫ 1

0

h (t) dt
)
y

∥∥∥∥p
]

≤ 1
2

[∫ 1

0

‖(h (t))x+ (1− h (t)) y‖p dt

+
∫ 1

0

‖(1− h (t))x+ (h (t)) y‖p dt
]

≤ ‖x‖
p + ‖y‖p

2
.

If we choose h (t) = t, we get the inequality obtained above,∥∥∥∥x+ y

2

∥∥∥∥p ≤ ∫ 1

0

‖tx+ (1− t) y‖p dt ≤ ‖x‖
p + ‖y‖p

2
,

for all x, y ∈ X.
(b) Let f : C ⊆ X → R be a convex function on the convex set C of a linear
space X, ti ∈ [0, 1]

(
i = 1, n

)
. Then we have the inequality
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f

(
x+ y

2

)
≤ 1

2

[
f

(
1
n

n∑
i=1

tix+
1
n

n∑
i=1

(1− ti) y

)
+ f

(
1
n

n∑
i=1

(1− ti)x+
1
n

n∑
i=1

tiy

)]

≤ 1
2n

[
n∑
i=1

f (tix+ (1− ti) y) +
n∑
i=1

f ((1− ti)x+ tiy)

]

≤ f (x) + f (y)
2

.

If we put in the above inequality ti = sin2 αi, αi ∈ R
(
i = 1, n

)
, then we have:

f

(
x+ y

2

)
≤ 1

2

(
f

[(
1
n

n∑
i=1

sin2 αi

)
x+

(
1
n

n∑
i=1

cos2 αi

)
y

]

+ f

[(
1
n

n∑
i=1

cos2 αi

)
x+

(
1
n

n∑
i=1

sin2 αi

)
y

])

≤ 1
2n

n∑
i=1

(
f
[(

sin2 αi
)
x+

(
cos2 αi

)
y
]

+ f
[(

cos2 αi
)
x+

(
sin2 αi

)
y
])

≤ f (x) + f (y)
2

.

(c) For x, y ≥ 0, let us consider the weighted means:

Aα (x, y) := αx+ (1− α) y

and
Gα (x, y) := xαy1−α

where α ∈ [0, 1] .
If h : [0, 1] → [0, 1] is an integrable mapping on [0, 1] , then, by (6.169) we

have the inequality

A∫ 1
0 h(t)dt (x, y) ≥ exp

[∫ 1

0

ln
[
Ah(t) (x, y)

]
dt

]
≥ G∫ 1

0 h(t)dt (x, y) . (6.173)

If
∫ 1

0
h (t) dt = 1

2 , we get

A (x, y) ≥ exp
[∫ 1

0

ln
[
Ah(t) (x, y)

]
dt

]
≥ G (x, y) , (6.174)

which is a refinement of the classic arithmetic mean–geometric mean (A.–G.)
inequality.

© 2011 by Taylor and Francis Group, LLC



Inequalities in Normed Linear Spaces and for Functionals 361

In particular, if in this inequality we choose h (t) = t, t ∈ [0, 1] , we recap-
ture the well-known result for the identric mean:

A (x, y) ≥ I (x, y) ≥ G (x, y) .

Now, if we use (6.172), we can state the following weighted refinement of the
classical A.–G. inequality:

A (x, y) ≥ G
(
A∫ 1

0 h(t)dt (x, y) , A∫ 1
0 h(t)dt (x, y)

)
(6.175)

≥ exp
[∫ 1

0

ln
[
G
(
Ah(t) (x, y) , Ah(t) (y, x)

)]
dt

]
≥ G (x, y) .

If
∫ 1

0
h (t) dt = 1

2 , then, by (6.175) we get the following refinement of the A.–G.
inequality:

A (x, y) ≥ exp
[∫ 1

0

ln
[
G
(
Ah(t) (x, y) , Ah(t) (y, x)

)]
dt

]
≥ G (x, y) . (6.176)

If, in the above inequality we choose h (t) = t for t ∈ [0, 1] , then we get the
inequality

A (x, y) ≥ exp
[∫ 1

0

ln [G (At (x, y) , At (y, x))] dt
]
≥ G (x, y) . (6.177)

(d) Some discrete refinements of arithmetic mean–geometric mean inequality
can also be done.

If x̄ = (x1, . . . , xn) ∈ Rn+, we can denote by Gn (x̄) the geometric mean of

x̄, i.e., Gn (x̄) := (
∏n
i=1 xi)

1
n .

If t̄ = (t1, . . . , tn) ∈ [0, 1]n , we can define the vector in Rn+ given by

Āt̄ (x, y) := (At1 (x, y) , . . . , Atn (x, y))

where x, y ≥ 0.
By applying (6.169) for the convex mapping f (x) = − lnx and the linear

functional A := 1
n

∑n
i=1 ti, we get the inequality

At̃ (x, y) ≥ Gn
(
Āt̄ (x, y)

)
≥ Gt̃ (x, y) (6.178)

where t̃ := 1
n

∑n
i=1 ti ∈ [0, 1] and x, y ≥ 0.

If we choose ti so that t̃ = 1
2 , we get

A (x, y) ≥ Gn
(
Āt̄ (x, y)

)
≥ G (x, y) (6.179)

which is a discrete refinement of the classical arithmetic mean–geometric mean
inequality.

In addition, if we use (6.172), we can state that

A (x, y) ≥ Gn (At̄ (x, y) , At̄ (y, x)) (6.180)

≥ G
(
Gn
(
Āt̄ (x, y)

)
, Gn

(
Āt̄ (y, x)

))
≥ G (x, y) ,

which is another refinement of the arithmetic mean–geometric mean inequal-
ity.
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6.10 Generalisations of the Hermite-Hadamard
Inequality for Isotonic Sublinear Functionals

Recall the isotonic linear functional A as defined in Section 6.8. The map-
ping A is said to be normalised if

(A3) A (1) = 1.

Isotonic, that is, order-preserving, linear functionals are natural objects
in analysis which enjoy a number of convenient properties. Thus, they pro-
vide, for example, Jessen’s inequality, which is a functional form of Jensen’s
inequality and a functional Hermite-Hadamard inequality.

In this section we show that these ideas carry over to a sublinear setting
[104]. Let E be a nonempty set and K a class of real-valued functions g :
E → R having the properties

(K1) 1∈K;

(K2) f, g ∈ K imply f + g ∈ K;

(K3) f ∈ K implies α · 1 + β · f ∈ K for all α, β ∈ R.

We define the family of isotonic sublinear functionals S : K → R by the
properties

(S1) S (f + g) ≤ S (f) + S (g) for all f, g ∈ K;

(S2) S (αf) = αS (f) for all α ≥ 0 and f ∈ K;

(S3) If f ≥ g, f, g ∈ K, then S (f) ≥ S (g) .
An isotonic sublinear functional is said to be normalised if

(S4) S (1) = 1
and totally normalised if, in addition,

(S5) S (−1) = −1.

We note some immediate consequences. From (K2) and (K3), f−g belongs
to K whenever f, g ∈ K, so that from (S1)

S (f) = S ((f − g) + g) ≤ S (f − g) + S (g)

and hence

(S6) S (f − g) ≥ S (f)− S (g) if f, g ∈ K.
Moreover, if S is a totally normalised isotonic sublinear functional, then
we have
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(S7) S (α · 1) = α for all α ∈ R
and

(S8) S (f + α · 1) = S (f) + α for all α ∈ R.

Equation (S7) is immediate from (S2) when α ≥ 0. When α < 0 we have

S (α · 1) = S ((−α) · (−1)) = (−α)S (−1) = (−α) (−1) = α.

Also, by (S6) and (S7), we have for α ∈ R

S (f − α · 1) ≥ S (f) + S (−α · 1) = S (f)− α,

which by (S1) and (S7)

S (f − α · 1) ≤ S (f) + S (−α · 1) = S (f)− α,

so that
S (f − α · 1) = S (f)− α.

Since this holds for all α ∈ R, we have (S8).
It is clear that every normalised isotonic linear functional is a totally nor-

malised isotonic sublinear functional.
In what follows, we shall present some simple examples of sublinear func-

tionals that are not linear.
Let A1, . . . , An : L→ R be normalised isotonic linear functionals and pi,j ∈

R (i, j ∈ {1, . . . , n}) such that

pi,j ≥ 0 for all i, j ∈ {1, . . . , n} and
n∑
i=1

pi,j = 1 for all j ∈ {1, . . . , n} .

Define the mapping S : L→ R by

S (f) = max
1≤j≤n

{
n∑
i=1

pi,jAi (f)

}
.

Then S is a totally normalised isotonic sublinear functional on L. As particular
cases of this functional, we have the mappings

S0 (f) := max
1≤j≤n

{Ai (f)}

and

SQ (f) := max
1≤j≤n

{
1
Qj

n∑
i=1

qiAi (f)

}
where qi ≥ 0 for all i ∈ {1, . . . , n} and Qj > 0 for j = 1, . . . , n. If we choose
qi = 1 for all i ∈ {1, . . . , n} , we also have that

S1 (f) := max
1≤j≤n

{
1
j

n∑
i=1

Ai (f)

}
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is a totally normalised isotonic sublinear functional on L.
If A1, . . . , An are as above and A : L → R is also a normalised isotonic

linear functional, then the mapping

SA (f) :=
1
Pn

n∑
i=1

pi max {A (f) , Ai (f)} ,

where pi ≥ 0 (1 ≤ i ≤ n) with Pn =
∑n
i=1 pi > 0, is also a totally normalised

isotonic sublinear functional.
The following provide concrete examples.
Suppose x = (x1, . . . , xn) and y = (y1, . . . , yn) are points in Rn. Then the

mappings

S (x) := max
1≤j≤n

{
n∑
i=1

pi,jxi

}
,

where pi ≥ 0 and
∑n
i=1 pi,j = 1 for j ∈ {1, . . . , n} ,

S0 (x) := max
1≤i≤n

{xi}

and

SQ (x) := max
1≤j≤n

{
1
Qj

j∑
i=1

qiAx

}
where qi ≥ 0 and Qj > 0 for all i, j ∈ {1, . . . , n}, are totally normalised
isotonic sublinear functionals on Rn.

Suppose i0 ∈ {1, .., n} is fixed and pi ≥ 0 for all i ∈ {1, . . . , n} , with Pn > 0.
Then the mapping

Si0 (x) :=
1
Pn

n∑
i=1

pi max {xi0, xi}

is also totally normalised.
Denote by R [a, b] the linear space of Riemann integrable functions on [a, b] .

Suppose that p ∈ R [a, b] with p (t) > 0 for all t ∈ [a, b] . Then the mappings

Sp (f) := sup
x∈(a,b]

[∫ x
a
p (t) f (t) dt∫ x
a
p (t) dt

]
and

s1 (f) := sup
x∈(a,b]

[
1

x− a

∫ x

a

f (t) dt
]

are totally normalised isotonic sublinear functionals on R [a, b] .
If C ∈ [a, b] , then

Sc,p (f) :=

∫ b
a
p (t) max (f (c) , f (t)) dt∫ b

a
p (t) dt
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and

sc (f) :=
1

b− a

∫ b

a

max (f (c) , f (t)) dt

are also totally normalised on R [a, b] .
We can give the following generalisation of the well-known Jensen’s inequal-

ity due to Dragomir, Pearce, and Pečarić [104]:

Let φ : [α, β] ⊂ R→ R be a continuous convex function and f : E → [α, β]
such that f, φ ◦ f ∈ K. Then, if S is a totally normalised isotonic sublinear
functional on K, we have S (f) ∈ [α, β] and

S (φ ◦ f) ≥ φ (S (f)) . (6.181)

PROOF By (S3) and (S7), α · 1≤f≤ β·1 implies

α = S (α · 1) ≤ S (f) ≤ S (β·1) = β

so that S (f) ∈ [α, β] .
Set l1 (x) = x for all x ∈ [α, β] . For an arbitrary but fixed q > 0, we have

by convexity of φ that there exist real numbers u, v ∈ R such that

(i) p ≤ φ and

(ii) p (S (f)) ≥ φ (S (f))− q
where

p (t) = u · 1 + v · l1 (t) .

If α < S (f) < β or φ has a finite derivative in [α, β] , then we can replace
(ii) by p (S (f)) = φ (S (f)) . Now (i) implies p ◦ f ≤ φ ◦ f. Hence, by
(S3)

S (φ ◦ f) ≥ S (p ◦ f) = S (u · 1 + v · f) .

If v ≥ 0 by (S8) and (S2), then we have

S (u · 1 + v · f) = u+ vS (f) = p (S (f)) ,

while if v < 0 by (S6), (S7), and (S2), then we have

S (u · 1 + v · f) = S (u · 1− |v| f) ≥ u− S (|v| f)
= u− |v|S (f) = u+ vS (f) = p (S (f)) .

Therefore, we have in either case

S (φ ◦ f) ≥ φ (S (f))− q.
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Since q is arbitrary, the proof is complete.

If S = A, a normalised isotonic linear functional on L, then (6.108) becomes
the well-known Jensen’s inequality.

The following generalisations of Jensen’s inequality for isotonic linear func-
tionals also hold:

Let A1, . . . , An : L→ R be normalised isotonic linear functionals and pi,j ∈
R be such that:

pi,j ≥ 0 and
n∑
i=1

pi,j = 1 for all i, j ∈ {1, . . . , n} .

If φ : [α, β]→ R is convex and f : E → [α, β] is such that f, φ ◦ f ∈ L, then

max
1≤j≤n

{
n∑
i=1

pi,jAi (φ ◦ f)

}
≥ φ

(
max

1≤j≤n

{
n∑
i=1

pi,jAi (f)

})
.

The proof follows by the above result applied for the following mapping

S (f) := max
1≤j≤n

{
n∑
i=1

pi,jAi (f)

}
,

which is a totally normalised isotonic sublinear functional on L.
If A1, . . . , An, φ and f are as above, then

max
1≤j≤n

{Ai (φ ◦ f)} ≥ φ
(

max
1≤j≤n

{Ai (f)}
)

and

max
1≤j≤n

{
1
Qj

j∑
i=1

qiAi (φ ◦ f)

}
≥ φ

(
max

1≤j≤n

{
1
Qj

j∑
i=1

qiAi (f)

})

where qi ≥ 0 with Qj > 0 for all i, j ∈ {1, . . . , n} .
The following result may be stated as well:

If A1, . . . , An, φ and f are as shown, pi ≥ 0, i ∈ {1, . . . , n} , Pn > 0 and
A : L → R are also normalised isotonic linear functionals, then we have the
inequality

1
Pn

n∑
i=1

pi max {A (φ ◦ f) , Ai (φ ◦ f)} ≥ φ

(
1
Pn

n∑
i=1

pi max {A (f) , Ai (f)}

)
.

The following reverse of Jensen’s inequality for sublinear functionals was
proved by Dragomir, Pearce, and Pečarić [104]:

© 2011 by Taylor and Francis Group, LLC



Inequalities in Normed Linear Spaces and for Functionals 367

Let φ : [α, β] ⊂ R → R be a convex function (α < β), f : E → [α, β] such
that φ ◦ f, f ∈ K and λ = sgn (φ (β)− φ (α)) . If S is a totally normalised
isotonic sublinear functional on K, then

S (φ ◦ f) ≤ βφ (α)− αφ (β)
β − α

+
|φ (β)− φ (α)|

β − α
S (λf) . (6.182)

PROOF Since φ is convex on [α, β] we have

φ (v) ≤ w − v
w − u

φ (u) +
v − u
w − u

φ (w) ,

where u ≤ v ≤ w and u < w.
Set u = α, v = f (t) , w = β. Then

φ (f (t)) ≤ β − f (t)
β − α

φ (α) +
f (t)− α
β − α

φ (β) , t ∈ E,

or, alternatively,

φ ◦ f ≤ βφ (α)− αφ (β)
β − α

· 1 +
φ (β)− φ (α)

β − α
· f.

Applying the functional S and using its properties we have

S (φ ◦ f) ≤ S
(
βφ (α)− αφ (β)

β − α
· 1 +

φ (β)− φ (α)
β − α

· f
)

=
βφ (α)− αφ (β)

β − α
+ S

(
φ (β)− φ (α)

β − α
· f
)

=
βφ (α)− αφ (β)

β − α
+
|φ (β)− φ (α)|

β − α
S (λf) .

Hence, the result is proved.

If S = A, and A is a normalised isotonic linear functional, then, by (6.182)
we deduce the inequality

A (φ (f)) ≤ {(β −A (f))φ (α) + (A (f)− α)φ (β)}
(β − α)

.

Note that this last inequality is a generalisation of the inequality

A (φ) ≤ {(b−A (l1))φ (a) + (A (l1)− a)φ (b)}
(b− a)

due to Lupaş (see, for instance, Dragomir, Pearce, and Pečarić [104]). Here,
E = [a, b] (−∞ < a < b <∞) , L satisfies (L1), (L2), A : L → R satisfies
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(A1), (A2), A (1) = 1, φ is convex on E and φ ∈ L, l1 ∈ L, where l1 (x) =
x, x ∈ [a, b] .

By the use of Jensen’s and Lupaş’ inequalities for totally normalised sub-
linear functionals, we can state the following generalisation of the classical
Hermite-Hadamard integral inequality due to Dragomir, Pearce, and Pečarić
[104]:

Let φ : [α, β]→ R be a convex function and e : E → [α, β] a mapping such
that φ◦ e and e belong to K and let λ := sgn (φ (β)− φ (α)) . If S is a totally
normalised isotonic sublinear functional on K with

S (λe) = λ · α+ β

2
and S (e) =

α+ β

2
,

then we have the inequality

φ

(
α+ β

2

)
≤ S (φ ◦ e) ≤ φ (α) + φ (β)

2
. (6.183)

PROOF The first inequality in (6.183) follows by Jensen’s inequality
(6.181) applied to the mapping e.

By inequality (6.182), we have

S (φ ◦ e) ≤ βφ (α)− αφ (β)
β − α

+
(φ (β)− φ (α)) (β + α)

2 (β − α)

=
φ (α) + φ (β)

2
,

and the statement is proved.

If S = A, φ is as above and e : E → [α, β] is such that φ ◦ e, e ∈ L and
A (e) = α+β

2 , then the Hermite-Hadamard inequality

φ

(
α+ β

2

)
≤ A (φ ◦ e) ≤ φ (α) + φ (β)

2

holds for normalised isotonic linear functionals (see also Pečarić and Dragomir
[152] and Dragomir [49]).

The following fact may be stated as well [104]:

Let φ, f and S be defined as above with φ (β) ≥ φ (α) . Then

S (φ (f)) ≤ {(β − S (f))φ (α) + (S (f)− α)φ (β)}
β − α

. (6.184)

Finally, we have the following result [104]:
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Let T be an interval which is such that T ⊃ φ ([α, β]) . If F (u, v) is a
real-valued function defined on T × T and increasing in u, then

F [S (φ (f)) , φ (S (f))] (6.185)

≤ max
x∈[a,b]

F

[
β − x
β − a

φ (α) +
x− α
β − α

φ (β) , φ (x)
]

= max
θ∈[0,1]

F [θφ (α) + (1− θ)φ (β) , φ (θα+ (1− θ)β)] .

PROOF By (6.184) and the increasing property of F (·, y) we have

F [S (φ (f)) , φ (S (f))] ≤ F
[
β − S (f)
β − a

φ (α) +
S (f)− α
β − α

φ (β, φ (S (f)))
]

≤ max
x∈[a,b]

F

[
β − x
β − a

φ (α) +
x− α
β − α

φ (β) , φ (x)
]
.

Equality in (6.185) follows immediately from the change of variable θ = β−x
β−a ,

so that x = θα+ (1− θ)β with 0 ≤ θ ≤ 1.

Comments
(a) Suppose that e ∈ K, p ≥ 1, ep ∈ K, and S is as above. We define the
mean

Lp (s, e) := [S (ep)]
1
p .

By the use of (6.183) we have the inequality

A (α, β) ≤ Lp (s, e) ≤ [A (αp, βp)]
1
p ,

provided that

S (e) =
α+ β

2
.

A particular case which generates in its turn the classical Lp-mean is where
S = A, where A is a linear isotonic functional defined on K.
(b) Now, if e ∈ K is such that e−1 ∈ K, then we define the mean as

L (s, e) :=
[
S
(
e−1
)]−1

.

If we assume that S (−e) = −α+β
2 and S (e) = α+β

2 , then, by (6.183) we have
the inequality:

H (α, β) ≤ L (S, e) ≤ A (α, β) .

A particular case which generalises in its turn the classical logarithmic mean
is where S = A, where A is as above.
(c) Finally, if we suppose that e ∈ K is such that ln e ∈ K, we can also define
the mean

I (S, e) := exp [−S (− ln e)] .
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Now, if we assume that S (−e) = −α+β
2 and S (e) = α+β

2 , then, by (6.183) we
get the inequality:

G (α, β) ≤ I (S, e) ≤ A (α, β) ,

which generalises the corresponding inequality for the identric mean.
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(4), (1990), 35–40.

[64] S.S. Dragomir, On the Boas-Bellman inequality in inner product spaces,
Bull. Austral. Math. Soc., 69(2) (2004), 217–225.

[65] S.S. Dragomir, On the Bombieri inequality in inner product spaces,
Libertas Math., 25 (2005), 13–26.

[66] S.S. Dragomir, On the Cauchy-Buniakowski-Schwartz inequality for real
numbers (Romanian), Caiete Metodico-Stiinţifice, No. 57, Timisoara
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for complex numbers and Gauss-Polya type integral inequalities, Math.
Comm., 3 (1998), 99–101.

[106] S.S. Dragomir and E. Pearce, A refinement of the second part of the
Hadamard inequality, The 6th Symp. of Math. and Its Appl., Technical
University of Timisoara, November 1995.
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[163] N. Ujević, A generalisation of Grüss inequality in prehilbertian spaces,
Math. Ineq. Appl., 6(4) (2003), 617–623.
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